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ADV££TIS£Mii:M. 


The  Kiiltstunce  of  tin-  jiif^cnt  volnnii'  \v:is  originally  jirc- 
pnreil  as  part  of  a  course  of  lectures  f<i!  tin  ^tuilcnts  of  niatho- 
matics  in  llarvanl  Collejre.  But  at  the  re([Uest  of  some  of  my 
pupils,  and  especially  of  luy  friend  Mr.  J.  D.  Ri'.vklk,  I  liave  been 
induced  to  undertake  itf  publication.  The  liberality  of  my 
publisliei-s,  tiie  well-known  firm  of  Little,  Bkown  &  Co.,  wbo  gen- 
erously gave  direction.H  to  the  printers,  that  no  expen.^e  .should  bo 
spared  in  its  typographical  execution,  seemed  to  impose  upon  me 
an  increased  obligation  to  perfonn  my  portion  of  the  task  to 
the  beet  of  ray  ftbifity.  I  have  eomequfl&Uy  reSxomiiMd  &e 
memoiiB  of  the  great  gcomctcns  and  have  stiiTen  to  cooaoU* 
date  tbeir  lateet  reeeardiee  and  thdr  moet  exalted  forme  of 
thought  into  a  consistent  and  uniform  treatise.  If  I  have, 
hereby,  succeeded  in  opening  to  the  students  of  my  country  a 
readier  access  to  those  choice  jewcb  of  intellect^  if  their  bril< 


ADTBRTISBMEKT. 


lianey  is  not  impaired  in  this  nttompt  to  re«ct  tlicm,  if  in 
their  new  oonstdlation  tkcy  illustrate  each  other  and  concen> 
tmte  a  stronger  light  upon  the  names  of  their  discovererf,  and 
still  more,  if  any  gem  which  I  mny  have  presumed  to  add,  is 
not  wholly  lustreless  in  the  eollectinii,  I  shall  feel  tliat  my 
Avork  has  not  hocii  in  vain.  The  Iroatise  Is  ncit,  howcvt-r, 
desi^ni'd  to  he  a  mere  compilation.  Tlie  attempt  lias  l)een 
made  to  carry  liack  the  fundamental  prineiple.s  of  the  science 
to  a  more  prufuund  and  central  orii^'in  ;  and  tlience  to  sliorfen 
the  path  to  the  most  fruitful  fonu.s  of  research.  It  ha.^, 
moreover,  been  my  chief  ohject  to  develop  the  special  fonns 
of  analy.His,  wh'u-h  arc  usually  neglected,  beoauae  they  arc  only 
applicable  to  particular  problems,  and  to  restore  them  to  their 
true  place  in  tho  front  ranks  of  scientific  iiro^aeas.  The 
methods  \riiicfa,  on  account  of  their  apparent  generality,  have 
usually  attracted  the  almost  exclusive  attention  of  the  student 
ar^  OD  the  contnuyi  reSstabUshed  in  their  true  pontion  as 
hi^er  forms  of  speciality. 
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\<T!«»ly  jiro|iortioiiat  to  tlu'  fiilie 
of  the  "li^taiicr,  il  is  a  lo'^nrillimin 
»liiial;  lor  a  <bix>?  ia\i  rs<-ly  [mv 
portiotial  lo  ihf  IViunh  power  of 
the  (lirtancc,  it  i»  an  opii  yrluiU  ; 
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j  i::>i  U  simple  (3Hii^). 


380 


G79. 


inleirriiliim  may  he  elTei  leil  hy  el- 
liptie  inte<.'ral--s  eai  h  i-«n-i>tinj;  of 
four  li'rnis.  with  a  total  variety  nf 


3SH-;tKa 


233 


Cafc  of  §  7K  tor  a  fon  e  of  four  terms 
one  of  whieh  Lt  eon^tajit.  ami  the 
others  are  re«pei  tively  proiiortional 
to  the  (lijilaiire  an<l  to  its  inverMj 
Bfiuaro  and  eulie  (3M1:,„„ 

(.•tK'.>^,)  3^^-382 

G8U.  ('use  of  jt  r,;8  tor  a  foree  of  four 

temin  whieh  are  inver«eh  prM|>nr-  ^ 
tional  to  the  ^Tond,  third,  fonrth,  | 
and  firth  jiowits  of  the  di»lanee 
(3W.'».  ...«.■/;.. i).     ....  3KV 

681.  Case  of         for  a  binomial  form  of 
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'»  ppiportional  to  the  ili!<liiti<  e  or 
inverselv  proportional  to  the  «|uaro 
of  the  distani-e  (iit^,,),  . 
fiH.L  Tkr  Urm,  vhirh  if  ini  -rtWy  pr<}pnr^ 
lional  talhf  fJ>-  ,>)'  iht  <\t-fUinct,d..f  s 
not  iucMif  Ihf  ,t\ffirully  oJ  mUgni- 
ti,.„,  and  the  ,  ll-rt  of  Ihi.i  hi  nt  ma;/ 


e,:n. 


Seiiin<l  i-aseof  the  first  form  of  §  G!trj 
when  the  fon  e  eonsi-ls  of  term* 
of  the  fonn  of  <)  67'.>  (3'J0„„), 
(Sn  I ,,  ,.),  (31.2„).(3!»3^  K,..), 

(334,,  ,.),(:i-h;,.),(:i9I, 
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to  it,«  iinei-se  cube  (3!*'J„  „ 
(4110,  ,.),        ■       .       ■       ■  39!>-40<) 
Case  of  ii  t'i'  j,  in  which  the  foree  ia 
pro|s^rtioiial  to  tlie  6fth  powerof 
the  disl.we  


«94. 


Case  of  ij  <il'u>.  in  whieh  the  fon-e  is 


pro|iortional  to  tlie  cube  of  the  di.*- 

tan.e  *»i 

695.  Third  ca?e  of  the  first  form  fif  SiiJO, 


3H3 


«96. 


TH7-384 


list.  Caw  of  no  f'>"  e  and  of  «  l  entral 


ill  whieh  Ihe  lniir  teniis  are  in- 
versely [>rn[)orticinal  to  the  euhc 
root  of  the  distain  e.  to  thi-  filUi  and 
seventh  power*  of  the  eiilie  root, 
anil  to  the  cube  of  Ute  dintanec 

(ioi,  ,.^).  •    :    •  ■ 

Case  of  in  which  the  foree  in 

invcr^'ly  pm^iortional  to  tlie  eiibg 
riKit  of  the  ilUtance,  ■  401— 102 


fon-c  i.tvim-ly  proportional  to  the        |  i;a7.  Cam-  of  ».i35.in  which  the  tbrve  is 


ANAIATICAL  TABLK  OK  tONTKNTS.  XXXV 


invor^'h'  propfirtionAl  to  (he  fifth 

710.  Fonn  of  the  path  for  a  central  force 

Aiiil  the  M-H'iitli  poworsofthc  cul>o 

in  the  ricinitv  of  the  centre  of  ae- 

r<)«>l  ot'tlif  (listarn  t-,       .              .  402 

<i<">  4OH-409 

698.  Fonrlli        ol"  tlic  first  form  of  ^  fi90, 

711.  Character  of  the  [lath  for  a  resUral 

in  whic  li  llir  fi.ur  Uirmn  an-  itivt-ritc- 

fon  e  at  an  inlinite  distance  from 

ly  pro|iortional  to  the  iiquan;  and 

the  centre  of  action,      .       .       .  409 

futio  of  iIh'  ilistaiici^,  and  llic  tliini 

71'>.  (iraphic  detertiiinalioii  of  the  incli- 

and fiflli  powers  of  the  sjuarc  root 

nation  of  the  path  to  the  railing 

(K'-'r  «).  ('iJ-l.),   .       .       .  402-403 

fi'Jf*.          <if  ij  G!ik,  in  wliirh  the  fonx'  i* 

71.S  The  cipiation  of  the  path  for  |«araUeI 

invtrM'lr  proportional  to  the  third 

forces  ( II o,)  4|0 

unit  filth  iHiWciii  uf  the  !«[uaro  root 

ILL  The  path  of  n  projectile  ij  a  para- 

of the  distance  403 

bola  (410;.),  410 

700.  Kin-t  ease  of  the  seeoud  form  of  )j  030, 

713.  The  ei|uation  of  the  curve  fijr  par- 

in whirh  the  four  lenu.  an'  inverse- 
ly pro]iortional  to  the  second,  third, 

allel  forces  referred  to  rectancular 
cTMinlinates  (llOn),       .       .       .  410 

loiirth,  ami  filth  imiwiti  of  the 

*Hi  The  [Kilential   curve   fur  parallel 

taiue  (  lOa^),  (4114^,.),   .        .  403—104 

701.  Ca-'e  of  §  <  Oo,  in  which  the  fonv  U 

71  7-  Case  ill  which  the  force  of  §713  is 

inversely  proportional  to  the  fourth 

liroportiooal  to  the  dUtance  from 

power  of  the  disl.ilice,    .        .        .  404 

a  fix.il  line  (411,.,;),    .  .411 

702.  Case  of  ^  7110,  in  whieh  the  foree  is 

718.  Case  in  whii  h  the  tbrce  of  §713  is 

in>er«'ly  pniportion.'J  to  the  fiflli 

]iroportional  to  ihc  distam  e  from 

power  of  the  Jl«tanee,    .       .  404— lOri 

any  ti.'icd    line  fliviiJed    bv  the 

70S.  Sei  ond  ea«i  of  the  Heronil  form  of 

sijuare  of  thi;  distance  fnMU  an- 

5  GOO.  in  which  the  four  terms  arc 

other  line  (411.)  411 

pni|Kii'tioiial  to  the  disl.tnre,  and 

71!».  The  motion  of  a  body  upon  a  snriiwo. 

inverwiv  proportional  to  the  thirl, 

of  r..voliiliMii  when  llii' I'nn  e  i«  ....n. 

fifth,  and  >*\enth  ]iowcrs  of  the 

tral,  and  the  centre  of  action  iii 

distam  e  (40.1,,  „  .,),      .       .       .  403 

upon  the aNi* of  ri'vohition  (4I"i^), 

701.  ('a.s>'  of  S(  7o3,  in  which  the  ftfrre  is 
inversely  pniporlioiial  to  tlie  sev- 

411-112 

7->0.   I)<.nv;ilive..  of  the   arc  .lliil    f>r  the 

enth  power  of  the  distance,    .  405-40C 

lonjiitude   in    the   cii»c   of  ^719 

705.  Tliird  fonn  of  central  lon  e,  in  which 

(41-'.>u  ■„t')  412 

tile  integration  can  be  in-rfimned 

721.  C.1.-*  of  S  713,  in  which  the  path  of 

by  elliplii'  inte.„rraN  (40ti„  ,;  .,),    .  40« 

till-  (ywlv  makes  a  constant  an'jio 

70li.  The  potential  curve  for  defining  the 

with  the  incriiliau.    The  .surface  of 

limit.'  uf  the  |iath  di-scrilicd  under 

rcMilution  whi<  h  defines  the  liinitK 

the  action  of  a  central  for>  e  ( 107,,.),  407 

of  the  path  (ir-V),  (113,),    .  412-113 

707.  The  tenn  of  the  |K>tcntial,  which  cor- 

72i.  Kiniiiin^  surface  of  revoluiion  for  a 

re^poniJs  to  the  force  of  §  OHti,  may 

heavy  brxly  (4i;t„).              .  .413 

hv  iMiiiited  in  the  polcDluil  curvo 

713.  Motion  of  a  heavy  liody  u|ion  arcrti- 

of  §  70<i  107 

eal  ri;;ht  cone  (414. ,,.  „  n),  (4  l.'-i  „). 

708.  I'oteiitial  curve  in  which  the  |>atli  cjin 

(41j,.:  „).  (lie,)..        .        .  41S-418 

only  consint  of  a  wn;;Ie  portion,  407—408 

"21.  Motion  •>(  a  heavy  Injily  ujHjn  a  verti- 

703. The  portion  of  the  jiotential  curve 

cal  fMrabotoid  of  revolution  of  which 

wlii<'li  corrt^iMud*  (0  aUractiuD  and 

the  axis   is   ilirected  dow^nwards 
(410„^^«),(417^.,.u).       .  416-417 

xxxvi 


ANALYTICAL  TABLE  OF  CONTENTS. 


"ii.  Aluliim  of  a  lipavv  Ixxlv  iiiion  a  ver- 
 1  ■  1  

portional  to  the  JiMtanee.  'nie 

lif'nl    jkHralxiliiiil  i»t'  n'A oliitimi  cif 

piith  ii«  a  I'oiiie  !«ei  (ion  (42.^,,),      ,  435 

wliii  li  tbp  axis  U  Jin-rtcd  uiiwanU 

13!L  The  area  for  ti^n  <■»  rlirei  le<l  tiiwardli 

a  lute  i.H  pro|H»rtioiinI  to  the  time,  .  425 

726-135.  TlIK  SPHEIIII-AI.    rKXKI  I.I  M, 

"40.  The  path  for  the  ca.se  of  tim'e-*  )li- 
ri-ctffd  lowanls  a  line  imeMijKiteii 

41H-4'.';i 

T'i'i.  TluT  [vjith  M'  \  -•^|>lii*ri<*al  ])citilutLuu 

(41N,.„)  41» 

72".  IHation  of  llio  limit.*  (if  tlip  iialh  of 

Xhf  iKinliiluni  (4!H^^),                .  41K 

72h.  Tli«^  time  t>t*  OM-illiition  fur  iliffV'rt-'iit 

Iriif^llii*  <if  JM'niliiliinis            •  41H~nt> 

729.  Cji.M>  in  whii  li  tlie  lath  of  ibt  ih'IhIu- 

l>y  meaiif  of  the  |h-4  uliar  cirorli- 
natet*  of  the  ili%tAn<'e<i  tVoin  two 
fixeil  points  of  the  line  (42'j,,^), 
(  127  ),  (42M,^,,).   .               .  r.'.'>-42» 

741.  'llie  *|iertal  fa«4'<  ot"  §74'*  may  Ik? 

('innhihed  into  one  \t\  aihlitioii,     .  42H 

742.  C.'LM'i*  in  whii  h  the  forma,  of  §  71  ri 

are  expiensed  b>  ^Uiptii.-  ititegraU 

luiti  i"  ji  linriK*  iiidl  i'in*lt;  ( 4 1  'J,j_  J.  ^.^ , 

(4-J",  „)  41!i-42n 

743.  Cii^e  of  «i  740.  in  whieh  ther»'  are  two 

730.  Tli«'  timi-  iif  .1  rmiipU  ti!  n-iulutioii  ill 

lortei*   whieh    follow   Ihe    law  of 

Uio  case  of  S72»  (420«),  (4-.'I,), 

4ii'-42I 

731,  The  jiatlt  ot*  till'   |M*n'lnluin  wbon 

7 11.  Ca.-o   of  J  740,  in  wlitcb  therv  t» 

one  ton  e  |ini[>orlioiinl  to  the  <liv 

it   i.H    nearlv  a   horizontal  i:ircle 

(4'.'1,4,,.)  -IS) 

74&.  Ca.*!'  of  §  740,  In  which  there  i?  one 

732.  Tlir  |iatl)  of  the  pendulum  when  it  a 

fon  e  inversely  pn>|K>riional  to  the 

nearly  n  |»ri-i>t  c  in  li'  (4'.il„  „),  4iI-422 

ilist.'^nee  fixjtii  the  fixi^l  line,  ,  4211-430 

733.  The  path  of  the  jieii'luliini  when  it 

74tl.   Ke^frirlion    of   the   Inw  lit'  trireo  inr 

pii5^i'!*   iie>irl>'  thniii^li  the  lowest 

motion  upon  a  ^ivi'ii  eiir\i',  .       ,  430 

iMiinl  ofthr  vi.li.  re  (1:".'..  ,.).        ■  42L' 

7t7.  BoNM  I's  theorem  for  t'onililn.ition 
of  firee*  whieh  pnnluie  A  p»en 

7.14.  I.iiiiiw  of  the  nre  of  TlLralion  of  the 

niotir>n  ( l.'lo.,),      ....  430 

7:!5.  The  azimuth  of  the  pendulum  (1 23,  «,), 

422-423 

73C-;i2.  TiIK    MoTlo.N    OP    A  FhkK 

74S.  General  value  of  tite  pot<'ntial  for 

$  74«  (431,),  131 

749.  Chw"  in  whieh  tlic  eiine  of  $  74«i  in 

a  piinihohi  ( I.II„,^.^„„),  ,       .  431 

ToiNT  421-43.) 

'-'0.  Cam-  in  wliii  h  the  eiirve  ol'$  746  is  A 

730.   The  iii'<  eleniliiiii  of  a  free  jKiint  in 

conic  -.  ction  <  1.12-  ,.),  .       .       .  482 

niiv  ilire.  lion  ( t2l,),            .  .424 

7.M .  ('«.«•'  in  wliii  h  the  eurve  of  §  7t'j  is  a 

737.  The  fitniioii-area  with  relirx'iice  to 

cyeloij  (4;i2^,.)  432 

the  M>iMlleliI  of  Ihe   (ori  i-  uliolit  nri 

752,  C'.i.«e  in  which  the  curve  ot'^  74<i  is  a 

asii  (424,)   421-424 

I'ircle,  or  in  whieh  the  surfaeti  of 

738.  Tlie  |MJtentiat  Ibr  a  central  fon  e  pr>>- 

free  motion  ii  •  «ph«re,  .       .  492—133 

CHAHTEU  Xir. 

MOTION     of     K  O  T  A  T  H>  S  . 
7S3.  Ri)tnlioii-art-a  ilefuu-il.    I'rinriiile  uf        |  2il.   Tlie    iMiralleliiiiiiMi]    of  rotalimi- 

tlic  toii«.-rv»lii>n  uf  area-s     .  433-434 

ANALVnCAL  TABLE  OF  CONTKNTS. 


xxxvii 


Ti-'i-Jl'T.  KoTATiox  oi-  A  Soi.li>  Body, 

l^b.  'Ilii'  nwiments  of  inertia  and  thv  in- 

M'r<i' I'llip-xml  of  inertia,       .  431—136 

lid.  Rotation  aliout  a  )iriiiri|>nl  nxi<  pru- 
cltK')-:*  no  rotation-area  aliout  the 
ntlit  r  principal  nncs     •       ■  • 

757.  Ttic  plani-  <il°  uuixiniuin  rotation-area 

ifl  i'f>iiju){ate  111  till-  axis  of  rotation,  4:iC' 

75)*.  Till- clliiiMiiil  of  inertia,    .       .       .  431: 

•  i3.  P<>«i(ion  of  llie  axl?  of  niaxiitium  rt>- 
iJitioit-arua  with  rcfcrcnic  to  the 
ax>!i  of  rotation  in  the  direct  anil 
inverM- <'lIi|»viiiN  of  imTti.1,    .  IH'J  -ISr 

7SII.  Et  i.Kn'n  eiiiiatioiii  lor  the  rotation  of 

II  Mili.I  (larii..)  437 

7UI.  The  ii[iiation  ol  living  fon  t-it  in  the 

rDtiti.m  of  a  colij  (tan,  ,),     .  437-t.1» 

*62-"61>.  RoTATiox  OK  A  Solid  Bonv 
WHICH  IS  t«riui:cT  to  so  Kx- 
tkhnai.  Actiox,  .       .       ,  43H-H3 

'ii'i.  The  velocity  of  rotation  of  this  -«olid 
is  pruportioruil  to  the  enrrejpond- 
inj;  diameter  <jf  the  inversie  ellip- 
imid  (  4:iH 

"G3.  The  \ehi<  it_v  of  rotation  aWiut  the 
axis  ol  niaxinium  n>tiiti<in-i<n-.'t  and 
the  diitance  of  the  tangent  plane 
Ht  the  I'xireinil  v  of  the  ;ixi»  of  rxitii- 
tion  arc  invanidile.  Poi.M»or'« 
mmle  of  ci'IK'eit ill);  the  rolntion 
(43lt,)  4;:h_43:) 

7l>-t.  IVnnanenry  of  the  in--,tantan4*oii.4  Axi.-« 
and  of  the  axi«  of  inaxiinnm  rota- 
tion-Area in  the  tmly  (43!i,,),  ( 4  lo,), 

43y-440 

7i!>5.  Suriaeeii  of  the  iiiMlaulaneniiA  axen 

in  fpaie  (442,),     .       .       .  4lo-44i 

7fjC.  nie  lehK-ily  of  the  iu>tautaiiPous 

lixi-  in  the  IkkIv  (442,,,),        .       .  442 

7C7.  Cajie  in  which  the  axis  of  niaxinuun 
rotation-area  dcN  ril"'!!  the  circul.ir 
M-4-tioit ;  *'orri-«|MMidiiip  >pir3il  putli 
of  the  axi*  of  nitjition  (442, >  -  .), 

41 J  ll.'l 

7B8.  Cane  in  which  the  ellipnoiils  of  iner- 
tia arc  surfai'fs  of  rcvululion,       .  443 


769.  The  annlynlx  of  thin  rane  may  Ik-  ex- 
tende<l  to  that  of  a  solid  rotatinj; 
al'iiit  a  iixe<l  point  without  the  »  - 
tion  of  external  tbrccs,  . 

770-7H3.  Tiic    (ivnohtoi-E    and  THE 


443 


Top, 


443-151 


70    Mnlinn  nf  n  mli.l  of  r<.Tnlii<ifin  nlwiol 


a  fixeil  imint  (44  I,), 


44:1-114 


Till,  n.lalion  nlimit  itie  JTI.  nl'  n-\ n. 

liilion  i>  uniforui,  .... 


772. 
773. 


The  motion  of  the  py  rwopc  (444,i), 
(II.-. :,.)  411- 

The  motion  of  the  pyrowfipe  ex- 
prcKwd  hy  eUiplic  integrals 
(44t;,  ,.,)  41.V 

When  the  ycIik  ity  of  rotation  van- 
i.'lic5.  I  he  pynwex)|>e  i«  >  tpherjcal 


IMndnlinn. 


C'aM'  in  which  the  gvroscope  de- 
M-rilnrs  a  borizoiitai  circle. 

Major  Uabxaiip's  ca»c  of  the  gyro- 
H  npc  in  which  the  initial  vel'xily 
of  the  a.\i»  va«i-lic!». 


ill 
445 

14f> 

44fi 
44C 

417 


(■'a.-4-  in  whii  h  ihi'  nxinnilhid  motion 
of  the  axi.-,  in  rt^>erM'd  durinjt  the 


I'ill.-ilion, 


"8.  Cave  in  which  the  axi"  of  the  gyro- 
.•,»-op«'  Itei-nmcH  th«'  ditwnwjtni  ver- 
tical during  the  o*illation  (44'^,). 


112 


779.  Ca»e  in  which  the  axij  of  the 


447  44H 

pyro- 


wojw  lic'onie'*  ihtf  tipwnnl  vertical 


during  the  in'ciilation  (lHj,.), 
('.f>e  in  which  the  velocily  of  the  axiit 

vani«lies  for  the  iipwanl  vertical,  . 
CaM'  ill  wliich  Ihe  axi.«  lonMantly 


448 

4  IS 


appro.ic|ie.«    the    npwant  TertieiJ 

wilhoul  n-iichiiij;  it  ( 1 1'J,  k),  . 
7X2.  The  theory  of  the  top  (444,),  (44.>; ). 

(4  r.<;.)  44'J 

7k;).  Friction  in  the  ea»e  of  the  gynim  o[m-. 

Tlic  ^U•,'pil»;>  of  the  lop,         .  4'-'U 


784-791.  Thk  Dkvii.  o.n  Two  Stk  k« 

AXI>  1HK  Cllll  I''*   lIiMlP,     .  4.(1- 

784.  Theory  of  the  motion  of  the  <ievil 
on  two  »tii  k«  (4.'i2,. ,.),  .       .  4.'>1 


44» 

4.'iO 
-451 

4..fi 
452 


xxxviii 


ANALYTICAL  TABLE  OF  CONTENTS. 


783.  The  axis  of  the  Jcvil  cannot  bo- 
cmtiv  «t>rtii'al  in  tbc  (.'ciicral  cUMt 

{■I''-',.)  -iss 

'l<6.  ('a--|.  Ill"  till'  Ji'sii  ill  vrliii  li  thcru  in 
no  rotatinn-ari'a  nliont  thr  >rrtii-,il 
a.xi!«,  anil  in  wliii  li  ilic  axia  of  llio 
«k'vil  Diav  luM  OUK-  liiiri/ionlnl,  4."<v!— 4."<3 


r.tai'  111'  llif  li.Mil  in  wliiih  llirrp  is 
no  nitatjnn-an-.i  :!U)iit  Ihr  v«'rtii-.il 
a.xis  ami  in  whirli  tin-  a.xig  of  ihe 
ilmll  l  iinuiit  Iwi  iiuif  liiiri/nntal,  . 


Ca.*.'  in  wliii  h  \hi-  axis  <if  llii!  <l<  Til 
nijiy  ln'oonu'  hori/untal  witli  a  i:\  ra- 
tion about  \hv  vt  rlii  al  axi;'  ;  anil 
ttii-  rorM'>|H>n'iing  lasc  when  it 
cannot  Iwroint,-  tiori/onl^l,     .  4.'t't— i.'i4 


731 
7Vi 

I 

\  792. 
793. 
7!M. 
7".l.".- 
7:i.'>. 


7^9.  (':!-<•  in  wliii  li  till'  u\|.. 


niav  Imtoiiu*  xi-rtiral. 


t.-j|  79. 


790.  Theory  of  tlic  IkxIv  rolling  upon  «  • 
Itori/ontal  jiLMif  (40.i,  n),    .  151— 15Ji 


Peculiar  motion  of  the  hoop  whon  it 
in  iirarlv  falling,    .       .       .  45^— >.)*> 

-7;>4.  RoTAKT  I'nor.RF.SSHiN,  Nl  TA- 

IION,  AM)  VaUIAIIO.N',  .  4i<)— 4i7 
Definition  of  nutation,  |)mi;n'.^>ion, 

ami  variation  of  axed.  .  .  .  i'>S 
Afi'elerative  t'on-eji  wliii'lj  priMluct* 

nutation,  [iro;;ri'V(ion,  or  variation,  A-**'* 
t'a»o«  of  tliL'.io  various  srtions,  .       .  4i7 

7;t7.  KliI.LINO  A.Mi  .SlIDINO  M<i- 
Tiox,  4.j7-4.'>H 

ticiicra!  tlioorj-  of  rolling  motion 
( lj7_)  4.'.; 

(iiMicnjl  tht-orj-  of  uliilin;;  motion 
(4iH.),  4. .7-4  is 

'I'lu'orv  of  slldinj:  i»itli  frirlioti;  tiw- 
in  which  till-  j'llaling  >lisa|>pc'arH,  anil 
the  motion  Uxaiuoh  tliat  of  rt>lliM)(,  4.''iM 


('II  AFTER  XIII. 

M  I J  I  I  <>  N     OK     S  Y  s  T  »:  M  •* . 


798.  Principles  of  powtT.  tranytmion  md 

rotation  a]i|iliraljle  to  all  Mi-ti  nis.  .  4."iH 
''J9.  Fon  er*  of  ilitl'crint  onli  n<,  i|i-turl>- 

\x\\i  I'orrrs  arnl  jwrturb.-ition'.,  .  4.'>''*-4 '»-*  1 
8U0.  Division  of  the  svili-ni  into  |iArlial  [ 

HVitvms.  4  j;i  j 

8ol-)«05,  LA<il<AMiK\  MkTIU>Im)»  1'kh-  , 
Tl  liliATio.Ns.        .       .       .  4.>'J-46i^ 

801.  Metho<l  lit  the  vari.itiou  of  the  arbi- 

trary roii!<t;ints  (  H'.o, ).  .       .  4S'.t-4i;o 

802.  Combination  of  liivi  TS  mo<lcs  of  vari- 

ation (I'il,.,).       .  .  4';o-|61 

803.  Dirivativf  of  tin"  di-turliing  forxc 

with  ri'fi  rt-iiLP  to  an  arbilrarv  t  on- 
itant  (4i;i,>).  (4i;2,),      .  .461-4C'.' 

804.  Spi-i'ial  cftM-  in  whii  h  the  arbitrary 

conBtanti-  an-  the  initiol  »ahif«  of 
the  Taiiables  (4i; :•„  «),  .       .       .  4Gi 
803.  A'ariatioti  of  tlie  con.«taut  of  power 

(4li2«)  «2 


801;  M>S    I.Arl.AV  h.V  MkTIIOD  lit  I'nt- 

1 1  iiLiA  I  i<>M>,  .  4»;i— ii>-'> 

"IKI.  Direi  t  inI<  !:ralioti  of  the  ili-turbi-il 
fnm  tions  v»hii  h  are  iH|iiivalent  to 
the  uii'li-turlM'il  arbilrarv  eon- 
»l.itn.«,  4<12-4C3 

Hill.  .Sjieiial  taw  of  froi|Ucnt  o<iurr»>nre 

in  planetary  perlurliation>i,    .  4*13-441 

811H.  l'i  r1iirliation«  of  a  jirojectilc,   .       .  4*i4 

Hoy-HIN.  IIan^kn'-  Mkimii|>  uk  Pkk- 

I  riiiiAi  .       .  I»:.">-4ij9 

Hoi».  Till'  first  ))rin'iple  of  this  method,  anil 
the  e\pre»»ion  oi'tlie  tnne  a»  itn  in- 
variable arbitrary  i'otist.iiit  (4i;;i.),  46i 

SIO.  The  prinriple  of  j  M»l»,  applieil  to  die 

case  of  J  SOS  (4«.'i|^,.),  .  .  4Gi 

81 1.  The  pHn<'iple  of  ^  so:i,  npplieil  to  the 
ra^e  of  !!''o7,  an'l  esiH^  ially  when 
the  dUturbinjf  fim'e  hiVs  a  i<imple, 
periodic  form  (46d»),  (46ij^ 4ti;>-46G 


ANALYTICAL  TABLE  OF  CONTENTS. 


811.  Tbe  wcond  prinriple  of  this  method 
or  the  application  of  the  (i«rturl>»- 
tionn  to  tlte  element  of  time,  so  that 
ooe  of  the  fuDction*  may  inTolTo 
no  other  element  of  perturbation 
(46«,)  46»-*67 

81 S.  Additional  perturbation  in  the  caia 
of  4  818  of  any  otlter  function 
(tUT,^)  «!7 

814.  OiIht  f»nii»  of  the  |Mmurbation  in 

the  fimt  approiimation  (467,),     .  467 

81i.  Caiti  in  which  the  fuaetion  of  }818 
doca  pot  inroKc  tlic  velocitiea, 

818.  817.  Caae  in  whirh  tlio  initial  Taluea 
of  the  functioon  of  §j  812  ami  W13 
arc  ainiply  rclatcil  to  tlif  arliitrory 
oonrtanta,  468 

818.  The  farther  dcrrioptneot  of  the 

mrthoda  of  perturbation  i»  n-^  rviMl 
for  celcrtial  mechanic,  ■      ■  4'i^-4''''' 

81»-8»4.  SmaI-L  Owch  i  atioxs.    ■  469-472 

819.  Th«  theory  ot'niuill  <j«  illini<>iii  is  re- 

ducdl  t4i  tin-  iiiti'<'rati<>ii  ot  a  sys- 
tam  of  linoar  liilTfrcptial  <.-naati<m<i 
(469,)   469 

820.  The  lupcrpoeition  uf  <3iiall  iwilLi. 

ti<Mi  469-470 

821.  Intc^tration  of  the  enuatiimii  of  g  »20 

(«ro.T»)  


xxxlx 

822.  Admiaablc  formi  of  wnall  oacilUtioni 

rom-»|iond  to  «tablc  elemcntg  of 
c<|iiililiriiii»  (4r"j),       ■        ■  470-4'! 
82S.  Indvijcndent  clemvata  of  oacilhtinn 

(471»)  471-172 

824.  (>*iillalion  ami  Tibralicin  [x'nado 

tin;  phi'Douioua  of  nature,     .       ■  472 

825-830.  A  .'^Y!'TEM  mdvimi  i>  a  Rk- 

sisriNG  MniiU  M,        .       .  472-475 

825.  Kq»iatinn  for  the  detcnninntion  of 

the  JAOoniAX  miilti[ilii;r  in  m»  h  a 
lyalem  (472,),      ■  .172-473 
828.  The  faetow  of  the  iiuilti[ili.-i-  mm'- 

gpond  toiliffereiit  Inwii  ul  ri-M'tarice,  473 

827.  Caae*   in  which   the   multiplier  in 

unit)',  474 

828.  Tin-  mulli|ilier  when  the  resistance  ia 

pru|»i)rtiun.-il  to  tlic  velcn'ity,  .  473-474 

829.  The  multiplier  when  the  rcmtancc 

ia  propoftiooal  to  the  iquare  of  the 
veltx-ity,       .       .       .       .  .474 

830.  Riuation  of  power  fur  a  »yiit«an  ronv- 

ing;  ina  raiftiiig  medium  (474,i,„),  4 '4 

831.  Motion  of  the  centre  of  gravity  in  a 

rrtLiting  mediuui  (474,. n).  (475,), 

474-4  7S 

832.  Tlic  mtation-arca  in  a  resisting  mc- 

ditun  (4i.">i,^g),      .       •       •       .4  7.1 

833.  TllK  Coxcn-!<l(>.N,      .  176— 177 


APPENDIX. 

Xo  tK  A.    O.N  TIIK  FoitCK  OF  Ml)Vt!<Q  I  NoTE  »■    O.N  TUB  THEOBT  OF  ObTHO 

II,, I. IK-   479-480  I  UitAI'HlC  I'BOJKCTtO.Na,        .         .  481 


List  of  Errata, 


483-488  I  AlPHABETICAI.  LfDEX, 


lH7-49fl 


ANALYTIC  MECHANICS. 


CHAi'TEii  I. 


KOnON,  FOBCl^  AND  ICATTBB. 


§  1.  Motion  ia  an  easential  elemcut  of  all  phy  sical  pbenomena ; 
and  its  introdaetikni  into  the  nnivene  of  matter  was  neoessarilj  the 
pieliminaiy  act  of  creation.  The  earth  nraat  have  remained  forever 
"without  form,  ami  voidj"  and  eternal  darkness  must  have  been 
upon  the  fac  e  of  the  deep,  if  the  Spirit  of  God  had  not  first 'mMWif 
upon  the  face  of  tlu-  untrri^." 

2.  Motion  appears  to  be  the  simplest  manifestation  of  power, 
and  the  idea  of  force  evcms  to  bo  primitively  derived  from  the 
Gonscioua  eflbrt  which  is  required  to  produce  motion.  EWoe  may, 
then,  be  regarded  as  having  a  spiritual  origin,  and  -whea  it  is 
imparted  to  the  phynoal  world,  motion  is  its  usual  fiwm  of  median- 
ical  exhi))ition. 

3.  Matter  [mih  l  ,  inert.  It  is  susrcjitihle  of  receiving  and 
containing  any  uuiuuut  ul  luecUanieal  lor<  it  wliieh  may  be  commu* 
nicated  to  it,  but  cannot  originate  new  foi*cc  or,  in  any  way,  trans* 
fiwm  the  fi>R!e  which  it  has  received. 

1 
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CHAFmi  IL 
MEASDBE  OF  MOTION  AMD  FOBCE. 


I. 

irauWBB  OF  MOTION. 

I  4.    riiiffmn  Motion  is  that  of  a  body  wluch  describes  equal 

lipaces  in  et^ual  limo<). 

5.  VcIdcIIi/  is  the  inoaMire  of  motion.  In  tlie  caso  of  imifonn 
uiotiou  it  is  the  diiitance  passed  over  in  n  given  time,  which  is 
assiuned  as  die  awf  of  time,  and,  in  any  cixsc,  it  is  at  eoeb  ittstsnt 
the  space  which  the  bodj  vonld  pass  over,  if  it  preserved  the  same 
motion  daring  a  unit  of  time. 

C.  If  the  ^pacc  descriltcd  hy  n  body  in  the  time  t  in  denoted 
by  g,  the  expression  for  the  velocity  v  ii^  in  the  case  of  unifurm 
motion, 

If  the  dtfemiUal  is  denoted  by  i  and  the  derimSM  by  D,  the 
azprosBon  for  the  veitocity  i%  in  any  case^ 

IL 

MEASURE  or  rORCB. 

7.  Experiments  have  shown  that  the  exertion  which  is  re- 
quired to  move  any  body,  is  proportional  to  the  product  of  the 
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intenaitjr  of  the  effiirt  into  the  sptoe  trough  -which  it  is  exerted. 
This  product  ia^  then,  the  proper  measure  of  the  whole  amount 

of  force  wliic!i  Ls  necessiry  to  the  production  of  the  motion  ; 
long  C'stablijilifd  cu.stom  has,  however,  liniiteil  the  use  of  the 
word  force  to  (le.-iujnato  the  inttimiii  of  the  efibrt,  iin<l  the  vhile. 
atiiouid  of  extrtioH  may  be  denoted  by  tlie  term  jion-er.  lleiu  c,  if 
the  power  P  is  prodnoed  h^  the  exertion  of  a  constant  force  F, 
acting  throuj^  the  ^ece  *>  the  expreaaion  of  the  force  is 


But  if  the  force  is  variable  in  its  action,  the  expresdon  of  its 
intensity  at  any  point  is 

8.  It  is  found  by  ohscrvation  that  the  force  of  a  moving  body 
5»  proportional  to  it.s  velocity.  Thus,  if  h  tlie  force  t»f  a  body 
when  it  moves  with  the  unit  of  velocity,  its  force,  when  it  has 
the  velocity  v,  ia  mv. 

9.  Dil&rent  bodies  have  dJficrent  intenaties  of  force  when 
they  move  with  the  same  velooity.  The  wau  of  a  body  is  its 
force,  when  it  moves  with  the  unit  of  velodty ;  thua^  m  in  the 
preceding  nrticte,  denotes  the  mass  of  the  body. 

10.  The  force  communicnted  to  a  freely  movtni'  I  nily.  'i\  a 
force  which  nets  in  tlie  direction  of  tiie  motion,  is  found  to  i)e  the 
product  of  the  iutetisity  of  the  acting  force,  niultiiihed  l>y  the 
time  of  its  action.  Thui),  if  the  mass  in,  acted  upon  by  the  con- 
stant force  for  the  time  ^  in  the  direction  of  its  motion,  has 
its  velocity  increased  by  t>,  the  addition  to  the  force  of  the  mov- 
ing body  is 


Id  oaae  the  acting  finoe  is  not  wnatant,  the  rate  at  which  the 
force  of  the  bodj  mcreaaes  ia 

mD,9  =  F. 

nr. 

FORCE  OF  MOVlXfl  nODIES. 

11.  T/if  jx/lur  ii'ilh  ii'hirh  a  h(n1>j  moves  i«  ajuai  to  the  product  of 
one  half  of  its  mass  uiuUi jilted  htf  llie  square  of  Us  vthcily. 

For  if  the  body,  of  yiSMx  the  mass  is  nt,  is  aeted  upun  by 
the  force  J',  until  from  the  state  of  rest  it  reaches  the  velocity 
r,  the  power  i*,  which  has  been  communicated  to  i<^  and  which  it 
consequently  retain^  must,  by  (3u)  *  end  (4|),  give  the  equation 

The  derivative  of  P  rBlativel\  to  t,  is  by  {l.^^) 

D,  r  =  D,P.D,s=z  vD.P  =  mD, v. 
The  integral  of  this  equution  k 

to  whicli  no  constant  is  to  be  added,  because  the  power  vanishes 
with  tbu  velocity.    {Xotc  A.) 

12.  IIliii  <-  till'  ])(nvi-r  of  a  iiun'mij  boiiy  i-^  <m|uii1  to  one  half 
of  the  product  u)  its  torcc  iuultiplic<l  by  it.s  vclix'it}. 


•  The  form  of  ri'fcr«nc«  here  given  is  by  mcnn.s  of  numltei-!',  of  whicU  tlie  lending 
awnlMr  rthn  to  tiM         and  the  aeetmiarf  nanber,  iriiidi  is  printed  in  mwlkr 

tj  |ie,  u-fvr.i  to  the  plaee  upon  the  papi',  < -itiiimted  from  llie  lop  of  the  paf!e,  in  Una  flf 
equal  ty|jogra|»liie  intervuL  Priuteil  inurivs,  ram-fi|ionding  to  these  intcrvob,  accom* 
pnaj  each  copj  of  tlio  %nn-k.  Thus,  {:iu)  denotes  the  e<iuatioQ  whicb  is  at  the  14ih 
tjrpggniphie  hiteml  fivm  difl  lop  of  the  thM  poge. 


18.  It  is  convenient  to  refer  the  measure  of  force  to  the 
unit  of  majw  »i«  u  standurd.  Thus,  if  F  is  the  force  exerted  upon 
each  unit  of  mass,  the  force  eserted  upon  the  body  of  which  the 
maas  u     is  mil  With  the     used  in  this  flenae,  (4a)  becomes 


CHAFTER  m. 

FU2iDAM£J(TAL  rUi^Cli'LES  OF  BEST  AND  UOTIUN. 

L 

TKNDBNCT  TO  HOnOV. 

I  14.  A  ii/di  m  of  nm  iu(f  hod'm  nuiy  be  regarded  mixhaiiicaUi/  as  a 
^fdem  «f  fwea  or  iwwerny  wlicft  inim^  he  ike  exacf  eqmnUent  ^  alt  ike 
farm  or  jpowm  nMek,  fy  mmilianeoiu  w  tmeeenbe  eommumeaUm  to  the 
hoXetf  are  mated  m  Us  formoHen. 

This  reMultM  Trom  the  inertnen  of  matter,  and  its  incapacity  to 
Incrensc,  diminish,  or  vary  in  any  way,  the  power  which  it  contains. 

\-).  It  al'H)  folhjw.x  from  its  inertne.-w,  that  matter  yiehls  instan- 
taneoutily  to  every  force,  and  cunuut  rcuist  any  tendency  to  the 
commimication  or  abatmction  of  power.  With  a  aystem  which  ia 
at  rest,  there  can  consequentiy  be  no  tendency  to  the  conimuni* 
cation  of  power. 

16.  The  tendency  of  any  body  or  syBtcm  of  bodies  to  more 
in  any  given  way  i-  easily  asct'rtaiiicil.  It  is  only  necessiry  to  siip- 
poau  the  i»)7itciu  moved  with  the  propuaud  motion  to  au  iutinitcsiiual 
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dutanoe.  The  product  of  the  caRieflponding  dlsbmce,  hy  which  each 
body  of  the  system  advances  in  the  dureetion  in  ifhich  each  force 
octa^  multiplied  by  t{ii>  intensity  of  the  force  by  §  7,  tin*  corrc- 
8])onc1iii<;  ]>owtT  Aviiich  the  force  cunminnicatcs  directly  to  the 

body,  nml  tliroiu^Ii  it  to  tlie  ."Vstciii. 

27ic  iviu'le  tiiii'jiiid  of  ^mvcr  wluch  is  (hits  coiumiinU'aU  d  by  all  the 
forces  io  ike  jif/sh-m,  or  nUker  U$  rath  h  the  v^fiaSaimal  demetd  ^  tAt 
juypoted  metion  it  mdeaify  ikt  nuantre  iig  (endem^  ef  Une  t^dm  ta 
ihk  propotcd  mUkn. 

It  must  be  observed  that,  wlicn  n  body  moves  in  a  direction 
oppos^ito  to  that  of  the  action  of  tlie  force,  tiie  convspondinir  ^mxlnct 
is  iR'irutivo.  uni!  iiaiHt  be  used  with  the  in-pitlve  sii.'-u  in  furiuiii;.'^  tlie 
algebraical  sum,  which  rcprcscuta  the  whole  uniouut  of  power  com- 
mumcated  to  the  system. 

17.  By  a  skilAd  use  of  the  prindples  of  the  preceding  seo- 
ikokf  aU  the  elementary  tendencies  to  motion  in  a  system  may  be 
determinctl,  an<l,  tlierefore,  all  the  elements  of  ehanj^e  of  niotion  in 
the  h'y-'teiii  which  is  actually  moving',  or  all  the  conditions  of  equir 
librium  iu  tliu  system  which  is  at  rest   Thu^  let 

;»3,  denote  the  nuHses  of  a  system  of  bodies; 

-^i*  -Tt      the  forces  which  act  upon  each  unit  of  iri; 
Ftt     -T»       the  forces  which  act  upon  each  unit  of  ff^ ; 

&c.  &c. ; 

dfiy  <Vi,  «V7>  &0.,  the  distances  by  wliicb  «j,  advances  in  the 

direction  of  the  forces       i\,        &c.,  in  conjicciuence  of 

any  proposed  motion  ; 
ty,,  iV/x,  (V/j,  &c.;  fifg,  kv.f  the  corresponding  distances  for  the 

other  bodies  and  ibrees  of  the  system ; 
S'f  the  sum  of  oil  quantitica  of  the  same  kind,  obtMned  by 

changing  the  accents ; 
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^i,  the  Slim  of  all  (|uuntitle.s  of  the  sime  kiml,  ol)tained  hy 

chniiging  the  underwritten  numben ; 
^  tho  ram  of  aSl  quantities  of  the  mme  kind,  obtfuned  by 

all  admianble  combinationB  of  both  changes. 

The  power  communicated  to  the  systein  by  the  proposed 
motion  throu^  atif  0f|,  is 

&a  &c; 

and  the  whole  power  communicated  is 

This  iB,  therefore,  the  complete  meosore  of  the  tendency  in  the 
system  to  the  proposed  motion,  or  of  the  change  of  motion  which 

the  moving  system  would  experience  in  the  direction  of  tlio  jiro. 
poKo*!  motion.  But  by  a  simple  change  in  the  vahies  of  (V,,  (\^, 
•Vii)  'Vs>  t'"-'  tendency  to  any  other  piojHj.sod  motion  may  be 
lueuNurc'd ;  and,  in  the  sumc  way,  all  the  ulemeutii  of  the  change  of 
motion  may  be  definitely  ascertained. 

n 

EQUATIONS   OF  SIOTION  ASD  REST. 

18.  If,  instead  of  the  given  forces,  each  body  were  acted  upon 
by  a  force  in  the  direction  of  its  motion,  and  of  such  an  intensity  as 
to  produce  the  exact  clKuiL'e  of  vekx  ity  wliich  it  undergoes,  this 
new  system  of  forces  would  precissely  correspond  to  that  actually 
imparted  to  the  moving  bodies^  and  would  be  the  exact  equivalent 
of  the  gtvoi  sjrstem  of  forcea  Let 


—  8  — 

Vif  Vtt  9»i  &C;  denote  the  vdodties  of  the  bodies; 

itat       ftc^  the  distances  by  which,  in  consequence  of 

tbe  propostcd  tirlntrary  motion  of  tho  preceding  secti(ni, 
the  bodies  advance  in  tbe  aciiuL  direcdon  of  this  motion ; 

and  thra  fiom  (4g,) 

D,Vi,  D,tit  D^9t,       are  the  intensities  of  the  new  forces 
relaUTeljr  to  the  unit  of  mass, 

The  whole  fiower  communicated  by  the  new  igrstem  of  forces 
with  the  proposed  motion  becomea,  then, 

and  it  miLst,  Ihcrciure,  be  e<[unl  to  the  expre.ssion  (7u)  of  tbe 
power  communicated  by  tbe  given  forec&  Hence, 

or  hy  tnuLspui^ition 

"When  the  tystem  is  at  res^  this  cquati<m  beocMnes 

19.  Ihe  equation  (8u)  in  the  case  of  motion,  or  the  equation 
in  the  cose  of  rest»  although  it  appears  to  be  a  angle,  equation, 
involves  in  &ct  as  many  equations  as  tbcro  arc  distinct  eletuent'^  of 
motion  or  rest  in  the  system  ol"  IxMlies.  I'or  every  sucb  elenicut 
gives  a  dilVerent  set  of  values  of  <V/",,  t)/^,  ie.,  cKv,,  f^Xj,  &c.,  wliieh, 
Hubstituted  in  (8ig)  or  {i^},  produce  a  corresponding  equation. 
TliCiM;  equations,  therefine.  Involve  all  &e  necessary  conditiims  of 
motion  Or  rest  in  every  mechanical  proUom.  All  that  renuuns^ 
then,  is  to  determine,  by  geometrical  anolysit^  the  various  elements 
of  motion  or  rest,  and  to  integrate  and  interpret  the  algebraical 
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equatioii^  into  which  (8ig)  and  are  finally  decomposed.  The 
Mkamgue  Amri^U^  ot  the  ever-living  lAgrange  contains  the  graerol 

forms  of  invest igiition  with  unequalled  elegance  and  yu  r-picuity. 
But  the  special  modes  of  analysis,  which  arc  peculiarly  adapted  to 
the  illustration  and  development  of  particular  ]iro}>lrins,  hiive  been 
too  much  neglected,  and  ihv  attention  of  \outlilul  cxplorere  in 
earuetitly  invited  to  thia  unbounded  field  of  research. 


CHAPTER  IV. 
ELEMENTS  OF  HOTIOK. 


I. 

MOTION   OP  TUANSI.ATION. 

§  20.  A  single  material  point  may  be  moved  to  an  intinitesinud 
distance  in  any  direction,  which  may  be  defmud  by  either  of  ihn 
methods  known  to  geometers,  by  die  reference,  for  inirtance,  to  tiw 
diiectiona  of  three  mntua&y  perpendicular  axe&  B7  the  known 
theory  of  projeetioQ%  {JKete  B,)  the  distance  by  which  the  point 
advances  in  the  direction  of  its  actual  motion,  or  in  any  other  direc- 
tion, may  be  fvdly  determined  from  the  distances  whieli  it  advances 
in  these  three  direction?^.  The  tiiree  distanees,  moveil  in  tlie  direc- 
tions of  the  axes,  which  arc  simply  the  projections  of  tlie  proposed 
motion  upon  the  three  aaam,  «xo  the  Mm*  Mepeniett  eiemeuti  tf 
imAbn  wAmA  ^omfblU^  i^fim  (he  demealarjf  nwHo»  ^  tie  point. 

2 
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Thus  if 

denotes  tlic  proposed  elementary  motion,  if 

^»       denote  the  anyles  which  tliis  motiun  maki's  witli  the 

tliree  mutually  perpendicular  axes^  called  the  axes  uf 
y,  and  and 
9%,  ijf^  dg,  tbe  prcgeetioiM  o(*tp  upon  the  axec^ 

the  exprestiions  for  these  projections  arc, 

dx  =  em^.dpf 

ds  =  eoa^.dp. 

If,  In  general, 

^  denoies  the  angle  which  the  direetioiis  of  p  end  f  make 
with  each  other,  the  distance  by  which  the  prant 

advances,  in  consequence  of  the  proposed  motion,  in 
the  direction  of/  i%  by  the  theory  of  projectionB^ 

df  =  cM^.dp 

=  COS'^.^jr  + co9^.J[y -j-couAi'* 
=  ^,co8j^.<J3;; 

in  which 

denotes  the  sum  of  all  the  similar  terms  obtained  by  pro* 
eeeding  fitom  one  axis  to  each  of  the  othera. 

21.  The  moak  important  of  all  the  elementary  motiona  of  a 
system  of  bodies  are  those  which,  being  independent  of  the  peculiar 
coostitation  of  the  tyatesa,  may  be  common  to  all  systems.  Such 
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motJoiiR  miut  be  poflnble,  even  if  the  bodies  iffaidi  oompoie  Ibe 
tern,  do  not  change  tb^  muitial  pomtiou^  but  are  m  rigidly  fixed 
that  the  whole  may  be  regarded  ae  one  solid  body.   It  will  be 

abown  tlint  there  are  Vnit  two  distinct  clnsaes  of  such  motion% 
namely,  those  of  frttuslalinn  and  thost-  of  rolatioii. 

22.  Tlio  motion  of  (ruiisluiion  is  tliat  by  which  all  the  points  of 
a  body,  or  sy.stem  of  bodief,  are  transported  through  the  same  dis- 
tance in  the  same  direction.  The  projections  of  an  elementary 
trandation  upon  three  rectangular  axes  ore  given  by  equations 
(10|o.u),  while  (10b)>  18  the  expression  of  the  distance  by  which  the 
syeteni,  or  any  one  of  it.s  bodies^  advances  in  any  direction,  such  as 
that  of/,  by  reason  of  the  proposed  translation. 

2'5.  Any  lunnber  of  dill'erent  I'lenu'ntary  franslatious  may  be 
supposed  to  be  given  at  the  tsame  time  to  a  system,  and  the  re^iult- 
ing  motion  will  be  such  an  elementary  translation,  that  its  projeo- 
tion»  estimated  in  any  dtrecUon,  will  be  the  sum  of  the  projections 
of  the  elementary  translations  estimated  in  the  same  direction. 

Two  coexistent  elementary  translations  may  be  combined  geo» 
metrically  by  setting  off  from  any  point  two  lines  of  the  same 
lengtli  witli  the  elementary  iiK»tions,  and  in  tlie  snnie  direction  with 
them ;  and  if  a  parallelogram  is  described  upon  these  two  lines  as 
sides,  the  diagonal,  which  is  drawn  from  the  given  point,  will  rep- 
resent in  distance  and  direction  the  nsnlting  elementaty  transb- 
iioa 

In  the  same  way  the  geonwtrieal  resultant  of  the  combination 
of  three  elementary  translations  may  be  represented  by  the  diago- 
nal of  a  parallelopiped  flescrilicd  upon  tin'  lines  which  represent  the 
com|)onent  translations.  lint  tins  paruUelopipeU  vanishes  when  the 
three  lines  arc  iu  the  same  plane. 
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U. 

HonoK  OF  botahon. 

I  24.  Thf  motion  of  rcMwii  is  that  l>y  which  all  the  points  of 
a  hoily  or  fiy.steni  of  Ijodics  turn  about  a  fixed  line  in  the  hoily, 
wliich  line  is  called  the  '/.»■«  vhilion.  If  one  i^tands  Avitli  his  feet 
ajjaiiiht  the  axes  of  rotation,  und  Li»(  body  i)er|>eudicuhu:  to  it,  and 
fiieei  in  the  direction  the  rotation,  the  podUve  direction  of  the 
axi«  of  rotation  \»,  in  this  treatiM,  regarded  as  lying  upon  hie  right 
hand,  and  its  negtdke  direction  upon  his  left  hand.  It  will  be  found 
convenient  to  represent  a  rotation  geoinetrically  by  a  distance  pro- 
portional to  tlu"  cU'iiieiitaiy  aiiirle  of  rotation,  set  oil"  upon  the  posi- 
tive direction  of  the  axit»  of  rotation  iix>m  any  point  taken  at  pleas- 
ure in  the  axis.  If 

denotes  the  elementary  ando  of  rotation,  an<l  r  the  distance 
of  a  point  of  the  body  froui  the  axirs  of  rotation  ; 
rd<3  is  the  elementary  distance  through  which  the  point  moves 
in  con.se([uence  of  the  rotation. 

The  form  in  which  the  subject  of  rotation  will  be  here  pre- 
sented, ia  not  greatly  modified  from  that  which  it  has  finally 
aaaumed  in  Foineot'e  admirable  ezpontion  of  the  ^^eoif  tf  tit 
Botatkm  JBodiet,**  as  it  b  printed  in  the  additions  to  the  Gnmau' 
Knee  det  Tempi  for 

25.  ]\lirn  a  hoih/  ro^/ifrs  riloi'f  fin  /"/.m,  //  ts,in  <yiiiJ>fftinirr  of  tfdi 
ro/afioii,  siiHvM(iiu'iiii!^li/  rotaliiiff  ulnjut  uu'/  other  axiif  trhicji  jxi.s.ir.s  through 
the  mme  jtoiii/,  wUh  an  a»</le  of  roiaiwa  wluch  is  reprem  ided  by  the  pro- 
j'eetion  upon  ihit  nm  axis  <f  ihe  Hue  tehich  represetiis  the  origimtl  auglc  of 
TOtalioiL 

For  by  the  angle  of  rotation  6  about  the  axis  OA  (fig.  1),  the 
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point  P  of  the  axis  OB,  whidi  ib  at  the  distenoe 

r  =  PJf 

from  tlie  axis  OA,  is  tnoved  through  the  distance  rd.  Although 
every  point  of  the  axis  OA  is  actually  at  rest,  it  has  with  respect  to 
jP,  a  relative  motion,  which  is  the  nej^ative  of  that  of  P.  A  rota- 
tion 6'  about  the  axis  OJi  gives  the  point  jV  of  the  axis  OA^  which 
is  in  the  plane  drawn  through  P  pcrpendieuUr  to  OBf  and  at  the 
distance 

from  the  axis  of  OBf  a  motion  through  the  distance  taken  nega- 
tivelj.  This  rotation  ia,  tiien,  the  same  with  that  which  the  actual 
rotation  produces  about  the  asds  OB,  if 

or  f=^=cos.VPJV 

=  cos  AOB; 

that  is,  if  0'  is  etiual  to  tin;  projoctioii  of    upon  OB. 

26.  T/iree  K!miiftarifr>}is  dnnridnnj  ri»<<ilii>m  nlmit  three  axes,  tehkh 
fats  ilurmtgh  the  mine  jioiiU,  and  arc  not  in  tin:  tMi/nc  phine,  are  e^ivaktU 
i»  a  titiffk  rotation  ohiU  tie  tUagoml  of  a  paralklopijH.'J,  of  whiA  U»  ikree 
Suet  repretentinff  Ike  rolidim  are  He  nidSw,  and  tie  tf  ihs  duffiml 
repremdt  the  angle  of  demadtary  roiaiim. 

For  the  algebraic  sum  of  the  projections  of  the  sides  of  the 
parallclopiped  upon  nny  line  pcrpcndictiliir  to  its  diaj^onal  is  7Cro, 
and.  tlierefore,  there  is  no  rotation  about  any  sucli  lino.  Ilcnoo  the 
diagonal  is  Htationary.  that  it^  it  is  the  axis  of  rut4ition.  The  whole 
amount  of  rotation,  being  the  lum  of  the  partial  rotations  ahont  the 
diagonal  which  arim  ftom  the  several  rotations  about  the  odes,  is 
represented  by  the  sum  of  the  prqfections  of  the  aides  upon  the 
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diagonal,  whidi  i%  by  the  theory  of  piojeotion^  equal  to  the  diago- 
nal it8e1£ 

27.  In  the  mmc  way,  two  siiuultanoous  rotations  about  the 
siflcf  of  a  paralk'lo<rr!<m  may  he  combined  into  a  single  rotation 
al)oiit  the  diagonal.  Iti  .«hort,  mmiiUinuom  r/riiwii/iin/  roiittiom  about 
axeit  tcltich  cut  each  olher  matf  be  coiiiltiiied  in  the  same  tmif  ais  eleinadary 
inoula&m. 

28.  To  ioTestigate  the  diitanoe  by  whidi  a  given  rotation 
causes  any  point  of  a  body  or  system  to  advance  in  a  given  dtreo 
tion,  as  tiiat  of /;  let 

66  be  the  elementary  angle  of  rotation  about  the  axis  of  p  and 
r  the  perpendicular  let  &U  from  the  point  upon  the  axis 
uf  rotation. 

Let  a  line  be  drawn  through  the  given  point,  parallel  to  the 
projection  of  /  upon  a  plane,  which  is  perpendicular  to  the  axis  of 

rotiition,  and  let 

q  be  the  pcr])endicular  h>t  fall  upon  this  line  from  the  point  in 

which  r  meet.s  the  axi.H  of  rotation  ;  an<l 
^  the  angle  which  /  makes  wilii  the  din  ction  iu  which  the 
point  i.s  moved  liy  ihe  eleuieulary  rotation. 

The  distance  by  which  the  point  advances  in  the  direction 
of /is 

in  which  (>  should  be  taken  positively  when  the  point  is  moved 
towards  the  positive  direction  of  /, 

2n.  If  tliree  rectangular  axes  are  drawn  through  any  pinnk 
of  the  axis  of  rotation,  and  if 
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dt^y,  d(7,  arc  the  projectioiM  of  d6  upon  these  «se%ibe  dis- 
tance by  which  the  point  9)  is  moved  in  the  diiet^ 
tion  of  the  axis  of  jt,  is 

=  ( fos  ''  (  I  ts —  COS COS  f)  i-dd 
=:(co8''cos^  —  COS '!oosf)co«ee  ly^i^d 
=  ( cos  I'cos  J  —  cos  cos  d)  /W. 

=ooBjy« 

There  ate  fflmilar  expressions  for  the  distances  by  Avliidi  the 
point  advances  in  the  directions  of  the  axes  of  y  and  wliirli  may 
he  found  by  advancini,'  each  oi"  the  letters  and  x  to  the  fol- 

lowing letter  of  the  seriea. 

30.  The  tiro  last  memben  of  equatioit  (IS^)  divided  by  /di 
ffn  the  following  theorem ; 


COS  "  =  COS  ^  COS  ^  COS  cos^, 


in  which  the  direction  of  ^  is  that  of  the  perpendicular  to  tlie  com- 
mon plane  of  /  and  p,  and  it  is  t;ikon  upon  that  side  of  the. plane 
for  whieh,  a  positive  rotation  ahout  it,  would  COtfOgpond  to  a 
motion  through  the  aeute  anude  from  /•'  to  p. 

31.  If  there  were  another  system  of  rectangular  axe%  ^t^» 
sad  iff  equation  (15au)  applied  to  them  vrould  give 

COS  ^=  cos  *f  COS   COS  COS 

X         jr      «         *  * 

In  this  equation  each  of  the  letters  x,  and  s  mi^t  be 
advanced  to  the  subsequent  letter  of  the  seriee^  as  wdl  as  each  letter 
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of  die  aeriefl  al,  mid  ^.  In  this  iray  eight  other  equatiom 
might  be  found  amihir  to  equation  (Idn). 

in. 

COMniXKD   MOTIOXd   OF  ROTATtON"    AXn   TP. \N?I.ATIOX. 

32.  An  clemrnt'trif  r"!afi"n,  coinliiwd  iriih  an  ehmmfurif  trfimhdion 
m  any  direction,  wlucli  is  j)erj>ciiJicit/ar  to  the  dxiis  of  rotation,  is  equimkiit 
to  m  0gual  demenUtr^  rciatim  ahut  an  am  tehieh  is  jparaOel  to  iit  or^ 
ndaan^rdaSem.  l%t fiOtUim  «f  (Ae  nm  em  it  diiermmed  tie  coih 
dlHni  Hat  «aek  tf  Mt  jpouih  i$  emied  tke  or^ndl  ebmadarjf  ntatim  m 
/«r  as  ly  the  dmeaktrg  tramMktn,  ltd  in  m  nj^Msite  direetim. 

Fur  i]w  pivrn  motions  cancel  each  uther'r^  .acfioii  upon  eneh 
point  ol'  the  lU'W  uxin,  and  h-nvc  it  stationary  ;  while  the  oriu'lnal 
axis  advances  with  the  clenjcutary  trun.slation  by  the  exact  dis- 
tance which  GOiresponds  to  the  elementary  rotation  about  the  new 
axiis^  The  common  plane  of  the  two  axes  is  perpcndicnlar  to  the 
direotiicm  of  the  translation. 

83.  tmttBanioiu  ^emeidarg  rvtaHom  abmd  axe*  parallel  to  each 
other  are  cquirahtii  to  a  tinyle  rofafioti,  equal  to  their  sum,  and  ahont  an  a  ria 
parallel  (<>  lli>'  f/irrn  a.r<'»,  rtotihlneil  irilh  an  elnnentiiry  traiixla/ion  i'jn>il  fo 
tite  motion  which  any  point  (/  the  new  axis  receives  from  their  sinailtancous 
aetiott. 

Ttk  hi  a  simple  deducUon  from  the  preceding  proposition. 
34.  Let  there  be  three  rectangular  axe%  such  that  the  new 
axifl  of  rotation  may  be  that  of »;  let 

*ifyif  ^*ift*      he  the  points  in  which  the  origmal  asrae  eut 

the  plane  ofay;  and  let 
diif  d6^f  &a,  be  the  elementoiy  angles  of  rotation  about  these 

axea 
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The  elementary  rotation  about  th&  axis  of  «  is 

Tlic  elementary  tnuulatious  in  tbe  directions  of  tbe  axes  of  x 
and  jf  are  by  ( 12n) 

The  dutanccs  tkrougU  which  any  puhit  {^j:,tf,s)  is  carried  for- 
ward in  the  directions  of  the  axes,  are 

The  points  arc.  tlieierurf,  at  rest  fur  wliicli 

T/irse  (irr,  (hei-cforf,  (In  I'lfiuifi'iiis  nf  iff  u.ris  ■/  /■<  '  j'/  -,  mi  i^lniinitarff 
r<>iii/ion  abviU  wluch,  equal  in  the  »(m  of  ull  the  vkim  utari/  rotah'oiif,  is 
equimbnt  h  (he  comHiuUku  of  all  tie  dmetUarg  rUalions. 

35.  If  the  original  elementary  rotations  are  all  equal,  and  if 
there  are  n  axes  of  rotation,  the  equations  (17t)  and  (ITu)  beoome 

9lf  =  ( —     «|  +  nx)  9^1 . 
The  equations  (Vfu)  give  for  the  ringle  axis  of  rotation 


m 


36.  If  any  of  these  rotations  are  about  an  axis  lying  in  the. 
opposite  to  the  assumed  direction,  they  may  be  regarded  as  negor 
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tive  rotations  ftbout  axea  having  tbe  same  direcUon  as  the  asramed 
one,  and  may  be  combined  algebraically  in  tbe  preceding  sums. 

37.  When  the  second  member  of  equation  (17«)  'vanisfaes,  the 
resulting  rolation  rlisappcai-s,  and  the  given  eleincntary  rotations 
arc  equivalent  to  the  elementary  translation  defined  by  equar 
tions(17„l 

38.  Two  c<iual  rotivtions  about  iixes,  wliicli  are  pinalUl,  init 
have  opposite  directions,  constitute  a  combination  which  Pomsor 
has  called  a  eoNpfe  reialamt. 

A  emtple  ^  demeniaiy  rota/im  t«»  fktr^om^  effuai  to  an  elemnlarf 

traitsihilliiu  in  a  ilirrr/in/i  jiiriirwliaiktr  to  ihr  ntimnon  plniie  of  flie  it.n'^, 
nwl  I'l'uil  /'<  till'  i>i  ii'l'u  t  »f  the  du/tuue  bdweea  the  azea  tHtiUiflied  kg  the 
ehiiu'iiliin/  (uiijlc  uf  r>iliil!<in. 

uL).  Any  miti(ll<tue<tns  ekini'idurif  )n»li>ins  of  I'utaiion  uuii  traaxliUion 
are  equiwUent  h  a  tiiufle  demutarg  rotatim  ahut  on  axitt  cemUned  teitk 
an  etmenfaiy  iraanMion  in  the  diiwiim  ef  the  axit  ef  rttaim. 

For  each  rotation  may  bo  resolved  into  a  translation  and  a 
rotation  about  an  axis  passing  through  any  assuim  il  ])oInL  But  all 
the  eleutpntary  rf)tatioiH  altoiit  axi-s  pn-^-^in,'  through  Iho  «une  point 
are  ec|nivul<'ii(  to  a  sitiuMc  rotiitiou  aboui  uu  axis  pjissing  through 
the  point,  and  all  tiie  tran.sl)Uion»  arc  et^ulvulent  tu  a  single  traashi- 
tion.  The  single  trantdation  may  be  resolved  into  two  tranidtttionc^ 
of  which  one  is  parallel,  and  the  other  perpendicular  to  the  nngle 
axis  of  rotation.  Tbo  trnnshition,  which  is  perpendicular  to  the 
axis  of  rotation,  combined  with  the  i-otaliun,  is  e<[iiivateut  to  a  sin* 
glc  rotation  aliout  an  axis.  paiMlU'l  to  f!i''  -^inilc  axi-.  and,  therefore^ 
having  the  sauic  tlirertion  with  tlic  n  iuiKiiiiig  trau-'laiiou. 

40.  Ki'vrif  jmsHbk  moliun  of  a  riyid  ny-stnu  or  Imly  in  tyuiia/cul  to 
a  eoMbination  ^  the  tmfioM  ef  ImmMmn  md  rvfafion. 

This  is  evident,  if  it  can  be  shown  that,  by  such  a  combination 
of  motions^  any  three  pmnte^     ff,  and  (7,  of  the  system,  can  he  cai^ 
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riu<l  tu  liny  po^itiuo.^  .1',  W,  ani]  in  which  it  is  po^«ible  for  them 
to  be  pluoed.  For  tliree  txiinto  of  »  rigid  system  not  in  the  same 
straight  line  completely  determine  by  their  position,  that  of  the 

wholi'  system.  Now,  by  .1  trani^lation  of  the  sy-st^in,  eqii  il  to  that 
by  which  .1  ini^^lit  ))c  directly  moved  from  .1  to  .1',  thi^  points  is 
ftctually  brought  to  the  position  .1'.  T?\"  a  snl)sot|»oiit  motion  of 
rot.it ion  about  an  axit,  whi(Mi  is  periuMulicuhir  to  ea<  !i  ol"  ilic  linos 
.1 Z?  and  A'  /*',  the  point  B  may  be  moved  to  Ji' ;  and  then  by  a 
rotation  abont^'^  the  point  Cmay  be  carried  to  C.  Hence  the 
whole  motion  is  occompltBhed  by  one  translation  and  two  rotations. 

Every  elemeatary  motion  of  a  rigid  system  must  then  be 
equivaloQt  to  a  single  rotation  about  an  axis  and  a  transslation  ia 
the  direction  of  tlic  axis  of  rotation.  This  motion  is  perfectly  rep- 
resented by  that  of  the  >>vri  f",  wlio-  ,'  ii 'H\  cuH-'-i  it  to  advauao  ia 
the  direction  of  the  axis  about  which  it  is  lurnin^r. 

41.  During  each  instant  of  its  motion,  a  rigid  system  rotates 
about  an  axi^  which  is  called  the  mslaHlwuoiu  ojcU  ^  rtkiimL  This 
axis  .is  generally  varying  its  position  in  the  system  and  in  space 
from  one  instant  to  another,  which  reniers  ii  difficult  to  form 
a  ditstinot  conception  of  the  nature  of  the  corresponding  motion  of 
the  system. 

42.  In  attempting  to  conceive  of  the  motion  of  a  rigid  system, 
it  is  expedient,  at  first,  to  negleoi  the  translatimi  in  the  directloa  of 
the  axis  of  rotation,  and  to  assume  that  the  motion  is  solely  that 
of  rotation.   The  successive  positions  of  the  axis  of  rotation  in  the 

system  fonn  by  their  union  a  surface  which  turiH  with  the  system; 
and  its  successive  po-iition-  in  spaco  fonn  another  fixed  surface.  In 
the  motion  now  considered,  the  movinj:  surlhce  rolls  on  tlie  fixed 
surface  without  sliding,  uud  currie.-i  the  ^iy.steiu  with  it. 

43.  If  the  aadi  of  rotation  does  not  move  perpendicularly  to 
itself  eacb  of  these  sur&ces  is  evidently  a  developable  surfiuse,  and 
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m  the  ant  of  rolling  the  Ime  of  retrogresaion  of  the  one  npon 
that  of  the  other;  so  that  these  two  lines  are  of  the  same  length. 
Upon  the  flar&ees^  developed  into  a  plane,  the  two  lines  of  retro- 
gression will  be  prccijHily  alike. 

In  coinhinin^^  witli  this  rotation  the  translation  in  tho  dire^'tion 
of  the  axis  ut'  rutulion,  the  surCiico.  ifenerateil  by  the  insijintuneourt 
axis  in  the  moving  sy.-item,  remains  unchanj,'ed.  But  the  Gxed  sur- 
face, generated  by  the  instantaneous  axi%  is  changed ;  it  is  still  A 
developable  surface  obtained  from  that  in  which  the  translation  is 
neglected,  by  adding  to  each  element  of  the  arc  of  the  curve  of 
rctlOgre'^sion,  tlie  elementary  tnin^httion  in  the  direction  of  the  axis 
of  rotation.  In  the  aotnal  motion,  the  muvinj^  HurtUce  rolls  npon 
the  fixeil  snrfaoo.  ami  L'liib-s  siniultunoonsly  in  the  (lircrlion  of  the 
line  of  rontact,  so  jus  to  keep  the  curves  of  retro^jres-siou  constantly 
in  contact. 

« 

In  this  general  case,  the  whole  length  of  the  are  of  the  fixed 
curve  of  retrogresaion  is  equal  to  that  of  the  moving  curve  aug- 
mented by  the  whole  amount  of  translation  in  the  direction  of  the 

axi«i  of  i-f  if 

Whi  n  the  I'h'int'ntMry  transhition  is  o(|ual  (i>  the  elementary 
are  of  the  mi»vin_i;  eiu've  of  retrogn'ssi(jn,  hot  h»'s  in  the  opposite 
direction,  tlicre  is  ft  corresjionding  aisjt  in  Uie  fixed  curve  of  retix>- 
greadon. 

A  poaU  of  Uf^ketieH  in  the  curves  of  retrogroauon  generally  cor- 
responds to  a  change  in  the  direction  of  the  rotation.  A  similar 
combination  of  the  translation  with  the  rotation  can  be  introduced 
into  the  gcjieral  cum'  of  nn>fion. 

44.  When  either  of  the  surfaces  of  the  instantaneous  axis  is 
a  emtef  the  curve  retrogresMon  b  reduced  to  a  point  which  is  the 
miex  of  the  cone.  When  both  of  the  surfiices  aro  conea^  there  is  no 
translation  in  the  direction  of  the  axia 
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When  either  of  the  surfaces*  is  a  cylinder,  both  surfaces  mu«t 
be  cylindera;  and  the  Unei  of  retrogreanon,  removing  to  an  infinite 
distance,  cannot  be  used  for  guiding  the  motion  of  tranabtion. 
But  in  this  ease,  a  section  may  h«  made  of  one  of  the  cylinders  per- 
pendicular to  its  axis,  and  in  the  actual  nioliou  the  mnvhig  ryliiuler 
•will  move  so  ns  to  keep  the  point,  in  which  tho  pi  rimoter  of  this 
section  touchts  ihv  other  cylinder,  upon  a  curve  properly  drawn 
upon  that  cylinder. 

4$.  The  general  motion  of  a  rigid  system  may  be  fioneeiyed  as 
a  translation,  equal  to  that  of  any  one  of  it»  points  asaumed  at  will, 
combined  with  a  rotatkm  about  an  instantaneoua  axis  of  rotation 
pasmng  through  the  point  If  the  translation  is  neglected,  the  rota- 
tion is  efl'ecti'il  lis  ill  5  liv  rolling  a  cone,  of  whidi  the  mistimed 
point  is  the  vertex,  :inil  wliiili  carries  th(?  system  with  it,  in  its 
uiotiun,  about  a  lixed  cone,  of  which  tlie  .suae  point  is  the  vertex. 
The  tiandation  may  be  nmnltaneously  effected  by  moving  the  two 
cones  in  space,  with  a  translation  equal  to  that  which  belongs  to 
their  vertex  in  the  actual  motion  of  the  system. 

46.  For  all  the  points  of  the  instantaneous  axi«  in  ea(-h  of  its 
poaition.",  the  correspond in-^  centres  of  ffrcntest  enrviitiin'  of  either 
of  the  conical  surfaces  wliicU  it  describes,  are  ttll  upon  the  same 
straight  hue  passing  throug^li  the  vertex. 

In  the  case  of  the  right  cone,  or  of  the  right  cylinder,  the  axis 
of  revolution  is  the  line  of  the  centres  of  greatest  curvature.  In  all 
thoM  investigations  the  plane  may  be  regarded  either  as  a  cyh'nder 
of  infinite  radius,  or  as  a  conc>  of  which  the  angle  at  the  vertex  is 
equal  to  (wo  right  iingli-s. 

47.  'file  <']f'in(  iit;iry  rolation  of  the  sy<t('tn  nia>'  be  concei\ed 
as  decomi>osed  into  two  elentcntary  rotations  about  tlic  lines  of  the 
centres  of  greatest  oiuvature  as  axes  of  rotation.  By  the  rotation 
about  the  lin^  which  unites  the  centres  of  the  fixed  surfiice,  the 
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uutantmieous  axis  receives  its  elementary  motion  in  spaoe^  and  is 

carried  to  it-<  i)ro[)er  position  upon  the  fixed  surface.  By  the  rotAp 
tion  about  llu'  line  which  unites  the  centres  of  the  inoviiiL^  surface, 
the  s\'steni  receives  tliat  aiMitioual  rtitatinti  which  is  rcijuired  to 
turn  the  moving  surface  into  that  position  in  which  it  may  have  the 
proper  line  of  contact  with  the  fixed  surface.  Eaoh  of  these  TOta- 
tions  produces  a  sliding  of  the  moving  upon  the  fixed  surface ;  but 
as  the  sliding  produced  by  the  one  is  just  equal  and  opposite  to  that 
])roduced  by  the  other  rotation,  the  two  rotations  (»mcel  each 
otlier's  action  in  this  reaped,  and  there  is  no  !*liJing  in  the 
combiued  motion,  but  a  simple  rolling  of  one  surface  upon  the 
other. 

4&  Let 

ft/  be  the  acute  angle  which  tlie  instantaneous  axis  of  rota- 
tion makes  with  the  line  of  the  centres  of  curvature 

of  the  fixed  surface; 

«„  that  whii'li  it  ttiiike-j  with  the  hue  t)f  the  centres  of  cur- 
N  aiiirc  ol"  thf  iiinv  iii^'  surface,  tliis  angle  \n'hv^  ffisi/ir,- 
when  the  two  hues  of  the  centres  are  on  opposite 
sides  of  the  instantaneous  axis,  and  iKya/uw,  when 
they  are  upon  the  same  side ; 

dm  the  elementary  angle  by  which  the  instantaneous  axis 
changes  its  direction  : 

da^  elenienfary  nntrlc  of  lotation  about  the  line  of  Cen- 
tres of  tlie  fixed  surface;  and 

d6„  the  elementary  angle  of  rotation  about  the  line  of  cen- 
tres of  the  moving  surfiice. 

Since  the  instantaneous  axis  must  be  carried  fi)rward  by  the 
xotation  about  the  fixed  axi%  and  backward  by  the  roUition  about 
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the  moving  axU  just  a»  far  m  its  iictual  change  of  position,  it^  ole- 
mentary  angle  of  change  of  direction  is 

<}  m  =  d^/.  dn  tt/=z  d6^.  nn  a.. 

But  ilie  combination  of  the  two  rotations  about  these  axea 
gires  the  actnol  rotation  about  the  instantaneous  ans>  and  there* 
fore, 

d6=^d6^.  cos  tty-j- 1"*  c„ .  COS  a. 
=  (cot  tty-f  -  cot  a„)  d  w 

(in  It/  sin  a, 

40.    When  the  suiiocvs  dcscnbed  by  the  instantaneous  axis  are 

cyliuders,  h  ( 

(jyand  {>„  bf  the  respective  ratlii  of  greatest  curvature  of  the 
fixed  nnd  moving  surfaces  at  any  point  of  their  mutual 
contact;  and 

dp  the  elementary  distance  which  the  in$<tantaneous  axis  moves 
in  a  direction  perpendicular  to  ititelf. 

The  conditiohs  of  the  motion  of  the  iustant^tueouH  axis  give  the 
equations 

^fp  =  Qr^        ±  ^>„,  «V  (i„ ; 

in  whifli  the  upper  <]>^n  ci)n\'>^ponds  to  tlx*  wIhtc  the  liiiPi*  of 

the  centres  ot'  curvature  are  upon  oppasile  side.s  of  the  iu.-t;uila- 
neous  axis^  and  the  lower  sign  to  that  in  which  tbey  are  upon  the 
same  side.  The  rotation  about  the  instantaneous  axis  is 
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IV. 


SPEGIAt  ELEMENTS  OP  UOTIOIf  AKD  BQCATIONS  OP  OOlnMnON. 

50.  Tlie  variation  of  cacli  iiKlepenilfiit  element  of  position  of 
ft  system  -rives  an  imlepemlent  elenient  of  motion.  Hut  the  ele- 
ments of  po.siliou  are  viirious,  an«l  must  be  HclecteU  iu  each  caso 
with  ppecial  reference  to  the  problem  under  diMuwion.  It  often 
occur*  that  parts  of  the  system  are  ri^pdly  connected ;  such  parts 
are  tliemselveM  rigid  system  a,  and  subject  only  to  motions  of  tran^ 
lation  ami  rotation,  and,  tlierefore,  none  but  such  elements  are 
required  tor  tlic  iiiv<'^f i;_fation  of  tlieir  iiKitioiis. 

Points  of  llie  >\>tem  are  sometimes  iv-rialiU'i  to  mo\e  upon 
given  surfaces,  an<l,  in  tlii-^  ca<i'.  it  may  lie  e.xpeiiient  to  intimluce 
elements  of  poditiou  m<  j>  <•  1. 1^;  .^nm  tin  principal  lines  of  curvar 
ture  of  these  surfaces,  or  elements,  in  reference  to  which  the  sur- 
laces  are  peculiarly  ample  or  symmetrical  Points  of  the  system 
nay  he  compelled  to  preserve  simple  geometrical  relations  to  each 
otiier.  whirli  may  siiir'Jt^'^f  aj>pro{>riafe  elements  of  po-ifion  to  the 
skilful  analyst  :  or  In'  tii  i\  fiml  imlieatiuns  tu  direct  Lin  choice  iu 
the  very  nature  of  tlie  motion  itself.  * 

51.  It  is  often  desirable  to  adopt  a  combination  of  elements 
of  position  which  are  not  wholly  independent  of  each  other,  but  are 
subject  to  certain  mutunl  restrlctionft  Theiw  retitrictions,  when 
tliev  are  expres.se<l  algeliraieally.  are  railed  <y"'//^/).  of  coiuUlwiK 
TIk  v  mav  assume  the  iliO'.n-nf i.il  form  of  i'i[iiati<iii^  ln'twei-n  the 
elciiieiitarv  motions ;  or  thi  y  may  l>e  linit*'  eiiiiati»)iis  between  the 
elements  of  position,  in  wliich  case  they  may  he  reduced  by  difler- 
eutiation  to  equotions  between  the  elementary  motiomi. 

By  means  of  tlie  equations  of  condition,  aa  many  of  the  ele- 
ments of  motion  may  be  determined  in  terms  of  the  rest  as  there 


are  equations  of  wmdition;  and  the  rcuinining  elementary  motions 
may  be  regarded  as  independent  of  each  other. 

52..  Instead  of  introduebg  into  the  equations  (8,1)  and  (8»)  of 

motion  ami  rest  the  special  values  of  rtjj,  dj^,  &o  ,  <V"i.  (^1,  &Ci|  for 
each  particular  element  of  motion,  their  general  vailucs  may  be 
fuumi  in  tenns  of  nil  tlicne  element?).  When  the  elementary 
motionti  are  wholly  independent,  tiieir  eoeflicients  in  these  equa- 
tions ^ve,  vrhen  they  are  equalled  to  zero,  the  Hauic  ei^ualions 
which  would  have  been  obtained  by  the  q[iecial  investigational 
But  when  the  elements  aie  not  independent,  aH,  except  the  inde> 
pendent  elements  can  be  eliminated  by  means  of  the  values  given 
by  the  equations  of  condition. 

The  equations  (S,.)  and  (S.^,)  of  motion  and  rest,  on  accotmt  of 
their  dillerential  I'onn,  are  nc('0'-sarily  linear  in  relerence  to  the  ele- 
mentary motions ;  and  the  dilli-'rentiul  equatiuud  of  couditiou  are 
likewise  linear.  The  proposed  elimination  may  therefore  be  con- 
ducted by  the  meikod  tf  mHSifSm,  By  this  process  each  difibrential 
equation,  multiplied  by  an  unknown  quantity,  is  to  be  added  to  the 
given  equation  of  motion  or  rest.  The  unknown  multl[>lii  r>  are  to 
he  detenniniMl  liy  tlie  conditions  tliat  the  rocflicicnts  of  the  elemen- 
tary motiims,  wliich  aic  to  he  eliuiiiiateil.  Ik'cuiih'  I'qiial  to  zero. 
Since  the  remaining  elementary  motions  arc  independent  of  each 
other,  their  coefficients  must  also  be  equalled  to  sera  In  the  sum, 
therefore^  obtained  by  the  addition  of  the  equations,  each  of  the 
coefficients  of  the  elementary  motions  is  equal  to  sera  The  num* 
ber  of  unknown  quantities  is  incrciscd  in  this  process  by  that  of  the 
unknown  nndtipliers  ;  htif,  heeause  there  are  n.s  many  etiiiations  of 
condition  as  there  an-  iiiulti|)liei's,  the  w  Imlt'  nuiiilicr  of  (filiations, 
including  the  equations  of  condition,  in  their  liiiUe  lurui,  is  jusit 
sufficient  to  determine  the  values  of  the  multipliers  and  of  all  the 
elements  of  posiUoo. 

4 
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53.  Let 

Z,  =  0, 

be  one  of  the  equations  of  condition  in  its  finite  fbim  j  and  let  its 
differential  fonn  be 

Let  uIho, 

2.  be  the  unknown  multi^ier  by  which  it  is  to  be  multiplied. 

The  sum  obtained  by  adding  the  nmilor  products  of  all  the  equap 
iions  of  condition  to  equation  (Su)  or  (8^)  is 

-5:1  »'i  ( A     —  ^7;  ,y\)  +  k^dLi  =  0, 

whioli  is  tho  o([U:itioii  of  motion  or  rest,  and  in  wliidi  flic  iffni-ral 
values  of  (V*,,  (V/'i,  &c.,  are  to  be  substituteil,  and  the  cueliicieiit  of 
each  elementary  motion  in  to  he  equalled  to  zcra 

54.  Each  equation  of  condition  becomes  the  equation  of  a 
surfiuie^  to  vhich  any  one  of  the  points  whose  elements  of  poaidon 
occur  in  the  equation  la  restricted,  provided  thal^forthc  moment 
the  variations  of  all  the  oilier  elcnu'nts  are  neglected.  Since  the 
jxiiiit  is  n  ~'tricted  to  niove  upon  the  surface,  it  cannot  move  in  the 
direction  of  the  normal  to  the  surface.  Let  a  »*^stem  of  three  rec- 
tangular axes  be  adopted,  and  let 

be  the  normal  to  the  surface. 

Its  variation,  arising  from  tlic  variation  of  coiirdinates,  which  may 
bo  regarded  as  the  elements  of  position  of  the  point,  is 

If  the  equation  of  the  suiiace  is  (2G|),  with  the  omission  of  the  nun^ 
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ben  written  below,  which  may  be  neglected  in  the  general  dieeiia* 
aion,  its  variation  is 

Let|  then, 

and  the  angle,  made  by  the  normal  with  one  of  the  ase^  is  given 
by  the  equation 

which  substituted  iu  (262»)  glvva 

SrD,L!^x  nr. 


9N= 


JI       ~  M  • 


Hence  tlic  equation  of  condition  wiLli  its*  multiplier  may  be  writ- 
tun  in  the  Ibnu 

A(V/:  =  J..l/tLV=0; 

and  this  ibnu  mny  bo  substituted  iu  the  vc|uation8  (2Gu)  and  (2G]g) 
of  motion  and  rest 
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CHAPTER  V. 
FORCES  OF  NATURE. 


I. 

IBB  rOXENTUL  Alii)  ITS  BSUTIOIIS  TO  LEVEL  SLKFACEg,  THE  POSITIONS  OF 
IQmiBBIUM,  AMD  TUB  POSSIBILIIT  07  FBRFBTDAL  1I0TI0V. 

I  r>5.  It  appears,  at  first  cijj^ht,  to  be  inconsistent  with  the 
assumed  spiritual  origin  of  force,  that  the  principal  forces  of  naturo 
renide  in  centres  of  actioii,  which  are  not  thinking  beingt^  but  parti- 
dea  of  matter.  The  capaoitj  of  matter  to  receive  force  from  iiund 
in  tho  form  of  motion,  contain  nnd  exhibit  it  na  motion,  and  commit* 
nicntc  it  to  other  matter,  iukIit  fixed  laws^  is  not,  however,  loss  diffi- 
cult or  more  conceivable  tiian  the  capacity  to  receive  and  contain  it 
in  a  more  relliitd  unci  latent  form,  from  which  it  may  become  mani- 
fest under  e»iuaUy  fixed  laws.  It  is  only,  indeed,  Avheu  force  is  thus 
•epatated  firam  mmd,  and  placed  beyond  the  control  of  will,  that  it 
can  be  Batgect  to  precise  laira,  and  admit  of  certain  and  reliable 
oranputation. 

50.  The  laws  of  the  development  of  power  in  nature  are  of 
two  classes.  In  tlic  one  class,  the  forces  depend  solely  upon  the 
relative  ]pnsiti(m,s  of  the  bodies,  and  may  be  called  Jixiil.  In  the 
other  ela-ss,  the  forces  depend,  not  only  upon  the  positions  of  the 
bodies,  but  also  upon  their  actual  state  of  power,  especially  upon 
the  velocities  and  directions  of  their  motions;  and  these  forces  may 
be  called  rarvAk. 

57.  The  most  liruitful  and  enlarged  view  of  the  fixed  forces  of 


nature,  and  one  which  peculiarly  corresponds  to  their  laws  of  action 
■0  fiur  w  they  have  been  observed,  is  to  regard  them  m  the  mani- 
featations  of  the  f^nmiHc  tSuaUon  of  the  bodies  which  exhibit  them. 
The  dynamiQ  ntuation  depends  soldy  upon  the  mosses  and  pocd- 
tions  of  the  bodies;  it  is  a  co:;  lition  of  /<>rni,  and  itf>  research  ia  a 
prohlem  of  pure  <^iH»nu'ti  v.  The  algebraic  function  which  euibodicH 
the  idea  of  the  dynaiulc  folate  i.s  cullid  the  jwlaitifl.  Its  complete 
investigation  and  determination  involves  the  solution  of  all  the 
problems  which  can  arise  in  regard  to  the  power  and  the  conditions 
of  force  of  all  system%  wlMther  they  are  at  rest  or  in  motion,  so  fkr 
at  least  as  the  fixed  forces  of  nature  are  oonoemed. 

The  amount  of  power  of  a  system  is  not  to  be  infeited  from  its 
situation,  although  there  is  a  certain  measure  of  power  appropriate 
to  tli!it  sitnrttioii.  It  is  tliis  latter  power  which  is  expro-^snl  by  the 
pulential  of  .-j.-tfin,  iuul  <>xpre;ssed  a.-  a  funi'tinu  of  all  the  ele- 
mentii  of  position,  by  which  the  situation  is  defined. 

58.  The  power  of  u  mmtig  sj/slcm  meiKOMt  or  ieemue*  w9h  the 
power  wMdk  behiip  Ut  Us  aHuatinif  and  ike  iaereate  or  deereau  ef  Ho  fowar 
it  moauarei    ikd  «f  UopoteaHaL 

59.  Hence,  if  a  nystem  movei*  from  n  state  of  rest,  its  power  is 
constantly  e  I'lal  to  the  excess  of  its  potential  over  tlie  initial  value 
of  the  potential ;  antl  it  can  never  arrive  at  a  position  in  whiih  the 
potential  would  be  les^  than  it.s  initial  value.  Iso  system,  indeed, 
can  move  to  a  situation  in  which  the  potentiol  would  be  diminidied 
mora  than  the  initial  power  of  the  system. 

60.  When  a  system  is  in  a  permanent  state  of  rest  which  the 
actual  forces  do  not  tend  to  disturb,  its  dynamic  condition  is  such, 
that  the  power  of  the  irystem  is  not  changed  by  a  slight  change  of 
position.  Hence, 

Tlic  jxjtcidiul  of  a  st/stciit  trhich  is  in  cquilihriitm,  is  genei  uU^  a  maxi- 
mm  or  a  miimmm.   The  exceptional  cose  of  a  condition  of  mli^er- 
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enee  rarely  oocun  in  nature ;  but  even  this  caae  may  be  philompbi- 
cally  regiurded  an  the  combination  of  a  ma^nii™  and  nunimuiD,  or 
08  the  rc-<ii1t  offlcveral  such  oombinatbnfli 

Gl.  WIioii  a  movinir  system  passes  through  a  position  of  oijui- 
lilmuin.  or  a  ]iosifinn  wliicli  is  one  of  i'i)uilihriuin  in  rt^-ference  to 
the  clement  ul'  position  with  which  the  ii_)':<tcm  is  changing  itii  place, 
the  power  (tf  the  ■ystem  is  ather  a  nuudnMtiii  or  a  mmhnnnij  or  in 
a  oondUtion  of  tadiffisrence. 

62.  When  a  flystrai,  in  a  state  of  rest,  is  placed  very  near  the 
pontion  of  equilibrium,  it  cannot  tend  to  move  away  from  the  posi- 
tion of  equilibrium,  if  the  potential  of  that  situation  is  a  maximum 
relatively  to  the  clement  by  whirli  the  system  is  romovod  from 
it ;  auiU  it  cunuot  tend  to  move  toward;^  the  isituation  of  e(^uili- 
briiun,  if  the  potential  u  a  minimum  for  the  some  element  On 
this  nooonnt  the  equilibrium  is  jIsM^  in  reference  to  those  elements 
for  which  the  potentinl  is  a  maximum,  and  it  is  vnsfable  in  reference 
to  these  elements,  for  which  the  potential  is  a  m'W'Fwx'TB. 

03.  As  when  a  function  chaufjes  in  consequence  of  the  change 
of  any  one  of  its  variables,  the  maxima  and  minima  succeed  each 
other  alternately  ;  in  tlie  motion  of  a  system,  the  positions  of  stable 
and  unstnblo  cc^uilibrium,  relatively  to  tlic  clement  of  change  of 
potttioo,  succeed  each  other  alternately.  Situations  of  equilibrium 
of  indiflbrence  may  be  interposed  without  disturbing  the  order  of 
SUCOeSMOn  of  the  situations  uf  stable  and  unstable  ei^uilibrium.  If 
the  system  returns  to  its  initial  j)osition,  it  nuist  have  passed 
through  an  even  nunibcr  of  such  situations  of  equilibrium,  rela- 
tively to  the  eleuu-iil  of  change  of  position,  half  of  which  must  have 
been  jwsitioud  of  stable,  and  the  other  half  positions  of  unstable 
equilibrium.  In  general,  these  situations  will  not  be  poritions  of 
absolnte  equilibrium,  but  only  such  in  reference  to  the  changing 
element  of  motion. 
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64.  Fixed  forces  might  cosily  be  imagined  different  from 
thofle  of  nature,  and  in  the  action  of  which  the  power  of  a  moving 
qrstem  would  depend  upon  its  previous  ntnations  as  well  as  upon 
its  actual  position.  With  such  forces  the  increiuse  or  decrease  of 

power  of  a  system  woulJ  vary  with  the  path  which  it  pursued  in 
moving  from  one  situation  to  another,  and  would  he  tricator  hy  one 
patli  than  hy  another.  Tiic  change  of  power  for  eacli  element  of 
any  given  path,  would  still  he  computed  by  the  process  of  §  17, 
and  thwee  the  whole  change  of  ]>ower  would  be  obtained  by  inte- 
gratioa  If  the  moUon  of  the  system  were  reveraed,  and  it  were 
carried  back  through  the  same  path  to  its  initial  position,  its  initial 
power  would  be  restored.  If,  of  two  courses,  hy  which  a  system 
eould  move  from  one  situation  to  another,  it  were  fon-ed  to  go  by 
that  through  which  it  would  arrive,  with  the  greater  power  at  its 
final  poi^ition,  and  if  it  were  then  made  to  return  to  its  initial  posi- 
tion by  the  other  path,  it  would  return  with  an  increased  power ; 
if  it  were  again  to  move  through  the  some  drcnit»  it  would  fgun 
return  with  aa  equal  additional  increase  of  power;  and,  by  suoces- 
sive  repetitions  of  tliia  process,  the  power  might  be  incrcn  i  1  t  )  any, 
even  to  an  inliuile  amount.  Such  a  series  of  motions  would  :<'ccivo 
the  technical  name  of  a  prr/>rfiuii  nio/i-iu  by  which  is  to  be  uader- 
stootl,  that  of  a  system  which  would  constantly  return  to  the  same 
position,  with  an  inereMe  of  power,  unless  a  portion  of  the  power 
were  drawn  off  in  some  way,  and  appropriated,  if  it  were  dcnred,  to 
some  species  of  work.  A  eonsUtution  of  the  fixed  fonn,  such  as 
that  here  supposed,  and  in  which  a  perpetual  motion  would  1)e  po^ 
nbtc,  may  not,  perhaps,  he  incompatible  with  the  unbounded  power 
of  the  Creator  ;  but,  if  it  had  been  introduced  into  nature,  it  uould 
have  proved  dt.'.-^Uuctive  to  human  belief,  in  the  .spiritual  origin  of 
force,  and  the  necessity  of  a  First  Cause  superior  to  matter,  and 
would  have  sutgeeted  the  grand  plans  of  Divine  benevolence  to 
the  will  and  caprice  of  man. 
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65.  A  snifhee,  for  each  of  vhoae  pointa  the  potential  has  the 
same  vatae,  may  be  called  a  level  wrfaee.  A  level  surfiwe  may  be 
drawn  through  any  point  in  qiace. 

Since  the  potential  of  ovory  finite  system  (rf  natiiM  vanishes 
for  an  infinitely  dislrint  point,  a//  the  level  svrfacei  of  nti/i're  are  fnlle, 
awl.  n-lvntinij  itio  Ihemselvex,  imlmlc  a  sjhicc  tehklt  the'/  fie 41//  Hfrrotiiul, 
U'Uh  ilic  ciccjAiuit  of  i/iose  keel  tsiirfucts  for  wliich  Vie  potcidial  U  zero. 

66.  A  material  point,  placed  upon  a  levd  surface  has  no  ten- 
dency to  move  in  the  direotion  of  the  smrfiice,  because  there  is  no 
inereose  of  power  in  such  direotion.  Tkt  ieuSmi^  ef  a  material  peivi 
to  ni'tHtm  M,  tharef»9f  pajxndKidar  to  tie  level  tuifaee  i^m  n^teh  U  w 
placed, 

67.  Tf  two  If'vcl  siirfircs  arc  drnwn  infinit<>Iy  near  to  each 
other,  a  itKilcriat  puiut,  placed  vpvii  tilltcf  of  them,  (riu/t  io  move  in  Ihe 
direelioiif  from  tlte  aurfaee  cf  the  lens  polenlial  totmrds  fhe  olher,  with  a 
force  wkieh  it  metanrtd     the  jtuiient  ef  the  d^erenee  of  Ihc  jjofeidiali  ef 
{he  two  entfrnett  divided    their  didaaee  apart. 

Hence,  if  the  surfaces  are,  throughout,  at  the  some  distance 
apart,  tlio  diapontion  to  motion  is  everywhere  the  same. 

If  the  s)uf:ioo><  wore  to  intorr»oct  each  M»]i.  r.  the  tenfkiirv  to 
motion  in  tia*  lino  of  intersection  ^^•oul(l  lie  iiiiiiiiti'  ;  hut  sinee  tlii  re 
is  no  Huch  infinite  tendency  to  motion  iu  nature,  eacli  level  surface  of 
tuUure  mul  he  whol^  invaded  v^km  everg  other  level  eiufactf  tetlhm  wii^ 
pordm  ^  U  ii  ineluded.  For  the  same  reason,  As  jw^MiMiff  a  mrfurs 
ft  aftHgw  a  conlimwua  ftmetien. 

68.  Within  each  level  snrfiice  of  nature  there  mwt  he  a  point 
or  point.s  of  mnximnm  or  niinimnm  potential.  A  continuous 
curved  line,  dinwn  perpendicularly  to  each  nf  tlic  level  suillices 
which  it  intersects,  represents  a  line  of  action  or  tendency  to 
motion,  end  every  such  tngcctory  must  finally  terminate  in  one  of 
the  indudcd  points  of  maximnm  or  minimum  potentisi  Each  of 


Digitized  by  Google 


the«e  points  may  then  be  regarded  as  a  centre  of  action,  iowud%  or 
firom  whicb,  all  moUon  tends  aloi%  the  various  trajectoiiee^  accord- 
ing 08  the  point  is  ^t  of  a  maximnm  or  a  minimnm  potentiaL 

69.  If  ih€  f(Aenfval  has  a  eottgtant  value  for  any  poriion  of  xfucgf 
iiit  tame  ecriif^fanf  rahtc  must  extend  tlirouf/lmd  all  that  space,  including 
fk{9  fiorlloii,  for  trhich  the  pfitruHal  tiiid  all  //y  deriva/iirs  are  fiiiHi'  tiud  cm- 
iiuuom  ftiiut  10118.  For,  iu  order  that  the  potential  may  l)e  absolutely 
coostaot  fur  any  finite  extent,  however  small,  all  its  derivatives 
mnst  vanish.  But  it  fidlowi^  fiom  Taylor's  Theorem,  that  the 
diffbrenoe  of  the  valne  of  the  potential  for  any  portion  of  space,  for 
which  it  is  cuutinuouH  iuid  fi nite,  88  well  a.s  all  its  dcrivativei!^  is  a 
linear  I'nnotion  of  its  derivatives  at  any  j)oiut  of  that  space.  The 
difference  of  the  potential,  therefore,  vani.xhcs^  when  all  the  dctivor 
tivc»  vanish  and  the  potential  is  constant. 

The  portion  of  space,  for  which  the  derivatives  are  originally 
aflBomed  to  be  constant,  must  be  a  solid,  having  the  three  dimon* 
sions  of  extension,  in  order  that  this  theorem  b«  i^plicable. 

70.  Throughout  any  such  portion  of  spae^  in  vrhich  the 
potential  is  constant,  tliere  can  be  no  tendency  to  motion  in  any 
direction.  In  such  extent,  therefore,  there  can  be  no  ma^-^  of 
matter,  for  it  is  contrary  to  experience  that  there  sihuuld  be  mutter 
where  there  are  no  dyuoiuicul  plieuontenu. 

71.  In  all  the  observed  laws  of  material  action,  the  potential, 
which  belongs  to  the  action  of  each  particle  of  matter,  is  finite  and 
continuous,  as  well  as  all  its  derivatives,  for  the  whole  extent  of  i^aco 
exterior  to  the  particle.  Henc^  the  potential  and  its  derivatives, 
for  every  system  of  nature,  are  fiiiite  and  continuous  functions 
throughout  any  portion  of  space  which  contains  no  material  mass. 

7-.  Hence,  it  follows,  that  for  every  Jiuitc  si/siem  <f  tuilvre,  aiii/ 
forUm  of  sjHtcc,  ill  nMek  the  poieHtittl  it  emlmt,  tmst  be  finite,  and 
bomded  m  off  su2n     material  mauet.  This  portion  of  space  cannot 
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extend  to  infinity,  faeeana^  if  it  were  to  have  such  en  estent,  the 
finite  man,  whieh  would  be  its  inner  limit,  would  exhibit  no 
external  indication  of  force ;  whcrcoH,  it  !•<  dlivions  that  no  matter 
can  ever  have  been  observed,  except  hy  sucU  a  manifestatbn  of  its 

existence. 

73.  There  are  forcci)  in  nature  wliicli  arc  (niipumri/j/  Jizedy  aud 
fbr  wludi  the  potential  may  vanish  throughout  all  space  esiuaot  to 
the  limit  in  which  the  oentres  of  action  are  contained. 

74.  The  di&renoe  between  the  values  of  the  potential  for  any 
two  pmnts  may  be  computed  by  aoppoang  a  unit  of  mass  to  move 
from  one  point  to  the  other  upon  any  line  taken  ut  plcasuro,  imd 
determining  tlie  change  of  power  which  it  receives  from  tiii.s 
iuoliuu.  The  change  of  the  potential  may  be  computed  for  each 
fiwoe  separately,  aud,  in  making  the  partial  oomputationa,  it  is 
sufficient  to  suppose  the  unit  of  mass  to  move  firom  the  levd 
«n&oe  of  one  point  to  that  of  the  othw,  and  one  of  the  perpen* 
dicular  trajectories  may  be  talcen  fi>r  the  path  of  this  motion. 

75.  in  any  tywtem, 

F,  P,  &c.,  are  the  forces ; 
/,/,  kc,  the  directions  in  which  they  act;  and 
Si    ibe  value  of  the  |>otential ; 

the  general  eiqprearion  of  the  potential  for  any  point  of  the 
system  is 

n  =  xfFj/, 

in  which  the  limits  of  integration  extend  from  the  values  off,/, 
whieh  eiirrespond  to  the  position  of  the  point,  to  infinity.  The 
expression  for  the  tendency  to  motion  in  any  direction,  as  that  of 
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CoMPOSlTlOM  AND  KESi  il.l  TidN  Of  FORcr..", 

7t).  No  phenomenon  is  observed,  in  which  a  single  force  acts 
freely  I>y  it.self  In  all  cai^en,  various  forces  are  conibineil  ;  and  it 
is  iniportaut,  therefore,  to  aacertaiu  what  are  the  dynamical  rettulta 
of  Biich  oombiaations. 

77.  A  nngle  force  wska,  at  each  point,  pcrpendicnlBrijr  to  its 
level  nirface,  with  an  intenaty  whioh  is  meaaored  by  the  derivAtive 
of  the  potential,  taken  with  reference  to  the  element  of  direction  of 
the  force.  Tlie  intensity  of  its  action,  in  any  other  direction,  is 
monsured  by  the  derivative,  with  reference  to  the  element  of  tliat 
direction.  If  another  level  surface  is  dra\m  infinitely  near  the  one 
which  pas.soH  through  the  puiut,  the  action  in  any  direction  is 
inveiiely  proportional  to  the  length,  intercepted  by  the  surfaces, 
upon  a  straight  line  drawn  in  the  given  direction.  But  the  sorfiwes 
may,  for  this  purpose,  be  considered  an  reduced  to  their  parallel 
tangent  planes  at  the  given  point ;  and  the  length,  intercepti-d 
between  two  parallel  ]ilanes,  upon  a  straight  line,  is  proportional  to 
tlic  sicaiit  of  the  aiiLrle  which  the  line  makes  with  the  perpen-. 
diculiu-  to  the  plane,  llence,  the  action  of  a  force  in  the  direction 
of  any  line,  i^  proportional  to  the  ooane  of  the  angle  which  it 
makes  with  the  direction  of  the  force. 

then,  npon  a  straight  line  drawn  in  the  direction  of  a  force, 
a  length  is  taken  to  represent  the  intensity  of  tlie  force,  the  action 
in  any  direction  is  represented  hy  thi'  projection  of  this  lenj^th 
upon  that  direction,  or  by  using  the  word  foirf  for  the  representa- 
tive of  the  force,  the  proposition  becomes,  that  (he  action  of  a  force  iu 
ang  iUredioH  tt  iAc  jmijection  of  the  force  ujmh  that  dtreetim. 

78.  When  several  forces  act  upon  a  point,  their  total  action  in 
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any  directbn  is  ibe  algebnic  Bom  of  their  projections  upon  that 
direction. 

70.  W/ieit  ihrt'e  foreea^  wkkh  are  ml  in  (he  same  plani',  art  njwn  a 
j»ii,tl.  Ihdr  combitii'il  acflon  is  Cfjuivuh'uf  io  ihd  uf  a  si'iif/h-  furcr,  ir/ii<  h  i.<i 
rrptrscnit  d  in  iintfjiiilvile  ami  direcUoa  Iff  tlte  diagonal  of  Uie  jtaraUeloj/ijtcJ 
construdtd  ujjoii  the  tliree  forces. 

For  tiie  algebnic  sum  of  the  prqjecUons  <^the  Ibreee  upon  any 
direction  perpendicular  to  the  diagonal,  ia  zero,  while  that  of  the 
projectionB  upon  the  diagonal  ia  the  diagonal  itaelf  • 

80.  AU  thf  forces  trhirh  art  vjton  a  poinf,  are  eqt^dUnl  to  a  witjk 
fofci',  ii'hirit  f'y  cdUtd  their  refK.If'inf.  For  a  "inslc  point  can  only  tend 
to  move,  with  a  certain  intoni^it y.  in  sutiic  oni"  (lirt'ction.  however 
various  may  be  the  forces  which  net  upon  it ;  and  any  such 
tendency  to  notioB  can  be  produG«<i  by  one  force  acting  upon 
the  point 

The  aetioia  of  all  the  fimoa  in  three  directiona  which  are 

perpendicular  to  each  other,  can  lie  fu mid  by  §  78;  and  the-se  three 
partial  forces  can  then  be  conil>iiRil  by  §  79  hito  onr  f>>m'  which 
■will  b<'  the  rcj-iilfant.  But  the  following  method  ot  Jindiiig  the 
resultant  lUu.xtrutcH  the  UHe  which  may  be  niiidc  of  the  level 
.aurfiioea. 

61.  In  oonaidering  the  action  of  a  force  upon  a  fixed  point  in 
iipaee,  the  variable  character  of  the  force  for  other  points  of  apace 
may  be  neglected,  and  its  level  .surfaces  may  be  regarded  as  parallel 
planes  perpendicular  to  the  direction  of  the  force.  Thua^  it  may  be 
assumed  that 

is  the  potential  of  the  force  F,  which  acts  in  the  direction 

of  /;  for 

Dy{Fj')  —  F.  is  the  intensity  of  the  force;  and 
Ff  =.  a  constant,  or 
/= a  constant} 
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is  the  equation  of  a  plane  poq)cndicular  to  f.  lieiicu,  the  potetitiul 
cf  «U  the  forces  which  act  upon  the  poiot,  ia 

If then 

i>*  the  roMiltiiig  force  lef^olvoii  in  the  directiuu  of  ^;  iJ' 
is  the  directiuu  of  the  reaultunt,  and 
P  ia  the  resultant ; 

the  value  of  cither  of  thc;je  forces  is  represented  by  the  furiiiiiln 
i», = D^Q.  =  S'FD,f=  S'Fcm^. 

Butj  by  putting 

the  coiKlition  that  p  is  pcqicndicular  to  the  level  surface,  for  which 
the  potential  i»  constant,  gives 

Hence  the  value  of  the  rosultuiit  is 

 Z  L 

82.  By  an  ok  mcntary  motion  of  translation,  each  point  of  a 
sy^'t('In  is  canied  to  the  xanio  distance  in  tlic  saiiit'  direction  ;  the 
potential  of  the  system  is  chun<;ed,  therefore,  precisely  as  if  all  its 
points  were  united  in  on^  and  all  the  forces  applied  at  this  point 

teHdeiiqf    a  t^ftUm  to      motim    trmdiUmf  it,  tim,  the  tame  « 
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arite  from  lit  mUm      a  dnffk  foret,  egual  to  ti» 

rmiUant  of  aU  ilu  force$y  WfpMtd  h  he  applied  at  the  same  potiil. 

83.  Thi^  ui'uiieiii  of  a  force,  with  reference  to  a  poiiif,  is  the  product 
of  the  lurc  L'  multijilietl  by  it,*?  distance  from  the  point.  Tlic  moment 
of  a  force,  with  nfereiue  to  a  line,  is  the  product  of  the  projection  ol' 
the  fince  upon  a  plane  perpendieulur  to  the  line  maltiplied  hy  the 
distance  of  the  force  from  the  line. 

The  moment  of  a  force,  with  reference  to  a  line,  may  be 
represented  geometrically  by  a  corresponding  length  taken  npon 
tlie  line,  nnri  the  name  of  the  moment  may  be  given  to  its  geome^ 
ricul  ri'jiri'st'titiitivo. 

The  moment  of  a  force,  with  reference  to  a  point,  ia  the  same 
irith  the  momen^  with  reference  to  the  line,  which  is  drawn 
tiirongh  the  point  perpendioolar  to  the  ocnmnon  plane  of  the  point 
and  the  force. 

84.  The  moment  of  a  force,  iri/h  reference  to  n  line  fMXmnff  tkrmigh  a 
jmiii/,  ix  efjiiiil  to  th''  jif'i'i'fi'ni  tij^ia  ihe  lliii'  'f  Ihi-  iif./fiif.  tnlli  )-'/rreiire  to 
t/ir  jxiinl.  For  tlic  uioiiicnt,  witli  rcfiTi  net'  to  the  point,  is  equal  to 
double  the  area  of  the  triangle,  of  wiiich  the  base  is  the  force,  aud 
the  altitude  is  the  distance  of  the  force  firom  the  point ;  and  the 
moment»  with  refermce  to  the  line,  is  equal  to  double  the  area  of 
the  triangle^  of  which  the  base  is  the  projection  of  the  force  upon 
the  jdane  perpendicular  to  the  line,  and  the  altitude  is  the  distance 
of  this  prnjrctioii  IVoiii  the  line.  But  tlic  latter  ofthe.se  triangles  is 
the  projection  uf  tiic  tornicr  upon  tlie  plane,  and  its  area  is  equal  to 
the  product  of  the  area  of  the  former  triangle,  multiplied  by  the 
oorine  of  the  angle  of  the  planes  of  tiie  two  trianglea  But  the 
lines  upon  which  the  moments  are  represented,  being  respectivdy 
perpendicular  to  tiiese  plane^  have  the  same  mutual  inclination. 
The  moment,  with  rrference  to  the  line,  i.",  therefore,  equal  to  the 
product  of  the  moment,  with  reference  to  the  pobt,  multiplied  by 
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Ilie  oodne  of  the  mutml  angle  of  the  moments;  that  i%  it  u  equal 
to  the  prajection  upon  the  line  of  the  moment,  mth.  referenoe  to 
the  point. 

85.  Hence  it  follows  that  the  moments  of  forces,  with  rt'fcr- 
ence  to  pfjint-J,  ninv  he  conihincd  by  the  wiiiio  procL'<sos  in  which 
the  forces  tliotaseUes  are  comhiacd,  and  that  uU  the  iiiometi/^,  wUh 
rrferenee  to  apoini,  moff  be  eomMaed  udo  one  resuUatU  mometU. 

86.  The  tendency  of  the  foiee  JP,  of  which  the  potential  is 
Iff  to  produce  an  elementary  rotation,  dd,  about  a  line  is 

D,(,Ff)  =  FDJ. 

But  if 

^  is  the  distance  of  J'fiom  ji^ 
i>,/=0«inj; 

the  projectiou  of  F  upon  Uie  plane  puqieudiciUar  to  />,  being 

J'sinj;, 

the  tendency  to  rotation  about  p  becomes 

9  i'ain^  =  the  moment  of  F  with  reference  to  p ; 

that  i%  Off  emsMnf  ef  m  f9reetV^rtf«raiMi$aUM,«lhemt^^ 

iendenri/  to  produce  rofaOon  tAovf  iM  file. 

87.  Tiif  direction  of  the  positive  moment  must  be  assumed  to 
he  the  Kainc  with  that  of  ttu'  axia^  about  which  the  tcndcucj  to 
rotation  of  the  force  is  i>ositi\  e. 

88.  Tie  resuliuiU  nmned  <^  ail  ihc  forces  of  a  st/dem,  tvHh  reference 
to  d  pomtf  ii  ike  nmmtn  ^  their  tendency  to  proiuee  retaiion  tAmU  thai 
faut.  Henoe,  the  one  foree,  of  which  the  moment  is  equal  to  the 
lemiltaat  moment,  has  the  some  tendem^  to  produce  rotation. 
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89.  The  rcAuItnnt  moment  of  all  the  forces  which  act  upon  a 

point,  \vith  refiTciirc  to  any  line  or  fo  any  other  point,  is  the  same  • 
with  the  iiitunent  of  their  n  siiltiuit.    For  the  ])oint  UfMjn  which  the 
forces  act  tends  to  move  in  the  direction  of  their  resultant,  with  a 
force  equal  to  its  intrauLtyi  Bud  ib  mcaaeai  i%  liherefiu^  the 
measure  ef  the  tendency  to  motion. 

90.  The  moment  of  »  force,  ivith  leferenoe  to  a  line  ff,  i» 
equal  to  its  moment^  with  referenee  fo  a  parallel  line  />,  increawd 
by  the  moment  of  an  equal  and  parallel  force,  acting  at  any  point 
of  the  line  p.  For  the  distance  of  the  original  force  from  the  line 
p\  i»  equal  to  it3  distance  from  the  line  j/,  inerea»ed  hy  the  distiince 
from  j/  of  the  ponlld  force  parsing  through  j). 

91.  J9bi09  tttf  retuBant  ntomad  ai^/oreetf  teSA  rtferenee  halme 
f/f  it  ejual  io  Ueir  retulkait  mmaiff  mUk  i^erenu  1o  a  jparaB^  Sme  p, 
iiicremi  d  hi/  the  momeul,  viih  rtftnttet  liO  jf^tf  egual  tmd  panM  foree$ 
adwg  ai       imnl  of  ihc  Unv  p. 

02.  The  ristilt'iiit  niijiiinif  of  any  f'lrtts,  fifh  ir/ciriin'  fn  a  p'liiit  ft', 
is  equal  to  iJuir  nsuUaiit,  leitli  irf  h  aice  (o  a  jmiU  O,  iiiciritml  bi/  titc 
nmnenf,  tt^h  rffermce  to  (/,  of  equal  and  paralhl  forces  aeiiiiff  at  0.  For 
this  proposition  ia  true  for  each  pair  of  the  paralld  axes  of  two 
parallel  systems  of  three  rectangular  axe%  of  which  the  points  0 
and  (/  are  the  re^tpective  origins. 

03.  A  eoiipff  of  forcc>«  is  a  system  of  two  parallel  and  equal 
forces  which  act  in  diflerent  lines. 

U4.  T/te  iimnnd  (f  a  couple  of  forces  kt^.f  'r  n  eri/  jxiint  of  space, 
the  tame  value,  tc/tic/t  U  eqitul  lo  Ihc  nt'iiueni  of  one  of  tlwm  for  an'/  iv>iid  of 
tie  otker.  For  two  forces,  equal  and  parallel  to  them,  a[)plied  at  any 
pmnt,  destroy  each  other's  actioUf  and  theur  resultant  vauishea 

95.  The  tendency  of  a  couple  of  forces  to  produce  rotation 
about  a  point,  is  the  same  i\»  that  of  any  system  of  forces,  when  it.n 
moment  is  equal  to  the  resultant  moment  of  the  system,  with 
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reference  to  the  point.  But  tho  couple  hiw  no  tendency  to 
produce  »  trandatiott ;  whereas  the  resultant  of  a  sTstem  of  equal 
and  parallel  Ibroea,  acting  at  the  pomt>  has  all  the  tendency  of  the 

system  to  produce  trnnslntion,  but  none  to  produce  rotation  about 
the  point.  Hence,  the  three  forces,  of  which  one  is  the  resultant  of  the 
C'jtial  and  pttrallel  forees  aetitig  at  a  point,  and  the  other  tiro  constitute  a 
couple,  cf  tchieh  the  moment  is  t/te  same  with  the  resuUaiU  mometd,  with 
rrferam  to  £W  point,  fulli^  repreietU  anif  gjfstm  of  foreet  m  IheUt  imieaqf 
toftvibieeniatiBnmdfymdiUmL 

96.  Since  the  poMtion  of  the  couple  of  forces  is  quite  aibi* 
traryiOne  of  the  pair  may  be  taken  to  act  at  the  tiauic  point  with 
the  resultant  of  all  the  forces;  and,  by  combining  it  with  the 
resultant,  tho  syftein  of  three  Ibrces  nmy  be  reibu-cd  to  two. 

97.  A  point  can  always  be  found  in  space,  for  which  the 
moment  of  a  given  force  has  any  assumed  magnitude,  and  any 
direction  whii^  is  pcrpendicidsr  to  the  force.  Because  the  distance 
of  the  point  from  the  foroe^  wluch  is  one  of  the  foetors  of  the 
moment,  may  vary  from  levo  to  infinit}-,  and  its  direction  from  the 
force  may  be  that  of  any  perpendicular  to  the  force. 

Hence,  if  the  resultant  moment,  with  reference  to  a  point  0, 
of  any  sysitem  of  forccf,  is  decomposed  into  tw'o  moments,  ot  which 
one  luk»  the  uame  direction  with  the  force,  and  the  other  is  per- 
pendicular to  i^  another  point  can  he  found,  for  vhidi  the 
moment  of  the  resultant^  acting  at  0,  ii^  in  amount  and  direction, 
the  negative  of  that  component  of  the  rcstiltant  moment  for  0, 
wliich  is  perpendicular  to  the  resultant.  For  the  point  there- 
fere,  the  resultant  nmniont,  coincides  in  direction  with  tin-  rrvult- 
nnt  itself;  and  of  thi'  three  corresponding  force-;  whi'  h  rrjm  ^iMit 
the  tendency  of  tlie  system  to  produce  rotiilu>n  and  trauHhilion,  tlie 
plane  of  tiie  couple  is  perpendieolar  to  the  direction  of  the  result* 
ant 

6 
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98.  If  aU  the  fbroes  lie  in  tbe  same  plane,  for  any  point  of  the 
plane  the  moment  of  each  of  the  foreea  is  perpendicular  to  the 
phme,  and,  therefore,  the  resultant  monu  nt  ih  perpendioukr  to  &e 

plane.  But  the  resultant  of  the  parallel  ami  equal  forces  acting  at 
tlic  point  must,  if  it  does  not  vanish,  lie  in  the  aame  jilane,  and  he 
j)erpendiculur  to  tiie  resultant  nioniont.  If,  then,  the  nsultant  does 
not  vauLih,  n  point  of  the  plane  cou  be  found  fur  wliich  tlic  result- 
ant moment  Tani8he& 

99.  If  all  the  forces  are  parallel,  the  moment  of  each  of  them, 
for  any  point,  lies  in  the  plane  which  is  drawn  through  the  point 
perpendicular  to  the  forccK  But  the  resultant  id  the  parallel  and 
equal  forces,  acting  at  the  point,  ha.s  the  same  common  direction 
w  itli  tlieni,  and  is,  thercfon',  pi.  i  pcndicidar  to  the  resultant  moment, 
li^  then,  the  re:jultaut  duca  uut  vanish,  a  point  can  be  found  for 
which  the  resultant  moment  Taniahea. 

BswittfiiBibtfwutifa^tlmUsinUmMMfkmtW^Ut^  are 
oB  parallel  to  taeh  Uhar,  liar  Undea^  io  freduee  inoulatiM  «r  roUditn  w 
§fuivttlciit,  ellher  to  thai  of  a  siiigk  force,  or  (o  tJiat  of  a  couple  <^/<tree$. 

100.  If  of  any  system,  of  foroe%  and  for  a  point  O 

JIf  is  the  resnltant  moment, 

H  the  resultant  of  equal  and  pnrnllel  forces  acting  at  <?, 
and  JH,  the  projectiona  of  Maad'B  upon  the  direction 

of/), 

and  if  the  same  letters  accented  denote  the  same  quantities  for  the 
point  (/,  and  if 

nnd  ^  arc  Uie  rectuugulor  coordinates  of  (/  with  reference 
to  0, 

the  value  of  the  moment  of  the  forces  for  either  of  the  axes 
pojSiing  through  Cf  is, 
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Bat  if  the  diraetioo  of  the  axk  of  » is  assumed  to  be  the  same  iriih 
tbat  of  S,  these  moments  become 

The  coordinates  of  the  pointy  for  which  the  Msultant  moment  has 
the  same  direction  with  the  resultant,  are 

101.  The  number  of  forces  which  is  required  to  produce  any 

of  the  special  cffectii  of  a  given  system  of  forct'j*,  is  usually  nrach 
less  thiui  the  whole  luimhcr  of  those  whidi  actually  concur  in 
their  inud notion.  The  mode  of  uiialysis,  by  whicli  the  requisite 
forces  may  be  oscertaiueil^  is,  iu  most  cu.ses,  quite  as  simple  aa  that 
hj  which  the  dfects  of  rotatimi  and  tnmdatimi  have  been  investi- 
gated. 

in. 

(HIATITATIOIT,  AND  TBE  FORCE  Or  STATTOAl  KEECTRICITT. 

102.  Gruri/it/i'iii  is,  among  all  the  forces  of  nature,  conspicuous 
fiir  its  universality,  and  tlic  grandeur  of  the  scale  upon  which  it  is 
eadubiied. 

£adt  partiek  if  matter  it  an  ekmeatary  eain  tf  adka  far  iksforu 

tf  gravitation,  and  oR  the  level  turf  aces  for  each  part  irk  are  sjf/nricul 
nufaeetf  <f  wbkh  the  particle  is  tlte  catlre.  TIw  value  of  the  potential  for 
miff  fHir/icle,  is  iitverscl;/  projmiiimiil  to  the  di'^fniirc  from  tli'^  pariielOf  and 
for  diJ'craU  parlicles  U  i«  proportional  to  I  lie  num  of  tlie  partiek. 

103.  Another  force  which  seems  to  be  equally  universal  with 
gravitatimi,  and  of  which  gravitation  has  been,  perhaps  jui<tly, 
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regarded  as  a  rendual  fi>rce,  and  whidi  is  aubject  to  the  aame  hew, 
in  respect  to  distance  from  each  elementary  centre  of  action,  is  that 
of  vtatical  ckdricUi/.    This  force,  however,  is  endowed  with  duoHty, 

anrl  roiisisfs  of  tiro  force.*,  of  icht'ch  one  httH  a  pvHitli'e,  and  (he  olher  a 
ntij,il'ti:c  iMcrdinl  Both  forces  ure  UMially  combined  with  iMiual 
iuteiistty,  in  the  same  centre  of  action,  so  as  to  neutralize  eacli 
other's  influence  and  thus  lie  dormant  Wth  «mA  ^  ihm  ike  peteih 
Hal  it  posUife  m  rrfermet  io  dedrieitf  qf  tke  tihet  imelf  and  negattw  mtk 
rtferaiee  io  thai  if  th»  tarn  kmi.  Hie  tmdency  to  motion,  arising 
from  one  kind  of  electricity,  is  exactly  etiual  and  opposilr,  then,  to 
that  which  arises  iVnm  the  action  of  an  equal  inten^ty  of  the  other 
kind,  diHtrihiited  in  the  same  way. 

10-1.  The  action  of  electricity  upon  the  mass  of  a  particle 
is  indiraet  j  the  direct  action  is  vpoa  th«  ekctrieitjr  aasoehted 
with  the  mass.  In  most  bodies  tlie  electricity  yields  with  more  or 
less  fiusility  to  this  action,  ieaves  the  particle  with  which  it  is 
originally  combined  for  another  particle,  and  finally  assumes  such  a 
form  of  d'mirihution  tvllhin  aiul  tqwii  the  hoil>/,  that  tlte  tviuhnf/  to  motion 
ishall  iioicfwre  rrrrnl  thr  rr-mtitnre  io  m<*tion.  Bodies  in  \\  bi(  h  there  is 
no  resistance  to  the  motion  of  electricity  ure  called /u/yVr/  conductors; 
while  those  in  which  the  resistance  is  iullnitc  arc  ciilled  pafai  ma- 
coxdudon, 

10&  Let 

dm  dwote  the  mass  of  a  particle  of  matter  in  the  case  of 
gravitation,  or  the  iralue  of  its  potential  at  the  unit  of 
distance  in  the  case  either  of  gravitation  or  elec- 
tricity ; 

dn,  the  element  of  volume  of  the  mass; 

k,  the  density  of  the  matter,  in  the  case  of  gravitation,  or 

the  intensity  of  the  force  of  electricity,  compared 

with  the  unit  of  intensity ; 
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/,  the  distance  fieom  the  partide ; 

dUf  the  value  of  the  potential  for  the  particle ; 

the  exftrettiion  of  the  potential  for  the  particle  ie 


The  general  volue  of  the  potential  for  the  whole  body  is 


100.  "With  referenee  to  a  syBtem  of  three  reetangular  axei^ 

let 

Xfjff  f,  be  the  coordinates  of  the  pomt  in  spac^  for  which  the 

potential  is  S2,  and 
1},  C>  those  of  the  particle. 

Adopt  also  the  fiinctional  notation 
The  derivatives  of  /  and/~*  are 


»iB«;4-2co9*; 


—  1  -f  3c<wV 

7*  ' 


Heuce 
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and,  Uierelbr^ 

Tlii.s  last  equation,  "which  is  called  Lapl.\cf.'s  rfjwifi->ii.  only 
applies  to  tliat  extent  of  space  for  wliicli  the  (leriviitives  of  the 
potential  are  continuous  functioni»,  that  is,  where  there  arc  no 
centres  of  action ;  but,  where  there  are  centres  of  action,  it  requires 
a  modification  irhieh  will  aooa  be  invefltigated.  The  integiation  of 
thiB  equation,  combined  -with  pecnliar  CMutderations  in  apedal 
case^*,  gives  the  value  of  the  potential  Ibr  all  the  problems  of 
gravitation  or  statical  electricity. 

107.  7V/t'  (iiiihiuy  fo  tjio/ioii,  remUiDff  from  ihe  grainhdlng  or 
tiecirtcal  aclian  nf  a  jniHirlr  of  multrr,  hriiifj  ii-'mutl  /o  Ihr  hn  l  .surface,  t.t 
directed  in  the  slraujht  line  drawn  to  the  jHtriiclc.  Ita  intensity  is  the 
derivadve  of  the  potential,  and  expressed  by  the  equatira. 

A,  fkenfom^  unwmgf  proporiimai  io  ihs  tguan  Iks  didaaee  from  ike 
foriielt.  M  is  attradion  in  ihe  eau  ^  gravifalion,  or  Ictireeii  ckctridUet 
^  OfpetiU  kmdtf  and  rqmlnon  btUoeen  dedricUiet  ^  He  tame  kind. 

ATTUAf'TlriN    OK   AN    IM  INITli  LASIINA. 

108.  The  investigation  of  the  potential  of  a  lamina  of  uniform 
density,  and  included  between  two  infinitely  extended  planes,  i.s 
simplified  by  the  conbideration,  that  it  muut  have  the  sauic  value 
ibr  all  points  of  apace  which  are  at  the  same  distance  from  either 
surface  of  the  lamina.  Because  all  such  points  are  similarlj  situ- 
ated with  reference  to  the  lamina,  on  account  of  ita  infinite  extent 
Hence,  if  either  surface  of  the  lamina  is  adopted  for  the  plane  of 
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tbe  derivatives  of  the  potentbl,  irilii  reference  either  to  ^  or 
mttrt  vanidi,  and  LufuaifB  equation  becomes 

Tlio  iiito^frnl  of  t]m  equation  gives  the  value  of  the  potential, 
Ibr  u  puiut  extcraai  to  tlie  lamina,  or  upon  its  eurluce, 

in  vhidl  A  nntl  li  are  nrbitmry  constants. 

109.  The  level  surfaces  arc  the  planes  determined  by  the 
equation  (47;),  when  £i  ia  the  constant  value  of  the  potential  for 
the  level  surface. 

110.  The  action  of  the  lamina  upon  any  external  point,  is  in 
a  direction  perpendieulor  to  either  surface,  and  &  force  tf  attradm 
or  repubion  u  amtUad  lyMn  off  fotiiltf  for  it  is  given  by  the  eqnaUon 

D,n:==A. 

111.  The  values  of  .^l  and  Ji  in  any  special  case  must  be 
aaontnined  by  direct  integration,  the  integration  indicated  in 
(4€b)t  gives  an  infinite  'ralne  of  the  potential,  whereas  the  integral 
tlon  of  its  derivative,  with  reference  to  x,  gives  A  itself,  in  a  finite 

form,  wliich  shows  that  the  infinite  portion  of  the  potential  belongs 
to  If.  The  integration  for  finding  the  derivative  of  the  potential  is 
eflbctcd  by  putting 

=  the  projection  of  /  upon  the  phine  of  jf*, 
a = the  tiiiduiess  of  the  lamina ; 

whence 

/=(,-{)sec;, 
^=(«— {)tanj. 
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—  {x  —  l)'»m^>K'c'-^.d^.d^^di, 

Thu  rtlm  of  A  corresponds  to  a  poettivtt  valoe  of  «,  hoi  for  a  nega> 
tive  value  of «  its  aign  must  be  reversed. 

112.  For  a  point  situated  within  the  lamina,  a  plane  may  be 
drawn  thmugh  it  p:iralli>l  to  the  HUperficial  planes,  and  dividing  the 
lamina  into  two  parti;il  ]:iiiiina^,  of  wlilch  tlio  thi(  knt's.se.s  are  z  aad 
a  —  X.    Hence,  the  vulue  ol"  the  derivative  of  the  |>otential  ia 

i>,i2  =  —  2 *T -f  2 -T  *(a — *) 
s=2nit(a— 2*). 

FoiMo*^  MWrnotmoK  or  LAnAec's  squatioh  ros  an  ixmnos  ronn. 

113.  Tlie  modification  which  h  required  of  Laplac^S  equa- 
tion, in  nrili  r  tliat  it  niiiy  bo  applicable  to  any  point  of  an  acting 
niius.s,  niusL  be  the  mime  for  all  ca.'<es.  For  It  wnubl  not  be  needed, 
if  tlic  point  of  action  were  contained  within  any  extent,  however 
small,  of  Toid  space.  It  depends^  therefore,  exclusively  upon  the 
infiiiitesimal  portion  of  matter  at  the  pointy  and  is  unsflected  by 
any  vaiiationa  in  the  form  and  extent  of  the  acting  bcxly.  It  need 
be  investigated,  then,  in  only  a  sb^e  cttBe.  Now  the  derivative 
of  (4^u)  givoH 

Din  =  — ink, 
which  sttbstitttted  in  LafuoA  equation  i^ves  for  an  internal  point 
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of  the  iuiiuitc  lamiua, 

which  is,  th  ore  fori",  the  rcrjuirccl  mof.lification  of  tliis  oqnatiou. 
This  modified  c(iuation,  in  which  Z.^,  dcnoteii  the  value  of  k  at  tho 
point  of  action,  is  applicable,  as  remarked  by  Stuem,  even  when  the 
point  IB  exterior  to  the  boc!/.  Thb  same  geometer  haa  obaerved 
thal^  bj  suppofliiig  the  valne  of  Jt  graduallj  to  shade  off  from  its 
Tdue  within  the  body  to  cno^  thia  graduation  occurring  witliin  an 
infinitely  wnall  extent,  so  as  not  sensibly  to  interfere  with  the 
actual  phenomena  of  nature,  the  ]iott'ntial  and  its  dinerontial  coetli- 
cients  may  become  continuous  functions.  It  must  be  further 
observed,  however,  that  thia  imaginary  graduation  must  extend 
throughout  all  apac^  althou|^  i  muat  have  an  infinitenmal  value 
where  ^ra  ia  no  portion  d  active  force ;  for  if  it  were  to  'vaaidi 
throughout  any  finite  portion  of  space,  howi m  i  small,  the  reason- 
ing of  §  CO,  would  prove  that  all  the  derivativea  of  the  potential 
were  not  finite  and  continuous. 

ATTRACTION  OF  AN  ISFlNllE  CVLISDKU. 

11-t.  The  investigation  of  the  potential  of  an  infinite  cylinder 
is  simplified  by  the  consiilcration  that  itx  value  must  be  the  same 
for  all  points  situated  upon  the  same  straight  line  parallel  to  one  of 
the  aidea  of  the  cylinder.  If  this  direction  w  adopted  for  the  axis 
of  the  derivative  of  the  potentialf  with  r^rence  to  g,  muat 
vaatah,  and  LAmo^a  equaUon  beoomea 

The  integral  of  thia  equation  ia 

i2  =:  gf  (*  +  jrvCO  +  35»  («  -  , 
7 
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in  vludi  ^  and  €Fi  are  ubifxary  fimetioii%  and  muei  be  detemuned 
for  each  case  by  opedal  oonadexatunui 

115.  The  level  surfaces  arc  tbc  cylindrical  aurfhccs,  of  which 
{iOjt)  ia  the  geneial  equation,  if  iQ  has  the  constant  value  belonging 

to  that  .surfnce. 

116.  The  attraction  in  the  direction  of  the  axis  of  x  is 

in  which  the  accents  denote  the  derivatives  of  the  functions^  with 
reference  to  their  explicit  vaiiables. 

The  attiaetion  in  the  direction  of  the  ans  of  is 

Tb»  whole  action  i%  theiif 

117.  W/un  (he  poiid  of  uihrni  is  iv  fur  from  ihc  c>/Undcr  that  the 
iqmre  of  tlie  linear  dim'tmom  of  tlic  base  can  he  neglected,  in  comjMtmou 
tsUk  He  tguare  Unt  had  ^danee  of  the  jmiU  from  the  cjflinder,  the 
problem  can  be  greatly  ainiplified. 

Find  in  tiiLi  case  a  line  parallel  to  the  axis  of of  vhieh  the 
coffrdmatcr^  a  niul  b,  with  reference  to  the  axes  of  s  and  are 
detemuucd  by  the  equations 

f  {l  —  a)  =  0  =  f  I  — am, 

This  hne  may  be  called  the  am  ^ gravity  of  the  cylinder,  and 
its  position  b  wholly  independent  of  the  directions  of  the  axes  of 
9  and      For  the  conditiras  by  which  this  axis  is  deteimined  will 


Digitized  by  Google 


—  51  — 

give,  with  regard  to  any  other  axis  of  trith  reference  to  ^iriudh 
the  notation  ia  dutingnuihed  hj  the  nitjjocent  nmnben^ 

/>-a,)=X(5-a)ooB^ =0. 

If  the  aadfl  of  gravity-  is,  then,  aflammed  for  the  aads  of  »,  the 
equations  (60^)  beoome 

or 

118.  Since,  from  the  nature  of  the  cylinder^  the  fnnotions 
whidi  are  here  to  be  integrated  are  independent  of  Ct  these 
equations  give 

119.  Let  tUc  perpendicular  from  the  point  of  action  upon  the 
tads  of  0  be  aasnmed  for  the  axis  of  ^r,  and  let 

/j  be  the  distance  of  the  point  of  action  from  the  projection  of 

any  particle  of  the  cylinder  upon  the  axis  of 
9  the  distance  of  the  perttde  fkom  the  axis  off. 

The  conditions  of  the  problem  under  consideration  give 

/«=  -{)'+,'+!;'=/•- 2i£ + ^, 


Digitized  by  Google 


—  52  — 


to  1^  ike  petaiUiil  it  tie  tame  »  ^  «M  (ke  partkiet  tf  ike  ^S»iar  were 
vaSed  si  ilew*  pnyee&at  vpon  tie  axu  ^  gramtgy  inkji  ike  peini  uata 

t^ficini%  great  <ll«taneefrm  ike  t^&tdtr, 
120.   By  letting 

JT  denote  the  intensity  of  the  action  concentrated  upon 
o-M-h  point  of  the  0X18  of  gcavity  when  the  cylinder 
m  projected  upon  it; 

the  value  of  the  whole  action  of  this  mob  is 


or  the  potential  is 

in  wliich  the  arbitrary  constant  Ji  is  infinite. 

121.  WkeH  tt«  iaie  He  ^fiiufer  u  Uie  tpaee  lekidk  «r  eeedemtd 
Mween  im  emeaim  euvhtf  the  was  of  gravity  coinddes  -with  the 
geometrioal  am,  the  potential  ib,  firom  the  synunetiy  of  the  figure 

the  same  in  oil  dircctionH  from  the  axii^  and  its  vnlitc  only  d^iends 
npon  the  distance  from  the  axLt    Let  Iho  axen  he  the  same  as  in 
117  and  ll'J,  cxcLpt  that  the  point  of  action  is  in  the  plane  of 
XI/,  but  not  in  the  axis  of  .r,  and  let 

r=  the  radius  vector  of  the  point  of  action,  and 
c  =  the  base  of  the  2^'aperiau  system  of  logarithms. 

Tlie  potential  is  a  function  of  r,  and  does  not  involye  the  indiiiatioii 
of  r  to  the  axis  of  «.  Hence 

2»-i2  =  0. 
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But  bj  (4Qk} 
vhenoe 

and 

But  the  two  members  of  this  equation  ore  fimctioos  of  two  different 
and  independent  vaiiablef^  which  are 

re      and  rc  ' 

and,  therefore,  neither  can  be  contained  in  the  value  of  the  other, 
so  that  each  of  them  (3i.snppears  from  tlieir  common  v:\hie,  which  is, 
therefore,  conBtant.  With  regard  to  any  variable  whatever,  there- 
fore, this  ecLuation  gives 

and,  by  integmtion, 


^r=illogr-f  i7, 
^jrs^logr-i-A. 

The  value  of  the  potential  then,  if  tlie  two  oonatoats  are  com- 
Unedinon^ 

=  2illogr  +  A, 
and  the  aetion  upon  the  point  is  in  the  direction  of  r,  and  ita 
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value  ia 

122.  When  the  pobt  of  aetion  is  upon  ihe  vaa,  it  is  plain, 
from  the  symmetrical  mituie  of  the  cylinder,  that  the  action  is 
canceUcd  in  each  direction,  and  in  this  ease 

2>,i2  =  '^'  =  0, 

whence 

A  =  0. 

Ibr  eeay  poid  tdtkm  the  iimer  ^^tndrieal  iomidcay  ^  iHt  t^&uHeal 
AdI,  the  aetkmy  ^M^mre^  vamAUf  md  tie  petutid  u  eoHttauk 

123.  Wlu  n  tho  point  of  action  is  -witliout  the  cylinder,  the 

const;ints  nre  Ibuud  by  tin-  coiulition  tliiit  when  Uu'  distance  is  very 
great,  the  value  must  be  the  aome  aa  that  of  (52^).  Heace 

that  iSf  (he  actton  t^xm  evety  peiatf  tmlhouf  ^  etreular  cylinder,  is  ihc 

tame  as  if  the  whnle  mast  of  (he  ri/Iimh'r  vere  coiicrii/ra/cfl  ujmi  //.<  aris. 

12i.  No  other  case  of  the  infinite  cylinder  is  of  sufficient 
interest  to  divert  the  current  of  the  work  from  the  finite  masses 
of  nature. 

ULAXIOII  or  TBI  rOTBXTIAL  TO  IH  PABAXim. 

12&  The  vaiying  -value  of  the  potential  from  one  level 
SUtfiwe  to  anotbw,  depends  upon  the  law  of  tho  chitiiue  of  surface, 
and  may  be  rcprcftented  as  a  function  of  a  variably  which  may  be 
called  its  jmnimdcr.  Let 

X  denote  tlie  parameter  of  the  potential,  and  adopt  the  funo* 

tional  notation 
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Tho  derivative  of  tiie  potential  gives 


which  is  a  tran.-^formation  given  \>y  Lame'. 

12G.    Tor  a  poiut  of  void  space,  thijj  cq^uation  givus 


by  which  the  potential  may  be  determined  fur  given  forms  of  X. 

MnMACtUM  w  A  imn  won  vtw  a  dmtaiit  kam>  oumB  w  ob&viti« 

127.  In  every  finite  mass  tiiere  ia  a  point  called  the  cciiire 
of  ffruvUi/,  of  which  the  coordinates  are  determined  by  cquatioiiM,  for 
each  axiH,  whicli  iire  /niiilar  to  (^O-^.a,).  This  point  h  independent 
of  the  positions  of  the  axes,  fur  these  equations  give  for  any  other 
axis 


If  the  oentre  of  gravify  la  adopted  for  the  origin  of  ooQidinateH^ 
theae  equationa  are  reduced  to  (61g_i»X 

128.   'When  the  point  of  action  is  so  far  from  the  attracting 

raoi^i*,  that  the  squares  of  the  linear  diine!i.siont<  of  the  inus.s  may  be 
neglected  in  comparison  Avitli  the  siiuarc  of  the  distance  of  the 
point  ft'om  the  mas-s,  the  fbnuul.i  iH-comea 


jr  (J ,  -  a  0  =  ^«  (/^  (S  -  «)  cosy  =  0 . 


=^       (r  —  i )- =       f .r ^  —  2 .7- ?  4- J ^) 
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a* 

that  ia^  fie  potential  ^  a  /«Se  pefyil,  for  a  mm  wkIA  it  to  rmoie  iiat 
the  tfMure  tf  Ike  Suear  dSmeatimt  tfUtt  lotfy  moj/  U  nefkeled,  m  eon^pari- 
ton  irati  ihe  tjuan  ef  the  iUxhtitrc  of  I  he  jmmuI  fmn  tie  ioc^,  it  tie  tame  at 
lie  hoffy  wm  emeetUroitd  ai  He  eeidre  ^  gnwU^, 

xrtmAOtmi  ov  a  snnnucAi.  tntth. 

129.  In  the  eaae  of  a  dicQ  of  honiogcncoiu  matter,  contnined 
between  tlie  snrfiicos  of  two  oonrrntric  spheres,  the  value  of  the 
potential  imist,  from  the  Hyinnu'try  of  tlie  fi<.niro,  depend  exchi- 
sively  uinm  the  distance  from  the  centre;  and  for  the  siinie  reason 
this  centre  is  the  centre  of  gravity.  If  the  centre  is  adopted  for  the 
origin  of  coSrdinate^  tiie  parameter  may  be  assumed  to  be  the 
xodiuB  vector,  or  any  functaoa  of  it  Pattinj^  then, 

deirvation  ^ves 

fit  =  6. 

Henoe,  (55^)  becomes 

A(IogAi2)=-n- 

The  integral  of  this  equation  is,  by  the  introduction  of  the  arbitrary 
constants  A  and  B, 
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130.  When  the  point  of  action  ia  at  tbe  origin,  the  value  of 
the  potential  is  eaoiljr  ohteaned  hy  &eot  integration.  Let  in  thia 
case 

^  and  be  the  internal  and  external  ladii  of  the  qpherieal 
ehelly 

Ms  and  Mi  the  maMCa  <tf  two  homoifeneoiv  aphwee  of  the  wune 
denaty  with  the  iheill,  and  of  which  the  mdii  are  respect- 
ively «o  and  Qi ;  and 

dif  the  elLiiicntary  solid  angle  of  whicU  the  vertex  is  at  the 


131.  Wke»  the  ftmi  ef  aetm  it  m  ihe  vdmor  void  ^taee  of  ike 
^eUf  the  eonstants  of  (5C,o)  must  have  the  same  values  as  at  the 
origin,  where  r  vanisheaL  Hence,  for  this  space,  the  constants  are 

A  =  0, 


point  of  action. 
The  mass  of  tke  ahell  is 


m = M|  —  m^=:int{Ql — , 


and  the  dement  of  mass 


The  YRlae  of  the  potential  is,  thereforei, 


J?  =  2^*(9!-PJ)=K?-?)' 


I'kc  value  of  ihe  poteniiul  in  tite  inieriur  void  apace  is,  therefor$j 
MMHtol^  «Md  there  it  m  iendcnctf  to  molioa  in  aiuf  direcliou. 
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132.  Jbr  m  exterior  jioiiU,  the  pokential  vuushet  when  r  is 
infinite,  while  for  a  point  at  a  great  distance  from  the  ori(pn,  its 
value  18^  by  §  128,  the  same  as  if  the  whole  mass  were  oomcentrated 
at  the  origin.  Hie  value  of  the  constants  in  this  case  are  then 


Jb^  txtenor  poi'nf  ta,  fkeilf  atfraclcd  t^f  a  komycneovs  spherical  sheUy 
prei-lxehf  119  if  the  tekok  now  ijf  ihc  tltell  were  eottcculrated  upon  U*  eetUre 
of  ffravUjf. 

ACTIOM  AMD  BIAOTIOlff  OT  A  SCRFAOl  OK  mOIRSLT  TBOt  SBBU 

or  mBTB  aansn*  cbablbbiah  ■bu.l. 

133.  An  infinitely  thin  shell  may  be  reduced  to  cither  of  its 
Kurlaces,  upon  avIi'kIi  ull  its  acting;  force  may  be  concentrated,  and 
the  intensity  of  the  action  at  each  point  of  the  nnrface  will  he  the 
piwluct  of  the  corresponding  inten.^ity  of  the  force  of  the  shell, 
multiplied  by  the  thickness  of  the  shell,  and  the  element  of  the 
surfiice  must  be  substituted  for  the  element  of  volume  of  the  shell. 
Let  then, 

4a  be  the  elemwt  of  the  surfiuie, 

JVihe  exterior  direction  of  the  normal  to  the  surface, 

i  the  concentrated  intensity  of  action  at  any  point  of  the 

pnrfacp. 

difi  the  elementary  .solitl  angle  subtended  by  the  element  of  the 
surface  at  the  point  of  action  ; 

tbe  expreistiiou  of  the  clement  of  the  eurlace  is 


ji  = — m; 


uud  the  potential  is 


r 
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Hence 

—  idij/  —  —  ^y^kda. 

The  second  member  of  this  equation  denotes  the  action 
exerted  by  each  elctn.  nt  of  the  surface  in  a  direction  normal 
to  the  surface,  and  towards  the  interior  of  the  surface.  If,  there- 
fore, the  iuten^ity  of  action  is  constant  over  the  surface,  the  action 
nonnal  to  the  surface  vn  proportional  for  each  element  of  the 
mufoo^  to  the  mlid  angle  subtended  by  the  element^  and  th  UUt 
ammd  tf  Unt  action,  normaHoikt  itafaee,  ttertti  iff  tagf  eMftiMfW  extetd 
^  U»  mafaee,  it  preporHmi  U  lit  wkole  teSd  tmg^  mUenied  ijjf  ikt 
hmdary  of  the  surface. 

134.  If  the  surface  is  a  plane,  the  direction  of  the  normal  is 
invariable,  and  the  total  amount  of  normal  action  exerted  by  any 
portion  of  the  plane  is  the  same  with  the  proJixUon  of  the  whole  action 
tf  Uu  portion  He  p&me  upon  t/te  perpendiettbr  #0  (he  plane,  rpAusA  v 
litrtfan  jprepoi^eaai  to  £fe  mSi  Mbtenied  Iff  the  poHkH  tf  U» 
fiam  at  tie  point  of  acHea. 

135.  Tf  the  mtrfncr  returns  into  ilitelf  so  as  to  iiicliule  a  Kjwce,  wMeh 
it  called  a  closed  surface,  and  if  tlw  jm'id  of  action  is  situated  leitlun  the 
incli>-sei1  fptier,  p'hnli'  nnfjfe  mihlmdal  w  the  rulire  erlciii  of  four  rigH 
angles  ;  whereas,  if  the  jmid  of  aciim  is  euttrior  to  tlie  closed  surface,  the 
whole  angle  vauisltes  ;  but  it  is  two  rigid  angles  whin  tlie  poitd  is  upon  the 
tufaee.  For,  however  the  point  of  action  is  situated,  if  a  Kne  is 
dmim  ftom  it  so  as  to  cut  the  surfiice  more  than  onoe>  the 
8iicce.s.^ive  angles  which  the  line  makes  irith  the  exterior  normal^ 
will  be  alternately  <)btu«e  and  acute  as  the  linn  r-uts  into  the 
siirtlice  or  out  from  it.    The  la.'Jt  an;j;le,  or  tliat  ul  wiiich  the  vertex 

uiost  rcniote  from  tlie  point  of  action  will  alway.s  be  acute.  Tlie 
nonual  actions  of  two  successive  elements,  therefore,  upon  the  same 
line,  and  which  subtend  the  same  solid  angle,  are  equal,  but  of 
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opposite  mgiM^  no  that  they  cancel  each  othei''*  eSeci  m  the  total 

■am  of  the  normal  forces.  But  if  the  point  of  action  is  without  the 
Burfitoe^  the  first  angle  is  obtuse  upon  each  line,  and  as  the  last 
angle  Is  acute,  the  whole  number  of  intorwctions  is  even,  and  each 
normal  elementary  action  is  cancelled  by  another,  aud  tiie  wlnde 
8UIU  vani»lies.  If  the  point  of  action  in  within  the  surface,  the  hi'st 
angle  is  acute,  if  there  is  more  than  one;  and  there  are  an  odd 
number  of  interaeetions  for  eveiy  direction  in  which  a  line  can 
be  drawn ;  for  each  direction,  therefore,  one,  and  only  one,  normal 
action  remains  uncancelled,  which  is  projwrtional  to  the  elemen- 
tary solid  angle  ;  and  the  wliolo  fum  iis  that  of  the  entire  extent 
of  lour  ri;j-ht  nivjli"^.  Hut,  if  tlic  point  of  action  is  upon  the 
iiurfuco,  aud  a  tau^eut  plane  to  the  surface  ia  drawn  through  it ; 
every  line  which  is  drawn  firom  the  ■  point  upon  the  ezterimr  ade  of 
the  plane  must  cut  the  surfiwe  an  even  number  of  time%  if  it  cuts 
at  all,  precisely  as  if  it  were  drawn  firom  an  exterior  point;  but 
every  line  which  is  drawn  upon  the  interior  side  of  the  plane  cuts 
the  surface,  as  if  it  were  drawn  from  an  interior  point ;  llio  total 
sum,  then,  of  the  uncancelletl  elementary  solid  angles  includes  those 
for  all  directions  which  are  upoti  the  inner  wdc  of  the  piano,  that  is, 
it  is  equal  to  two  right  angle&  This  elegant  theorem,  given  by 
Qaosb,  is  e:i^teawd  analytically  in  the  form 


130.  The  exprei!»ion  (59))  represents  the  component  in  the 
direction  of  the  external  normal  to  a  surfiuM^  the  action  upon  the 
element  of  the  sur&ce  of  a  mass  k  conoentrated  at  the  point  which, 
in  that  ezpresnon,  was  the  point  of  action.  The  integral  of  this 
expreadom  is  the  whtde  amount  of  such  resolved  action,  and  by 


4«r  for  a  pcnnt  interior  to  ft  dosed  cariitce, 
2  «  fi>r  «  point  iqMO  iIm  mtflwa, 
0  ftir  sn  csteriov  point* 
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4«1  whea  the  BUM  J(  b  bierior  to  dM  mrflw^ 

2ffl-  when  tbu  uiaiw  t  is  u(M>n  (Up  KuriiuT, 
0  wbea  the  maw  k  u  exterior  lo  the  eur&ux. 

Neither  of  tlicsc  values  depends  upon  the  porition  of  the  acting 
TTinss  further  than  it  is  interior  or  exterior  to  the  nufiMe  or  upon 
the  surioce.  then, 

jUJss  all  the  muB  interior  to  the  aur&ee, 

Ji^  =  BSl  the  nuun  upon  the  surface, 

J|(  —  aU  tiie  man  exterior  to  the  sui&oe ; 

mirfaee,re»ob>edfareaekde$Had  mike  darted 

md  if  aU  llie  moan  are  extermr  to  Hmwrfiieti  tib  mm  numlM.  l^tie 
doted  turf  ace  is  one  of  ihe  level  »urfaee$  ^  the  ^fdm  of  ImHes,  fhit  sum 
ezprettes  the  Mai  aitmction  of  the  masses  upon  fhr  surface.  This  impor- 
tant theorem  in  due  to  (lAri's,  iiinl,  indfpt'iuieutly  to  Chaslbb,  in 
ahuost  its  lull  extent,  as  well  as  most  of  the  foUowiug  deductions. 
It  is  applicahic,  even  if  the  murfikce  have  sharp  angles,  because  the 
extoit  of  sniftee  occupied  hy  such  angles  is  aero. 

137.  If  the  dosed  sulfide  is  one  of  tiie  level  surfaces  of  • 
system  of  bodies,  but  not  the  outer  boundary  of  a  space  in  which 
the  potential  is  constant,  the  potential  must  at  each  point,  hy  §  (i7, 
increase  in  pas.sing  from  the  interior  to  the  exterior  or  tlie  revers*-, 
mj  tliat  in  this  cose  the  sum  (01i«)  does  not  vanLnh.  iiut  the  teiiu 
of  this  sum,  which  depmds  upon  the  nuus  at  the  surface,  may  be 
neglected  at  will ;  for  the  whole  mass  of  a  true  geometrical  surface 
is  absolnteljir  nothing.  Hence,  wwy  level  mfttee  mmt  ia^oae  mauee  «f 


(SO^)  its  value  is 
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maUer,  utiett  U  he  (kt  wUr  materM  femtdteiy  tf  «  ^mm  m  iMe&  Ikt 
jpaimlial  if  eoatbui. 

1S8.  When  any  maaBes  Ke  19011  the  dosed  sur&oe^  the  geo- 

Tnotriral  surface  may.  as  0.\r>*s  oliscrvcd,  he  arhitrarily  n.«sunic(l  nn 
lii'liiir  J  11:^1  t'Xtorior  or  interior  to  the  iiia.<st'>i,  or  pu,s>ini:  thron^^li 
them.  Jj,  tlwrcjore,  all  the  uumca  arc  so  dislrihuicd  vpou  a  iurj'ace  thai  U 
teewMM  Utdf  a  level  sur/uce,  tite  p(4enU^  emiaid  for  eM  &$  uubied 
^MKtf  and  tkere  it  no  fendat^  to  matim  ikrongkmi  tkk  tfuee. 

139.  Around  atveiy  point  of  maximum  or  minimum  potential 
a  level  surface  of  infinitesimal  dimensions  may  obviously  be  drawn  ; 
and,  therefore,  every  poiiU  of  riiarunimi  or  nwutmun pelential  mtut  ie  Ueelf 
a  ceiiire  of  nvliiDu  nwl  cdimot  he  n  rni'tl  spncf. 

Jh  an  inclosed  space,  tJurt/orc,  no  jwitd  can  be  found  for  winch  ilic 
value  ef  tke  poten&l  exaede  Um  lauSt  ^  tnsAw  mUsA  are  found  upon  ihe 
m^otu^  OMderiid  $urfaeei  and  m  no  point  ^  mkanded  tpatie  ha$  the 
polentuil  to  great  a  vtdue  at  3t  greatett  voftw  upon  the  exterior  tmfaee  ef 
the finiie  masses.    This  inference  was  drawn  by  Gaussi. 

140.  Jn  It  systan  of  budu'S,  of  tetuch  (jraeilation  is  the  niili/  f>ree, 
there  can  be  no  point  rf  nhnlnfe  minimum  jtoteidial.  For  if  about  a  point 
of  maximum  or  minimum  potential,  as  a  centre,  an  inlinitcsimal 
iphere  is  described,  there  can  bo  no  point  widiin  tiie  sphere,  either 
of  maximum  or  minimum  potential,  with  leferenee  to  the  matter 
external  to  the  sphere.  Bu^  with  reference  to  the  matter  of  the 
sphere  itsd^  the  centre  must  be  a  point  of  maximum  potential,  and, 
therefore,  cannot  be  a  point  of  niiniunim  potential,  with  reference 
to  the  combined  action  of  aJI  the  nm^^^e-i. 

This  theorem  i.**  equally  appUeable  to  an  aggregation  of  elec- 
tricity, all  of  which  is  of  the  same  kind,  that  is,  which  is  homogetiMfut 
when  the  point  of  action  is  assumed  to  be  of  the  opposite  kind  of 
electricity. 

141.  If  anj  extent  of  level  surfiuse  ia  assumed  at  will  as  a 
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bufle,  and  if  inyectorie^  like  thme  of  §  68»  are  dnim  through  each 
point  of  its  perimeter,  their  muon  &nns  a  canaL  The  aame  canal 
oats  a  bas^  like  the  aaniined  base,  from  each  level  soiiocc  which  it 
intersect:^    Of  itmj  cam^  Hmy  tvfu'ch  is  not  enUnied  to  far  a»  to  iaMk 

portimis  of  ike  (dtractiiuj  masses,  the  atlracfious  upon  all  the  li'ito  are  eqtial. 
For  the  whole  amount  of  jution,  resolved  in  the  diroi  tioii  of  the 
external  noruial,  at  each  point  oi  action  u|>ou  the  clo:^cd  surface, 
formed  by  the  fiusea  of  the  canal  and  the  two  terminating  ha.sos, 
vanidm^  because  there  is  no  Indnded  bum.  But  there  is  no  actira 
perpendicular  to  the  fiicei^  that  ifl»  in  the  direction  of  the  level  but- 
faces ;  wheveaa  the  whole  action  upon  the  l)aHe»  is  normiil  to  them. 
The  actions  upon  one  base  are  in  the  directions  of  its  external 
normaH  while  those  upon  the  other  hasc  nre  in  the  directions  of 
the  internal  normals ;  but  these  actiomi  balance  each  other  iu  the 
algebraic  nun,  and,  therefore^  their  absolute  values  must  be  the 
fame.  This  theorem  beloQgs  to  Qxuaaa,  but  the  brief  demonsti»' 
taoo  is  original 

142.   In  the  foUomng  simple  view  of  this  whole  subject,  many 

of  itH  propositionn  are  condensed  into  a  nnall  compass.  £ach  centre 
of  action  may  he  ro[,ninled  iw  a  fountain  from  which  a  stream  is 
perpetually  flowing  in  every  direction,  with  an  amount  of  dischnrgo 
proportioned  to  the  intensity  of  the  action.  The  quantity  which 
flows  fiom  each  oentr^  for  an  instant  tiuou^  any  given  elemen- 
taiy  snrfiieei  may  easny  be  diown  to  be  in  eicaot  proportion  to  the 
force  with  which  the  siu-face  is  attracted  by  this  centre  perpendicu- 
«larly  to  itwlf  and  against  the  current ;  and  that  which  is  tnie  for 
each  centre  is  al.>«>  applicable  to  the  combined  action  of  nil  th(; 
centres.  Upon  a  space,  then,  in  which  there  is  no  spring,  the 
amount  which  is  flowing  out  must  constantly  be  equal  to  that  which 
is  flowing  in;  while  firam  a  space  which  oontuns  springs,  the  amount 
which  is  disduurged  must  exceed  the  inward  flow  by  all  which  is 
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supplied  by  the  founttdm.  These  propoatioiM  are  equivalent  to 
tboie  of  §  1S6,  and  it  may  be  ehown  by  an  easy  aigument  tiiat 
Iiavlace's  equation,  with  its  modificatioii,  IB  merdy  the  same  p(opo< 
flition  applied  to  the  element  of  space. 

By  the  additional  hypotlusi.*,  that,  to  preserve  the  iiniform 
flow  of  tlie  stream,  its  density  imist  decrease  in  each  element  of 
the  stream  with  the  distance  from  the  origin,  so  as  always  to  bo 
invenely  proportional  to  the  diatance  from  the  centra  the  potential 
xepresenta  the  dennty  of  the  eombined  Btreama^  and  the  level 
surfiices  hccome  surfaces  of  equal  density.  The  oggregate  current 
of  the  comhincd  streams  is  also  equivalent  to  a  single  current  in  a 
direction  perpendicular  to  the  level  ^:ur^u■(■s,  and  having  a  velocity 
proportionate  to  the  rate  of  docrca.se  tjl  (iensity.  But  this  is  tlio 
well  knowu  law  of  the  propagation  of  heat,  when  there  is  no 
radiation^  and  hence  arise  the  analogies  between  the  level  and 
iaothermal  mxfiwei^  and  the  identity  of  the  mathematical  investir 
gations  of  the  attractiona  of  bodies  and  of  the  piopngatioit  of  heat 
which  have  lieon  developed  by  ChasUS. 

143.  Jf  uii  itifimtfbj  Ihiii  homnffnifovs  sJail  is  fornial  vjmi  each  level 
turfttrp  of  (I  si/.sfei,i  iif  l>ii(hc!(.  haruuj  at  rinh  ji'iiiil  ti  ihirliirxx  jtrofxirtiniitil 
io  the  ullraclion  ai  UuU  jioiiif,  ilie  puiiiun  of  either  of  tliesc  »/ielk,  tvfuch  ia 
fkcAitM  »i  «  emud  formed  hy  (rajechrics,  hem  Uu  tame  ratio  to  &g  viheh 
didltwhuh  (he  por(iim  of  amither  »heU  inchtded  m  the  tame  eattal  lean  io 
that  Ml,  provided  tiereiitiomau  molded  Utioee»  the  ^ielb.  lorifthe 
bases  of  the  canal  are  infinitely  small,  they  must  he  reciprocally 
proportional  to  the  intensities  of  the  actions  upon  them,  because  the  « 
whole  amount  of  action  upon  the  different  ba.ses  i.s  the  same.  But 
the  thicknesses  of  the  shells  are  proportional  to  the  iuteiLsities  of 
action,  and,  theieforeiy  the  products  of  the  bases  multiplied  by  the 
thicknesses,  or  the  volumes  of  the  portions  of  shell  induded  in  the 
same  cans],  bear  a  constant  mtio  to  each  other.  Suice  the  ratios 
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are  courtant  the  infiniterimal  Tolmnes  may  be  added  together,  and 
their  mnns^  vhidi  toe  the  volumee  included  in  a  finite  canal,  are  in 
the  same  ratio,  and  these  suma  may  even  he  extended  so  as  to 
include  the  whole  of  each  sUelL  Hence  the  volume  of  ca  li  r  m  tion 

i;*  the  f*ame  fractional  part  of  tho  volume  of  the  shell  to  \\  liii  li  it 
belongs  ;  ami,  each  shell  is  hoinof^eneuuH,  the  mass  of  each  jior- 
tion  is  tho  eaiuc  fnictional  part  of  the  uiaifa  of  the  whole  shell.  The 
conception  of  theae  diells,  and  the  investigation  of  their  acting  and 
reacting  properties  woe  original  vith  Chaslbs,  and  it  will  be  con- 
venient, as  it  is  appropriate  to  designate  them  as  CiadM&m  tidb. 

144-  The  volume  or  mass  of  a  Cha.sle.sian  shell  has  a  simple 
ratio  to  the  attnicting  mass  included  within  it,  dependent  upon  its 
own  density  and  thickness.  For  each  infinitesimal  element  of  its 
volume  or  ma.s.s  i.s  proportional  to  the  product  of  the  element  of  tho 
surface  multiplied  by  the  thickness  of  the  shell,  and  tho  thickness  at 
each  point  is  proportional  to  the  attraction  at  that  point  The  sum 
of  all  the  elements,  therefin^  of  either  volume  or  masB,  that  ifl>  the 
whole  volume  or  mass,  is  proportional  to  the  sum  of  all  the  attrac- 
tions upon  the  whole  surface.  But,  by  §  loC>,  the  sum  of  all  the 
nttrnetions  upon  the  sinfuce  is  proportional  to  the  included  mas%  if 
there  is  no  nvxaa  at  the  .surface,    ii^  then, 

fi  is  the  volume  of  the  shell, 

/c  its  density, 

h  the  modulus  of  its  thickuc'sa,  or  the  thickness  which  conre* 
sponds  to  the  unit  of  attraction ; 

this  ratio  is  included  in  the  equatiuu 

145.  4r  a  CMsMM  $heU  mUeft  m  whol/^  external  to  Oe 
nones  if  ^  tgdm  i»  ammted  to  ie  Ut^  ike  attra^by  man  j 
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1.  The  poteM  if  (he  tMl  A  eemUad  fir  idl  iiUaior  jiomli,  ihert 
»  m  iendauy  to  malm  mtiut  H,  tmi  U»  mm  «der  mafaee  t*  &t  kvd 

mfare ; 

2.  y?*  exfcnial  kirl  xiir/acix  are  the  mine  as  ilme  of  the  on't/nial 
niif  irs  of  ifte  f>/!^fnn,  and  the  itllructioit  of  tlw  s/uN  upim  u  point  rrfrrtuU  io 
i/gc/f  hiia  the  .mmc  direction  as  ike  attraction     ilie  orit/iual  uuiua. 

To  demonstrate  these  propontiona^  let 

i2,  be  the  potential  of  tlie  fhcll  for  snj  pcnnt,  and 
SI  the  ])otential  of  tbe  original  nuueeB  for  each  point  of  the 
shell ; 

the  value  of  the  dement  of  the  potential  of  the  shell  iei 

Ilence, 

I*  ~  f/' 

In  paning  along  the  canal  of  the  trajectories  to  another  ahell, 
the  ratio  of  i^/t  to  ft  ia^  by  §  143,  constant,  whence 


But 

and,  therelbr^ 

The  int^i^l  of  this  equation  for  the  whole  euriace  of  the 
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shell  is 

1.  For  an  internal  point  this  equation  beoomcs,  by  §§  185 
and  144, 

J)  ^  —      A-o  _  * 

^  ft  ft  Mt  * 

the  integral  uf  which  is 

to  which  no  oonstnnt  need  be  added,  because,  when  the  dlmeiiHionfl 
of  the  ahell  are  infinite,  £2  and  12,  both  vanish,  since  all  the  points 
of  action  are  infinitely  reinnt<-  from  the  centres  of  aft  ion.  This 
e(iiiiitit)n  expresses  that  the  potential  of  each  shell  hiui  the  s;iine 
value  for  all  internal  points,  and,  therefore,  there  is  no  tendency  to 
inoti<m  withm  the  sheU,  and  the  svi&ce  of  the  ahdl  nrait  be  level, 
with  reference  to  its  own  action. 

2.  Fot  an  extenial  poin^  the  equation  (67t)  beoomei^  by 
§135^ 

Hence,  by  integrotira, 

a  coiutaut, 

which  constant,  however,  depends  for  its  value  upon  the  position  of 

the  jKiintii  of  action  j  but  since  it  has  tlie  same  value  for  all  the 
shells  to  which  the  point  is  external,  the  potential  is  constant  for 
the  same  series  of  points  extornal  to  one  shell  for  which  it  is 
constant  through  the  action  of  another  shell ;  that  is,  all  the  shells 
have  the  siune  external  level  snrfitcesi  But  the  external  level 
sorfiMe,  which  is  nearest  to  any  dtell,  dtlfen  infinitely  little  fipom 
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the  levd  snrfiu^  of  the  shell  ibaeU,  and,  therefore,  the  surface  of 
each  shell  ia  a  level  surface  for  every  indwied  aihelL  Hence,  the 
external  level  aurfaoes  of  a  diell  are  the  eame  with  thoee  of  the 

original  mat^scs,  nnd  tlic  attraction  of  a  shell  upon  an  external  pomt 
bus  the  same  direction  with  the  attraction  of  the  original  nuu^iea, 
and  is  normal  to  the  level  sorlace  passing  through  the  point.  This 
theorem  in  due  to  CiiASLEs?, 

140.  £nri/  in/imtcli/  iAiii  slieU^  tf  which  the  mrfaee  u  kveI,/rom  ilte 
aetim  ef  He  Ml  ittdft  miai  ie  a  CJia^akm  tkelt.  For,  if  another  shell 
is  constructed  upon  this  level  surfkce,  vrhieh  is  the  negative  of  die 
Chadesian,  one,  namely,  which  is  repulsive,  instead  of  being  attrac- 
tive, or  the  reverse,  and  the  whole  mass  of  which  is  equal  to  that  of 
the  given  shell,  the  two  Hhclls.  haviiiir  the  same  level  Kurfaces, 
exactly  cancel  each  other's  action  tlirouf^hout  all  ppacc.  The 
elements  of  mass  of  the  two  shells  must  then  be  absolutely  equal, 
but  of  opposite  signs  at  every  point  For,  if  they  were  unequal  at 
any  p<nnt,  that  point  might  be  made  the  centre  of  an  infinitely  thin 
circular  element  of  the  combined  shells.  From  the  symmetry  of  its 
figure,  a  level  Burfiioe  for  the  action  of  this  <-l  i  in  cut  alone  might  bo 
made  to  pasH  throuili  its  perimeter,  nnd  which  could  inclose  no 
other  mas.1  than  the  clement  itself.  Uut  such  surface  caniujt  he 
level  for  the  remainder  of  the  combined  ma^  of  the  two  shells,  and, 
therefore,  the  value  of  the  potential  upon  this  suWhce  fbr  the 
combined  masses  of  both  ahelh^  induding  the  circular  dement, 
cannot  be  constauL  Tlus  want  <ti  constancy  in  the  potential  is 
contradicted  by  the  fiiet  that  the  shells  balance  en<  ]i  >  <  rV  action 
everywhere.  There  cannot,  therefore,  be  any  such  wnnt  of  con- 
stancy, nor  any  point  for  which  the  elenient  of  mass  of  the  given 
shell  is  not  absolutely  equal  to  that  of  the  Chu-slesian  shell,  although 
it  is  of  a  contrary  sign.  But  reversal  of  the  sign  of  the  aetbn  of 
the  mass  does  not  interfere  with  the  Chadesian  oharaoterutic  of  the 
dielL 


147.  2Vo  CkasknoM  deBt,  tnUeA  an  cwuimitd  vgm  the  mm» 
mufttUf  m  Uvebr  dauMff  md  ^ar  modnba  tf  tMdmeu,  For 

the  denaity  of  either  of  them  may  be  ittereascd  or  decreased  unUl 
the  value  of  its  potential  at  the  common  surface  shall  be  equal  to 
that  ol"  the  other  shell.  If,  then,  its  action  be  rovcrsetl.  the  value 
of  tlie  potential  for  tlie  ooinhincd  sheila  will  be  zero  both  at  the 
surface  aud  at  an  iniinite  distance  from  the  surface ;  and  it  cannot 
have  any  other  value  in  the  intermediate  spaoei,  otherwise,  there 
would  be  points  or  surfiices  of  mayimnm  potential  exterior  to  the 
acting  mawes.  The  combined  surfaoes  have,  therefore,  neither 
exteniiil  nor  internal  action,  and  the  rensfininr;  of  flie  preceding 
article  dcmonHtnites  that  the  component  lihells  are  iduntical,  except 
in  regard  to  their  sigiu. 


ATTBACnOir  OF  All  KIXUPSOID. 

14&  An  tn/hSefy  tim  komogmm*  eiell,  ef  witSeA  fht  timer  and 
ou/er  nurfacat  are  lime  of  niiiubtr,  and  simiktrfy  placed,  concentric  e/iipioidi, 
it  a  r/wf  s//,  //.    For,  if  upon  the  longest  axes  of  tliese  ellii)soidi!*, 

as  diameters,  two  t  oncentric  nphcres  are  con.struoted,  each  sphere 
may  be  compressed  into  the  corresponding  elliptioid,  hy  reducing 
all  Ihe  coordinates  from  the  centre,  as  origin,  parallel  to  either  of 
the  two  shorter  axes  of  the  ellipsoid  in  the  ratio  of  the  longest  axis 
to  thb  shorter  axis.  Bnt  all  points,  which  are  originally  in  the 
same  stiaii^t  lino  remain  upon  n  common  Htrai^^t  line  after  this 
uniform  compressaon  ;  and  all  distances  which  are  measured  in  the 
iiiiine  tlirection  are  reduced  in  a  common  ratio.  But  the  thick- 
nesses of  the  .sphericul  ishell,  meiisured  upon  any  straight  line  at  the 
two  pmnts  where  this  line  cuts  the  diell  are  equsl;  so  that  the 
thicknesses  of  the  ellipooidal  shell,  measured  at  the  two  points 
where  the  reduced  line  cuts  this  shelly  arc  also  equal      then,  at  a 
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point  aasnmed  at  will,  as  the  vertex  witbin  the  eDipBtndal  ahdl,  an 
infiniteamal  couc  is  coiuitructcd  and  extended  in  each  direction 
from  tlie  vertex,  till  it  intersects  the  t^liell,  the  relative  mivsscs  of  the 
twf)  indudcd  portions  of  the  ^^holl  arc  proportional  to  the  sc|ii;ue--  of 
tlieir  (listaneis  I'vmn  the  vertex;  and,  therefore,  tlieir  attnietiuiis 
upou  the  ve  rtex  are  C(iual,  but  in  opposite  direct  ions.  Ilcnce,  the 
action  of  any  portion  X)f  the  shell  upon  an  internal  point  is  balanced 
hy  the  action  of  the  oppoaite  porticm,  and  there  h,  consequently,  no 
tendency  to  motion  within  the  ^^hell  from  its  own  action.  The 
surface  of  the  shell  is  thus  proved  to  he  a  level  surface,  in  respect  to 
Ua  own  action,  and,  by  §  14C,  it  can  be  no  other  tliau  a  Chaslesiau 
bLcU. 

14.0.  This  propot^ition  may  be  enlarged  to  a  theorem  given  by 
NswiOR,  for  a  finite  shell,  of  irhich  the  inner  and  outer  suifaces  are 
those  of  similar  and  similarly  placed  concentric  ellipsoids.   Such  a 

kIu'II  may  he  called  a  Jflewttnitat  thdl,  m  that  the  infinitely  thin 
Newtonian  shell  is  a  Chaslcsian  ellipsoidal  sbelL  But  the  New- 
tonian shell  may  be  sulxlividcd  by  similar  and  similnrly  jilaced 
concentric  ellipsoidal  .surfa<'es  into  an  infinit"'  nunilM'r  of  C'hiislesian 
elUpsoidai  shelli^  euch  of  which  id  inuelivc  uiih  relerence  to  an 
internal  point  Hence,  tkt  wAob  Na^mmm  sAeff  exarU  t»  aeUon  igtm 
aa  internal  pobiL 

150.  An  ellipsoid  may  be  converted  into  any  other  sSmihur, 

and  similarly  placed,  concentric  ellipsoid  by  a  process  similar  to  that 
by  wliich  tlie  sphere  in  §  148  was  chan^'ed  to  ;in  ellip-uid  ;  that  is, 
l)y  increasing'  or  dciTca.-inLr  tlie  coordinates  of  each  jioint.  taken 
from  the  centre  as  origin,  and  parallel  to  either  axis,  in  the  ratio  of 
the  correspondmg  axes  of  the  two  ellipsoids  The  points  of  the  two 
ellipsoid^  whidi  correspond  in  this  process,  have  been  called  by 
IvoBT  cwTvapmd&y  jmMs.  By  this  prooeao^  any  Newtonian  shell 
may  be  converted  into  another  concentric  and  aimilarly  placed 
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Newtoman  ahell,  nod  at  fhe  c(»TeBpoiiduig  points  there  will  be 
ooiresponding  elements  of  volumo. 

151.  The  correi>jHnu^  demeutt  of  voliiiiie  or  mou  tf  im  cor  re- 
^uliiiif  Xewlonim  tkeUt  are  jm^pertimU  to  the  vobtmei  or  moawt  th» 
tHeils.    For  if 

At,  A^,     nre  the  aemiaxes  of  the  outer  ellipaoidal  surfiico  of 

one  shell, 

JD^,  Ji^,  B,  those  of  ita  iuuer  eUIpswidal  surface, 
a  its  volume, 
m  its  mafB,  and 

»  the  ratio  of  either  axiB  of  the  inner  snrfiiee,  divided  hy  the 
corresponding  axis  of  the  outor  suxfiioe ; 

and  if  the  same  letters  accented  denote  the  same  quantities  for  the 
corresponding  shell,  the  constmotion  of  the  shells  gives  for  each 
axis 

B^  =  nA„ 

— ^ 
A.  — J'.' 

and  11=1^; 
and  hy  differentiation, 

rfx   A, 

The  volumes  and  masses  are  by  veil-known  theorems  of 

geometry 

»i  =  A-a  =  ^  71  k  ( A^  A^  A,  —  74  /?,/?,) 

*^o'=  f  jrjir(i — »•) 

Tlic  ratios  of  the  elements  of  volume  and  mtm  ore,  then, 

da        dxdydz   A, A, A,  <r 
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(fm   Irlfl   1(1  m 

152.  Tf  ihe.  Older  surfures  of  (tvo  rorfCKjwntHiiff  Xdrlomitii  s^helh  hfive 
the  Muae/oeif  their  imtr  surfaeet  mud  abo  have  the  tamefocL   For  if 

e'  is  the  difibranoe  of  the  squerea  of  the  ooireipoiiding  axes  of 
the  outer  surface^ 

the  condition  of  the  identity  of  fiid  gives  the  equations 

e  »  =  ^»  —  .1?  =  A\  —      =  A\  —  4». 

Henoe,  for  each  axi^  there  is  the  equation 

so  that.  liiL'  I'uci  of  tiie  inner  surliices  are  also  identical. 

158.  If  ihe  radan  veetorf/rm  ihe  centre  of  any  poiid  of  an  effijimJ, 
i$  pr^'eetett  t^wx  the  radiiu  vector  ef  aaoOier  elSpsni  iMdk  hat  the  earn 
fedfOnd  ^  the  mSut  veeter  tf  the  eerretimitt^  point  ef  the  eeeomt  ^^oid 

is  projected  iijmn  that  radius  vcdor  of  ihe  find  tUipmd,  which  corresponde  M 
direciion  io  ihe  projection  in  the  second  cllijimJ,  the  ti''o  pri'Ji'Himni  are 
iurcrnflif  proportional  io  ihe  radii  vedoret  upon  which  ibeg  are  projected. 
For  if 

^  is  the  rad!u.<!  vector  of  the  first  eUipaoid  upon  vIucU  tlie 

projection  is  made,  and 
I,  jj,  L,  arc  the  coiiixliuates  of  the  extremity  of  p  ; 

the  equations  of  the  corresponding  points  giyei^  for  each  axi% 

1  —  1  1  —  t. 

whence 

i— 
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or 

But  if 

p  is  tlu'  projection  of  r'  upon  o,  and 
J/'  the  projection  of  r  upou  i>\ 

Ihdae  projeeUonB  are 
whence 

 e 

154.  l%e  difermee  if  (he  jfmrm  ike  rt^  vedora  fnm  iht 
eeatre,  ^  Uto  eorrnpeiidiiif  poinit  upw  Ute  Mrfaee  tftwo  t&ip»oidt  vtoil 
tavf  fkt  iam  foci,  it  ejual  to  tk$  ^erem  iht  t^pmret  tfUttir  Moaaxa. 
For  the  equtitioas  of  these  rarikces  are 

i  —  =  1    ^  —  =  1 

The  dilference  of  the  aquares  of  two  correspondrng  radii 
vectores  for  points  at  the  eorihce,  is 

155.  The  di^aHce  of  any  jmnt  upon  the  surface  of  an  elHpmd, 
from  a  jm'iU  upon  tlte  aurface  of  nwAhcr  cUipxoid  ichich  hm  the  same  foil, 
is  er/wil  f<->  tJw  distance  of  the  iwo  eorte»pomUiy  poiidt  <f  ike  eU^midtfroia 
each  otlur.    For  if 

10 
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/  is  the  distance  of  the  point  of  which 

jr,y, «,  are  the  coSrdinate%  from  the  pomt  of  which 

i\  V*  ^*  ^  ^®  coSrdinaies,  and 

f  the  distance  of  the  corresponding  points} 

the  Tolues  of  these  distances  become  by  (78Mt)  wad  (73m)» 
whence 

/-/'• 

15(5.  y/tt?  cxit  i  iwl  li  vi'l  svrfttfcs  of  (til  cJlipsiiiihil  Chasleaian  sJu  ll  are 
ihnse  i,f  cllijisolih  ir/ikh  Jutee  ilu  saute  foci  teilh  the  outer  surface  <^  iJte 
CUumk  win  sluU.    For  if 

SI,  is  llie  putcMitiiil  uf  the  <;;iven  shell  fur  any  point  of  the 
external  ellipsoidal  siuTiicc  of  the  same  foci,  and 

S2[  tlu!  eonstant  value  of  the  potential  of  the  corresponding 
Cliaslusian  shell,  constructed  upon  the  external  ellipsoidal 
surfiwe,  for  any  internal  point,  andj  therefore,  for  any 
pomt  of  the  sur&ce  of  the  given  diett; 

the  equations  (72i)  and  (74^)  give 

i2'=  r  -= r  - = -  r ' = -/i . 

*       J  n  f       J  mill/        I'lJ^f  >li~ 

Tlic  value  i>.  therefore,  eonstmit  for  all  pttiiit.s  of  tlie 

f?urf;i<  e  of  the  external  ellipaoid,  BO  that  this  is  one  of  the  level 
surfaces  of  the  given  sliell. 

157.  Tke  attradkm*  ef  tm  correttponding  Maefmmn  *hdb,  wiieA  iaw 
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the  mine  foci,  upon  an  external  point ,  have  (he  mnte  dircc/ion,  and  are  propor- 
Uand  to  iht  mma  ^  tie  9k^.  For  the  infinitely  thin  diell,  this 
proposition  ia  a  mmple  ooroOary  from  (74|a).  But  the  finite  ahells 
can  be  snbdivided  into  corresponding  infiniteamal  diellc^  and  the 

masses  of  the  corrcspoiuling  elementary  shells  will  be  proportional 
to  the  massof  of  their  respective  finite  sIicIIm.  Tlie  attrartion.'^  of 
till!  farrt'spoiuliu^  eleiiuMittiry  shells  upon  an  external  point,  there- 
fore, coincide  iu  direction,  and  are  proportional  to  the  nias-ses  of  the 
diells;  and,  therefore,  the  componente  of  all  the  oonreip<mding 
attractions  have  the  same  common  ratio^  and  coincide  in  direction. 
But  the  components  of  all  the  elementary  attmetions  constitute  the 
attractimis  of  the  finite  shells  themsclvc!?.  Several  special  cases  of 
this  theorem  were  first  <riven  l)y  Maclaurin,  but  the  ^rem-ial  form 
was  first  demonstrated  liy  Laplace,  and  afterwards  more  riLTornnsly 
by  Lkgenure,  and  //  includes  Ihc  cage  in  tvhirh  lite  inmr  mrfmi's  are  reduced 
ia  &e  eeidrtU  jmiiU,  and     sAeSk  iamsw  ellipsuids,  haviny  ilte  game  foei 

16&  The  attraction  of  any  Chadeaan  ahell  upon  a  point  at  its 
surfbce  ia^  flrom  its  construction,  perpendicular  to  the  sur&ce,  and 
proportional  to  the  thieknes-<  of  the  shell  at  that  point  The  attrac- 
tion upon  the  whoh'  surface  is,  therefore,  proportional  to  the  mass 
of  the  surface,  which  corresponds  to  §  136.   Hence,  if 

dNw  the  thiekncHs  at  any  point,  and 

p  the  perpendicular  from  the  centre  upon  the  tangent  plane  at 

that  point, 

the  attraction  of  the  ellipsoidal  Chasleaian  shell  at  the  point  is 

inkdir=inkdr<x»f 

4,dr  r 
71*— rcoaj. 
»■  P. 
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The  componeiit  of  this  acUon  b  the  direction  of  the  exis  of « Is 
moreover,  the  equation  of  the  ellipsoid  is 
the  general  iheoiy  of  contact  gives 


cosf=- 

Hence, 


2r_    D.  L    pD,L 


4i' 


and  the  utiradion  in  the  Jirrcli'on  uf  the  tUtU  «f  s  <lf  the  el^MubU  Chute' 
SKM  tiell  (^peui  a  point  at  tit  mrfaet  i» 

inkp*x^. 

159.  The  attraction  of  an  ellipsoidal  Choi^lodan  shell  upon 
any  extprnal  point  i«  obtninod  1>y  di  sriiliiiig  tiic  corresponding 
Chaslefsiuii  ^^ln.■ll.  for  wliich  this  iKiiiit  i.s  upon  tlie  outer  surface,  and 
the  attractions  of  the  two  shells  for  thi^  poiul  have  the  same  direc- 
tion, and  arc  proportional  to  their  mosses ;  so  that  the  attractions 
in  any  direction  are  proportional  to  the  masaea  I(  then,  the 
accented  letters  refer  to  the  outer  shell,  the  attraction  of  the  inner 
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diell  ia 


IGO.  TliL>  condition  that  the  outer  mirfacc  of  the  ezterkr  ahcll 
piu»eB  through  the  attracted  point,  is  expreaaed  by  the  equation 

This  IB  an  equation  of  the  third  degree  when  it  is  reduced  to 
its  Mmpkst  form.  But  ore  two  other  surfaces  which  can  be 
drawn  through  the  iriven  point,  and  which  depend  for  their  defini- 
tion u]M)n  the  solution  of  the  .sime  tMiuation.  Tlicy  are  two 
h^'pcrboluidsj,  both  of  which  have  the  sauie  foci  with  the  outer 
BOi&oe  of  the  inner  did],  one  ef  whidi  is  a  b^ortite,  and  the  otber 
an  imparted  hyperboloid.  For  each  of  the  hyperboloids  e'  is 
negative,  and  its  absolute  value,  mdependent  of  its  sign,  is  contained, 
in  the  case  of  the  unparted  hyperboloid,  between  the  squares  of  the 
mean  and  least  axes  of  the  given  cllip-soid,  and,  in  the  case  of  the 
biparted  hyperboloid,  between  the  squxures  of  the  meau  aud  greatest 
axes. 

ICl.  Tlie  jmiiis  in  wluch  all  the  eUiptvids,  vfhich  ha9$  tttme/oci, 
are  ad  If  iht  eoaum  mteneetion  ef  ik»  ii»  in/poMokb  iMek  kam  ikt 
mamfoeif  ors  correymdu^  fonU.  For  if 

u  the  value  of —  e*  for  either  li\  perboloid, 

the  equation  of  the  hyperboloid  for  the  points  of  intersection  with 
the  ellipsoid  is 

S  —  1 

If  the  equation  (77t)  of  the  ellipsoid  is  subtracted  fiom  this 
equatioin,  the  remunder  divided  by  e'-|-«'*  is 
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in  irhich  a:',/,  nnJ  z  arc  acccntocl,  in  order  not  to  interfere  with 
tlie  notutioii  \vlil<-)i  lias  Ihmmi  iiduptod  for  tlie  oorrcspondtDg  pointai 
and  which  gives  fur  vuch  axis 

The  mibtititutiua  of  these  c!(£ualiuus  in  (TSi)  reduces  it  to 

the  product  of  which  by  t'^  added  to  (70,),  is 

which  exprenes  thot  the  point  is  npon  the  suribce  of  the 

hyperboloid,  and,  therefore,  ail  the  corresponding  points  are  iipcu 
the  Burfoccfl  of  both  hyperboloids. 

Th0  iyferb<^f"i<Ii*  itud  tl/i/>m'J.s  t'hwh  liitrr  the  mine  fin-!,  infer- 
m-f  vwh  ofhrr  per/>ni'fi/'ii/arfjf.  The  conditions  that  two  surfaces  of 
which  the  eij^uutious  ai'e 

X  =  0,andX'  =  0, 

intersect  each  other  perpeiulicuhirly  is  exprcsst'd  idgebraically  by 
the  equation  for  each  point  of  the  line  of  inteisection, 

But  for  the  hyperboloids  of  e<piatiou  (77^)  and  the  cllip.suid  of 
equation  (70«)  this  condition  becomes 

which  is  the  aame  with  the  equation  olreadj  given  in  (TSm).  This 
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mm»  demonrtmtion  may  be  applied  to  the  condition  of  the  pcrpun- 
dieularity  of  the  hyperbdoidt^  i£  A*  ia  dinunubed  by  t'\  and  t'*  » 
ehanged  into  the  difierence  of  the  squares  of  the  semiaxes  of  the 

two  hyperboloids. 

103.  It  follows  from  those  two  theorems,  which  are  (lorivcnl 
from  CiiASLES,  that  each  nonml  I miisversul  fo  the  t'!llj>s<'ii!nl  mrfuccs  of 
Uvel  us  ilw  litie  of  iiUersedioii  of  two  hyperbohidis  wluch  have  lite  stxiiu-  foci. 

164.  The  lines  of  intersection  of  these  three  sni&ces  arc,  upoa 
each  sarfiMe^  the  lines  of  greatest  and  least  ourvator^  for  they  ate  a 
speciol  ease  of  the  theorem  demonstrated  geometriesJly  by  DimH, 
that  the  intemcdwrn  of  fhne  wrfaces  wluch  cut  each  other  at  right  anr/ks 
at  and  injiiiiteli/  near  tJu  'ir  eonimon  ]>oiid  of  intersection,  are  their  lines  of 
ffreide4  and  ini.tl  cnrvd/inr  <il  iliix  pftint.  To  demonstrate  this  theorem, 
let  tlie  three  iiormalii  to  the  three  surfuces  at  the  common  point  of 
inteneetbn  be  assumed  for  the  vxiem  of  rectangular  coordinatM^  and 
let 

Z.  =  0 

be  the  equation  of  the  surface,  irhich  is  perpendicular  to  the  axis  of 
it.  This  oondLtion  gives  for  dther  of  the  other  two  axes 

iu  which  equation  Xyjf,  and  e  may  be  mutually  interchanged,  except 
tiiat  the  same  axial  letter  must  not  be  rtpc-ated  in  the  equation. 
Those  equations  satisfy  of  themselves  the  condition  (78k)  of  per- 
pendicularity of  these  surfaces  at  the  point  of  intereection.  But  the 
intersection  of  any  two  of  those  surfnoeH  coincides  with  the  axis 
which  is  the  intersection  of  their  tangent  planes  for  an  infinitesimal 
distance,  and  the  two  .surfaces  are  perpendicular  to  each  other  for 
tliis  dititance.  Hence,  each  pair  of  surfaces  gives  an  equation  of  the 
form 
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which  is  reduced  by  (Tdm)  to 

IK  I'.  +  D,L,D\,  0. 

The  other  surfiu-os  give  the  corresponding  equations 

The  Slim  of  the  products  obtnini>f1  \yy  multiplying  the  first  of 
thcKc  equations  by  A>  the  second  by  —  -^«-£«>  And  the  third  by 
D^L^  is 

21>,i,i>,i.Z>J,.Z,  =  0, 

and  the  oorrespondiiif^  similar  equations  ore  obtained  by  advancing 
each  letter  to  tlie  following  letter  nf  tin-  si>ri<  s,  and  x.  But 

tlie  factors  D^L^,  I^gL^,  and  D^L^,  arc  not  zero,  and,  therefore, 
these  eqiiaUons  may  be  reduced  to 

i^.i,  =  D\,L,  =  Dl„L,  =  0, 

which  are  the  well-known  conditions  that  the  directions  of  the  axes 
of.T, //,  and  .?  reHpectively  coincide  with  those  uf  tlie  lines  of  greatest 
and  least  curvature  of  the  three  surfaces  at  tlie  orij^in. 

105.  The  rcmurkaljlc  rclatiomi  of  these  surliiccs  might  be  i^till 
further  extended,  and  if  it  were  worth  while  to  investigate  the 
attmotions  of  masses  of  infinite  extent,  it  might  he  shown  that  upon 
eadi  series  of  orthogonal  transvenal  sarfiuie^  Choslesian  shells  of 
infinite  extent  might  be  constructed.  The  level  surfaces  of  tiiese 
shells  would  be  the  orthnL'onul  trausvers;il  surfaces  of  (be  same 
.series,  while  tlifir  oiIImilmh  iI  ti crsal  suifin-es  would  be  the  level 
flurfjices  of  the  original  Ciiitslcsiau  shells  aud  the  other  series  of 
orthogonal  transversal  surfiicefc 

166.  To  investigate  the  attraction  of  an  ellipsoid  vjpoa  an 
external  poinl^  it  may  he  supposed  to  he  divided  into  an  infinite 
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aeries  of  elementary  Chmileman  uliotla   Let  then 

A^,  .1,,  J.,  be  the  sumiaxcs  of  the  ellip-wid, 

those  of  the  outer  mirfiice  of  either  of  the  elementary 
Cboaledan  shellf^  and  let 


■^f  ^« 

moreover,  x^y,  8,  are  the  eoOrdinates  of  the  attraeted  point, 

A^j  J^f  are  the  aemiaxes  of  the  ellipsoid,  which  has  the 
same  fi>ci  with  the  given  ellipsoid,  and  whose  sorfiice 
paascs  through  the  attracted  point, 
<C»  «'»»  si'iniaxos  of  (lio  (>llip*oi<lal  surface,  corre- 

sponding to  the  outer  surliice  of  tiie  Choslcsian  tihell, 
and  pnssintr  tliroiif^h  the  point  of  action, 

t  ■  li-  =  11/  —  a'i  =  n'}  —  A\n* ; 
the  valucif  of  £  and  e  are  the  roots  of  the  equations 


S     *     —  1 


Tlic  attraction  of  the  C'h  i  1>  sian  shell  upon  the  external  point 
in  the  direction  of  the  axis  of   in  by  (77*) 

.     ,    a,ii„n.p'*  da.        .     .    a.a.a.p'*  dn 

^nhx    "  ' ,  .  — -  s=.\nltx—~4-T .  — ; 

in  wliich  the  value  of  y  is,  by  equations  (7(>i».ig),  given  in  the 

form 


_  y   _L  >:  __f_ 

11 


I 
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The  dilTerontinl  of  (Slg,)  after  it  m  multiplied  by  n'  is 
whence  by  (SI^) 

n* 

rfll  =  rJtd*. 

P 

This  value  reduces  the  attraction  of  the  shell  in  the  direction 
of  the  axis  of  ;r  to 

—  in  kjc  —/.-i-r  tdt=.  —  Inkx 


The  integral  of  this  expresnon  is  the  attraction  of  the  whole 
ellipsoid.  The  limits  uf  integration  oorrosijond  to  the  va1uc!<  of  c, 
for  one  of  which  the  >'hell  is  cvrinescent.  and  I'ur  the  otiier  its  surl'nce 
coincides  with  the  siirliu-e  i>l'  tin-  clIiiKf^id.  Hut,  wlien  the  f«hell 
vanishes,  ii  is  /crn.  and  t  is  inlinite  ;  and  when  its  outer  surface 
cuiucides  with  that  of  the  ellipsoiti,  n  is  luiity,  and  t  becomes  ii. 
Hence,  the  expres^on  for  the  attraction  of  the  ellipsoid  in  the 
direction  of  the  axis  of  jt  is,  if 

M  if)  the  nm-ss  of  the  elli[).Hoid,  und 
K  its  mean  dcD.sIty, 

S* 

By  advancing  each  letter  in  the  aeries  g,  and  x  to  the  follow- 
ing, the  corresponding  cxpreaaions  arc  obtained  for  the  attractions 

in  the  directions  of  the  otiier  two  iixea 
1C7.   By  the  substitution  of 
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the  equation  (S2x,)  becomes 

Ai- 


16&  By  the  substitution  of 


f 0  =    ,  and 


the  equation  (83$)  becomes 


no  — 3-'^*r  ^  — 

0 

which  furnuilii,  with  traniiformatioiis  similar  to  the  following  u 
given  liy  Lkoknore. 

inii.  ir  id  a.ssuutccl  to  be  the  greatest  of  the  seuiiaxes  of  the 
cllip^ii],  niul     the  least,  let 

sinDsznniftiiKf , 

'^"'^  '  —  j;  +  A'" 
sill  <>  —  siiu'sin  «/» j 

nml  let  tilt'  fir-t  .hk]  sl-oouU  Ibriiui  of  the  elliptic  iutcgrnls  bo 
cxprei^^'d  by  the  nututiuii 


—  84  — 


These  equations  give 

t*MU-t{  =  J;cu.s-i/  —  Al, 
(yi;  +  s  •)  am*f  =  il» — ii;  +  {A*  —  A*)  siii'y  =  iAl—Al)i!M*6 , 

(j; -|-«*)8in*y  =  (J',  —  Jf)cos*./  ; 

li.l^  =:  —  -  ( -I'i  —  -1  ^ )  COfifi'  ^  r|  vOH<f'  dif  J 

wliicli,  s(il).stilnte(l  in  (Si,^),  reduce  the  oxprossion  for  the  attraction 
in  the  direction  of  the  axis  of  x,  when  the  ellipsoid  is  homogeneous 
to  the  form 

=  ZM»  I  =     -        -  /*(«ctf  -  €0»«) 

'f  T»  _  _  8Jlf 

or,  u  1'  _  ^jj_^j)3  — 

the  ottnction  ia 

The  snnie  suhstitution  given  the  attractiuns  |)arallcl  to  the 
other  oxca  in  the  forms 

♦ 

■^ 

But  the  differential  of  the  logarithm  of  (SS^i)  is 
cut()Z>^^  =  cot9i» 

and,  therefore. 
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Z?^  (tan  (/  c«wt')  =  scc'y  cc»6  —  nn'dwcd 

=  seed  (800*9  coe'd  —  un'd) 

=  8ect^  ficc'f/  —  sec   sin'i^  (soc'f/  -}-  1) 

=  «■(■  0  I  ('is' fsuctMiin-y  — sec^sia'd 

=  cusc'i  -|-  (■i.>s-'/s(.'(m' t;m*«/ , 

=  cos*<|p  scc'tl  — 

=  —  006*IMU'9800'4  -|~  "^'^  — 

=  —  cos'i  sin'  y  9e(^^ — cot'i  see  6  -f-  ooae^ioos^ . 

These  equations  reduce  tlic  attractiona  to  the  foruu 

=  Pff  (I  COHCC*  2*      — oosec'i'^!,^  —  aeo'imn^^cofl^Bec  9), 
* 

D,Si  =■  iec'i V'^  /  [D^  ( tan  tf  co«  d )  —  coslH 

170.  The  following  values  are  derived  from  (83a«)  and  (Slu); 

Bin  —  , 

  f'l 

8in«0  =  ;jf:p^  =  -^-3>i^, 
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, .  Ai—A\  j;' 

The  equations  of  the  attracliuuw  give,  l>y  nicuns  of  these  values, 
that  of  P  nnU  (81,4), 

=  2S,D,*a  =  8cc*t/>mn08ec0flece(co(^0— c<m'4>) 

This  nmple  equation  is  duo  to  LKaEsnRF.  and  the  fint  of  tlie 
two  follnwuig  eqiiationB  which  are  obtained  by  the  Mtme  proceas  of 

rcductiuu. 

,  A'^'^-  --)—^^A*—A*y'^  M" 

171.  By  putting 

i*  1  1 

the  atti'uctiouH  may  a.s-<uiiie  the  lorni 

U,S2=  —  SJ/.i  J)  ,  .  L, 
—  ;;.)////>,,  A. 

in  wbich  the  diffi$rentiation%  rclotivdy  to  A\f  A\t  and  ilf,  are 
perforineil  without  regard  to  tho  changes  of  JS^  dependent  upon  the 
formula  (81u). 
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172.  The  equation  nuiy,  hy  meonii  of  the  cquattow 
(Sia^)  be  written  in  the  ibrm 

x* + ^'sec*  0  -f-  ir'sec**  =  {Al  —  A*)  cosec*<l', 

ur      thu  eiub.^titution  of  the  value  of  0  from  (8:>ai)> 

g*-t-a'<<cc»<f>  .       _  jf*   1 

173.  TFim  ike  gUraded  point  u  ujhiii  the  mrfact  Ute  eUtptgidy  E 
-ranisliefli  and  the  value  of  4>  beoomea 

cos*  =  4^. 

174.  When  the  tdtradedpoud  m  lenHlUn  the  W&jmott/,  the  Newtonian 
Bbdl,  of  whidi  the  outer  surface     that  of  the  ellipsoid,  and  the 

inner  surface  pnssps  through  the  point,  exerts  no  action  upon  tlie 
point,  and  i/w  altriu(!i>ii  I's  mJwcd  In  IIkiI  <j'  an  ellip!^<''ii  ,^i/)u7'ir  /o  Ute 
<ficcn  elJijiHuiJ^  iimf  of  vJa.  Ji  //,,•  s^irfun'  pii\M:<  Ihrniifik  (Iw  (lUnii'lnj point. 

17o.  WiiL'u  tlic  dunsitj  uf  tlic  cUipsoid  varies  in  it.s  iiitcrior, 
in  sudh  a  way  that  each  of  its  component  Ghasledan  sheila  is  homo- 
geneous it  ia  a  function  of  and  after  it«  substitution  (82h)  may  be 
integrated. 

176.  Wim  ihc  cUtptoii  ia  a  homoffeneem  eibte  dl^mid  tf  rev^^kn 
the  various  formulas  become 

.1,  =  .4,, 

+     +     +     tan      =  (■ .  I  'i  —  J  )  ( 1  -I-  cot*  </.), 
«'taii*«/'  -\-     —  Ai  -|-  Ai)  um'>l>  =  Ai  —  AU 

D,n  =  PyJ»n*if  —  \  P^(2* — sin  20), 
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UJl  =  rz^^iaxi^if  —  I*z{iaXi<P  —  0). 

177.  When  (he  elUptoid  it  m  kmwjfeucous  probUc  eUifttoid  of  remttt' 
Um,  the  formuliD  become 

+9*  +  »'  +  {9*  +  *')         =      -         +  «»'**)» 
(jr« + *«)  tan*0  +  (r« — i**  —  il!)  ton"'/'  =  il". — ; 

=  Pjr[logtttn(^   +  I  *)  —  gin'/'] , 

u 

=  i     [iuii«l»8ec'*  —  log  tan  (i   +  i  . 


ATTRACTIOX  OP  A  •PUniOlOw   KBaeSIOKC's  AND  i.aplace'«  roxcTioxs. 

ITS.  Tlie  investigation  of  \\w  attraction  of  ft  spheroid  is 
greatly  facilitatod  by  the  introduction  of  I't-rtaiii  functions  which 
wore  first  conceived  and  investi«rated  by  LeiiEMirk,  but  wbicli 
became  so  fruitful  in  their  more  general  form,  given  in  the  subse- 
quuut  resfurches  of  Laplao:,  that  they  are  usually  designated  by 
the  name  of  the  latter  geometer.  A  method  will  be  pursued  in 
their  development  end  diKunion  which  is  similar  in  some  respects 
to  that  given  by  Jaoohl 
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17!).  U't 

I  =  V'-1, 

H—  tMf  -\-  tflin^xsofli; , 

and  if  any  power  of  H,  duaoted  by  it,  in  developed  in  a  oeries  of 
temu  arranged  according  to  the  oonnes  of  liie  multiples  of  t],  let 
any  one  of  the  terms  be  denoted  by 

«'"«/*."'' cos  ;m  y, , 

in  which  [///]  denotes  the  number  of  accents  of  The  required 
power  has  then  the  form 

ir-  =  ^,(i-«/'i,-'co(i«t/). 
— • 

180.  The  value  of  ffia  not  changed  by  reversing  the  .sign  of 
and,  therefore,  the  aeriea  remains  unchangod  by  this  revonnl  of 

rign,  whidt  gives 

or  *£-•"  =+ *L"*  =  {— 

in  which  the  upper  sign  ctwresponds  to  the  even  values  of  m,  and 
the  lower  sign  to  the  odd  values  of  m.  The  equation  (SOu)  may 
also  be  written 

J?*  =       +  2.f 4|-*2"»COBJJIIl). 

181.  The  integral  of  the  product  of  (89g()  by  coswij  is,  by  a 
veil  known  theorem 

/'  (//-cosiafj)  =  aw*-*!.-!. 

The  derivative  of  this  equation,  relatively  to  reduced  by  the 
condition 

U—  —  !»in<f'  -f-  ico8f/  cos>/, 
12 


—  5)0  — 

2«i°'/>W'i;"'  =  »  /  [Zf"~'cos/«ij( —  sinop  -f-  icoswcos'Jl 

SK 11^  [//"  ~ '  ( — »i  I)  (f.  COS  iti  »j  4"  a '  *i  ( '^K  "*  ~i~  1 J  'i  ~l~  cos(»i  — 1  )'i )  )3 ; 
whence,  by  (89^), 

1 S2.   The  derivative  of  (bDs)*  relatively  to  t),  reduced  hy  the 

coiiditiuii 

JJ^JJ—  —  J -sin  f*iu 

becomes 

iii//"~'siin/  sinij  =  2— „(«ji"«/'i,"'»iu/«t^). 
The  intcgnd  of  the  product  of  thii  eqimtion  by  anmrj  ii 

fir 


or 

t 


which  becomea  by  (SSbr) 

183.    The  equntion  (S'Jj;)  may  assume  the  ibriu 
f  [J7>'-*(Ga07OOBmi}4-|iniif>(co9(in+lh+<cos(m— l))]=2}t^<l>i"'], 

0  ' 

which,  reduced  hy  (89j,),  gives 
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ISl.  Tlie  reinaiiKlt  r,  if  (liOg)  is  subtracifd  IVom  tbo  product 
of  (9(*24).  inultij)lit'<l  l)y  coh/,  is 

<//-' 

» COSC/5  ti>^^Jl^i M sill y         1= JM  cot y  '/'l,'  '  '  =  sin" if  1^^^^ 

The  sum  or(90^)  and  ;<  times  (00^)  is 

the  6nt  member  of  vhieh  becomes  identical  with  that  of  the 
previoas  cqaation,  when  m  is  increased  by  unity.  Hencc^ 

or,  if  w  IB  diminished  by  unity 

If  the  sign  of  m  is  reveraed  in  this  equation,  it  becomes  by 

Bin-^(^«*i  =  _=i_z>^^(Bin"+iy4i*-+ii). 

185.  It  will  be  found  convenient  here  and  elsewhere  to  adopt 
the  functionnl  notation 

1 

/V*=X(-log.ir)*, 

0 

which  gives,  by  a  familiar  formula,  or  by  simple  integration  hy 
parts,  when  h  is  posiUve,  and  k  an  integer,  which^'ii  leas  than  h  -\- 1, 

1 

rh  —  h{h  —  l){h—%)  logx)*-* 

tl 

s=A(A~l)(A— 2)  (it  —  k-\-\)I\h  —  k), 
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and 

A(A_-1)(A_2)....(*_*4.1)  =  -/^^-. 

Wiion  h  is  au  intcjjcr,  aud  k  the  next  smaller  iatcger,  this 
furmida  bucomes 

1.2.3  ii=r*. 

With  tlm  Dotutiou,  Ta^'lor'u  theorem  !i><iim<'s  the  form 

186.  The  equatiiMis  (91,,)  ami  ('.'Ijo)  give,  liy  Mio  i  ssive  sub- 
8titution»  in  each  other,  and  the  use  of  the  precediii.'  notation, 

in  which  negative  difierentiation  most  be,  interpreted  to  be  integnk> 
tion;  in  the  former  equation,  when  n  is  negative,  m'-\-n-{'\  and 
m  4- «  +  ^  ™^  ^  positive ;  whiles  in  the  latter  equatitm,  iti 
It  —  nt  -|- 1,  and  « — ttt'-f- 1  «i<^t  all  be  poaiUve.  When  n  is  pon> 
tive.  hut  II  —  111  -f  1,  and  n — m'-|-l  are  negative,  the  equation  to 
bo  substituted  for  (92u)  is 

tiB-Tf^."'  _.P::!:;-(.'in--4|tfii.'0 
/•(»,_„_ ij       /•(,„'_„ _1)  » 

which  equation  i<  al-o  to  lie  ustd  when  n  is  nejrative.  When  n  and 
H  —  //< -|- 1  "re  |io>itive,  hut  «  —  m'-\-\  is  negative,  the  conihinu- 
tion  of  (U-u)  ftnd  (O^^)  give.-*,  by  reprc-jenting  by  «',  the  greatest 
integer  contained  in  n  -|- 1, 

When  1^  n-f-iM'+lf  and  n-^-m-^l  are  all  negative  the 
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equolioa  to  be  subetitttted  for  (92tt)  u 

(-O'^Kr*      _  (-1)- 

When  «  and  it  -f-  ini'-|-  ^      negative,  bnt  m  -)-  n  4~  ^  >" 
tivc,  the  combination  of  ('^-n)  and  (93,)  give^  by  lepiewnting  by 
1/,  the  greatest  integer  contained  in  —  1  —  1^ 

r(m  + ,,)  m-]  _  (-1  r  ■••/•(•  -  - 1-«  -«')  ^  „  _ 

/'(M-J-«'J»in"9  I'( — 1 — «  —  III')  siir'if" 

There  arc  peculiar  considerations  which  simplify  the  invcsti<.'a- 
tionn,  when  «  i,s  integral,  whether  it  be  positive  or  negativi'  ;  and 
tbuHe  are  the  cose^j  to  which  most  of  the  aubdequent  iuvcj^tigatiouH 
are  limited. 

187.  By  reducing  m  or  mi'  to  zera^  the  equations  of  the  pre- 
ceding flection  giv^  for  positive  values  of  11^ 

^{.imi  cin-mi?'"  'P  =:(  H"  f"  »/» 

—  ^    '  r(i«—i.'>i'(ii'— »— j)«ii-f  "* 
and  for  negative  values  of « 

c/,lH_     7-(m~n^\)      p  , 

r(iii-|-«>/x— I— n>         '  "**  ■ 

188.  FFXm  u  «  mto,  it  is  easily  seen  that 

i7«=l=:*„ 

and  tha^  for  aU  other  values  of  m 

4^1  =  0. 
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189.  Wim  nit  a  po»tite  iattffer,  and  k  u  aim  a  pomtivc  integer, 
the  equation  (Olt)  gives 

( 2/i  4- /i) '/'!.-+*'  =  « cos -f  HMiH/  «/'L"r,'+*'. 

If,  then,  t]i<>  tf'ntH  of  tilt'  sccoml  meinber  vanish  for  any  value 
ot  II,  they  will  also  vanish  for  the  nt'xt  liii^lu'r  vahio  of  «.  Hut  tlioy 
vanish,  by  tlic  precciliiijj  soot  ion,  when  n  is  zero,  and,  therefore,  they 
vanish  for  every  posiUve  internal  value  of  n  ;  that  ii^ 

or  the  aerin  b  fiidl*  for  potUvie  int^jfral  tfobuM  ^  n,  axd  eoiitam  mify 

n  -f-  1  (i-niis. 

190.  The  substitution  of  the  preceding  equation  in  (91,)  gives 

=  (i8in<( )"«/»,  =  i  sin- 1^. 
which  equation,  substituted  in  (93is),  gives 

!>>/  ir/n'ch  tie  eoeJicietUi  of  the  dev^pmd  are  oUaiaed  uhm  nka  posUic* 

inltjcr. 

I'Jl.    WluH  H  is  (he  mytUivc  of  uniiij,  the  ei^uution  (SOj;)  gives 
But  tho  value  of  if  gives 
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1  1  rm^ — falnfcmtf 

JI      eotq  -\-i!iinqco!Hf  co!»'q)-{-dii*9>Ct>!i*f 

1— wii*<j' ain't'  rcM'fl^ow*!} 

the  integral  of  which  is 

ri  =  —  i.'log  1^4^'^:"''  +  tttu'-"(co:*y  tani;). 
Hence^  hy  paaamg  to  the  limita 

*-i  =  l, 

"When  n  iind  m  vanish}  equation  (OQn)  becmnes 
=  00Bqp4^_t  —  any  ^^i, 

whence 

Knuation  ('j2u,)  gives,  then. 

192.  When  n  w  a»y  myative  iiUtyer,  it  is  more  convenient  to 
write  the  fomnlfe  with  the  sign  of  n  revened.  With  this  change, 
the  sam  of  the  product  of  (90^)  multiplied  by  ( — nnny),  that 
of  {90,)  multiplied  hy  coaf,  and  thot  of  (90b)  multiplied  by 
( —  oosecf)  becomes 

which,  Avhea 

m  =  n  —  1, 
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w  rednoed  to 

«4^::U+i,="n-'v  cus.;  n^^]^  -    (2«  — l)mn./ 

The  HiiceeaBive  subatitution  of  1, 2,  3,      for  n,  givc%  by  means 

of  (91„) 

The  snbrtitution  of  this  value  in  (Oj^,)  gives,  by  ( 04,10), 
and,  therefore,  for  all  values  of leas  than  »  -j-  I, 

^        /  (I'n)*  " 

The  equation  (91,)  givea^  vhen  m—n  vaniHhe%  hy  (9G,), 

4^i:^,,  =  -ooty4«4,+,,«^.';J,(_ah,y)--ic^ 
whence,  by  (OOj,)  ' 

From  tbis  equation  tlie  successive  valiio.s  of  may  ho  dcter^ 
mined  by  Hiicces.«;ive  suljc^titution  of  1,  2,  3,  &c.,  for  h,  or  tliey  may 
be  detcnniiied  by  the  equation  derived  from  and  (90,), 

+     _(•-'"  4- i)rc2..)    1    7'"  ,      •  2  X. 


Digitized  by  Google 


—  97  — 


The  remaining  coefficienta^  in  which  m  is  greater  than  n,  are 
then  to  be  determined  by  the  equation  derived  from  (92^) ; 

/•(„,  —  »)    "•(>  si.rv  * 
Ill  order  to  npply  llio  proccdini.'  invcstijrations  to  tlifi 
problem  of  attraction,  it  is  requisite  to  introdsn  c  tl]e  I'onn  of  jjithvr 
coordinates,  of  whieh  zenith  di.stancc  and  aziiuutli  is  the  familiar 
instance.   For  this  purpo«;  let  the  following  notation  be  adopted : 

9yis  the  angle  wiiich  a  line/ makc»  with  the  nxln, 
1/  IB  the  angle  which  a  plane,  drawn  through  the  Bxia,  parallel 
to/,  makes  with  the  primitive  plane. 

The  distance  between  two  points,  of  which  the  radii  vectoves 
are  r  and  q,  u  given  by  the  equation 

/"= r'-j-  Q»  —  2r^(oosf,cosyp  +  siny,sinyj,cos(fl,— 
=  r*-)-  (I*  —  2f)rco»^. 

Hence  the  notation 

t  =  v  — 1, 
If^  =  co8(f/-\-  mn  f/coa  ( »^  —  , 

gives 

+//^=  i/^  "•"^'//  +  ( 't  —  <V) 

sreosy, —  if^o^p  +  »co8ij(rflinf,oo8d, — qnn^^cofd^) 
-\-  tBin«)(rsin9,8ind, — Qsiny^sind^) 

in  whidi  the  upper  sign  is  to  be  used  when  r  is  greater  than  and 
tiie  lower  sign  when  r  is  less  than  q. 
But  it  followiv        k  191,  that 

i— i-/'  '  — +  ^  r 

13 
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in  which  tho  upper  sigu  correspouiU  to  r,  greater  than  and  the 
lower  sign  to  r.  than  if,  and  the  series  repre^nted  by  the  fourth 
member  eorre«<pond«  to  the  former  of  thew  two  ca«e^  while  the 
series  tvpret^^nted  br  the  hst  member  correspond*  to  the  ktter 

casso. 

1\}L  lif  in  the  development  of  the  preceding  «erie^ 

^.  »  the  coefficient  of  -^zj.  and 

V.  i:'  ili.ii  of  4ri; 
tr 

the  series  Infcome 

Hie  ralue^  of  the  coefficient  in  these  ^^rie«  are  determined  hy 
the  etitLtiion^ 

V 

If  the  a>;o:::osa1  notauon  i$  a*.!opted.  corresponding  to 


tl;e  value*  of  lie  coefScicr.:*  bc\vc;e 


Digitized  b^^OOgle 


—  99  — 


Hence,  by  {9Qu)  and  (93„), 

195.  TUe  equation  (45,)  gives  for  the  value  of  the  potentia], 
Hence,  hy  the  notation 

»/  IT 

the  potential  beoomea 

With  the  notation  of  (58im})  and  (OTu)  these  values  become 
da  ss^^dfd^  —  Q*anf^df,d6fd^, 

The  first  form  of  SI  in  (99,-)  is  to  be  used  for  all  values  of  Q 
less  tlian  r,  and  the  second  form  for  all  values  of  o  greater  than  r. 

If,  then,  k  is  suppof^'d  to  vanifh  for  all  points  of  «puoe  in  which 
there  Ls  no  atlracting  mass,  the  limits  of  inti'gration  for  the  vulue  of 
6',  mu8t  include  ull  the  attracting  mivis  lor  which  (}  is  less  than  r, 
vhile  those  for  U^i  must  indude  all  the  attracting  moea  for  which  q 
IS  greater  than  r. 
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196.  By  tttlMtitnting  in  (99^^)  the  values  of     fpwn  in 

(99,)  the  resulting  values  of  L\  and  1'^  have  the  s'line  form  with 
to  far  as  the  clement?  of  the  direction  of  r  are  involved ;  so  that 
the  value  of  the  term,  of     nrhich  depends  upon  the  angle  tn^,  has 
the  fonn 


in  wlilch  -i,'"-  mid  T?,;""  arc  independent  of  the  form  of  the  body, 
and  the  numlKr  of  c^uch  constants  included  in  the  most  general 
value  of  L\  i»  2/i  -j-  I. 

197.  It  b  expedient  to  introduce,  at  this  point  of  the  discos' 
sion,  some  important  properties  of  Legendre's  fiineti0n&  The 
ibtlowing  theorem,  given  hy  PtnasoH,  is  of  especial  use  in  fadlitating 
their  investigation. 

J/  ^'f,  th /!"!)■  ■<  ail//  function  of  thf  i'l'Dinih  rf  t!ir>'cfi"n  of  n.  oinl  if 
after  the  pvifonii'iitri-  <f  the  iittt'ffnili'in  t.ij>ri  -^yi  >(  itt  ilw  myiiid  munU'r  of 
the  fulloiciii^  c<£uatio»,  {>  is  made  a/tial  lo  r,  which  condiiiuit  is  ittleiidtd  to  be 


imted  |pjr  ike  n^tejued  parenihm$f  the  teemut  member  mS  it  refyeed  to 
iheJU'tt  memheTf  that  w, 


To  deinon^-trate  tlii-;  theoreiii.  it  is  to  ho  oliscrvcd  that  all  the 
elements  of  the  iulegrul  vanish,  except  those  tor  which 


l^then, 

1]  denotes  the  angle  which  the  phme  of  rq  makes  with  any 
asBomed  fixed  phme  passing  through  r, 


['•]'.'"'('<l.'"'cos»*tV  4-  /?,"■' Mu;;u\), 


that    tor  which 
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the  integral  becomes,  by  (07]^), 

J_  *rr(r*—e*)y,  _  K  J"  r  r(r>  — e^rfnf 

198.  The  equation  (97h)  givei^  by  means  of  the  fink  fiHnn  of 
(9815), 

which  substituted  in  (lOOin)  reduces  it  to 

bj  adopting  the  notation 

^='-^//«-^'). 

in  which  it  must  be  observed  that  when  «  is  aero  it  must  be 
retained  in  the  written  expresmon  to  avoid  oonfunon.   It  may  also 

be  remnrkcHl  tlmt,  from  the  coinpiirLst>n  of  the  fonn.s  of  (99^)  and 
(IOIq),  ike  moai  general  form  of  ^'i'^  w  tke  tame  wUh  iAat  gum  in  §  196 
/or  U,. 

199.  If  the  given  function  is  such  that,  for  every  vuluc  uf  ii 
di&rent  from  fi 


—  loa- 


the equations  (IOIimi)  give 

0  ^ 

3^  Ammw  e}ifrmei  w  ihe  int  Upo  egwriioiu  art  fmdasxeabd 
mporiattetf  and  iwrf  ffwat  ^  LaHiAcb. 

200.  The  theorem  (102j),  not  being  limited  to  any  special 
direction  of  r  is  true  for  all  directions ;  ami,  therefore,  tlic  most 
general  form  may  be  substituted  for  Q„,  whicli  can  obtained  by 
c'ombininir  nil  it"  siteoial  values  in  any  linear  function.  Any  »ucb 
general  form  would  be  tlic  same  •with  that  of  A'^"'>  and  if  it  is 
denoted  for  distinction  hy  M^"'\(he  thm-em  (102;)  wsmites  Vte  more 
iji  .icral form  <jwm  by  TjAPMCI^ 

201.  In  considering  (ht  u^rwUm  «f  a  i^iavid  upon  «»  exiemal 
^jM>ui,whidt  it  to  rmeie  iJM  r  i$  ffi^o'  ikm  myf  valtt0  ^  Q  Id 

u  be  the  value  of  9  for  the  sur&ce  of  the  spheroid,  and 


tbc  function  which  is  denoted  by  the  second  member  of  tbis  equa- 
tion being  developed  in  tlio  form  of  a  series  of  terms  of  Leqendrk^s 
function^  by  means  of  (lOIu).    The  equation  (99u)  beoomei^  by 
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— 7-V( 


and  the  potential  in 

202.  If  the  point  is  so  remote  that  tira  aqnuea  of  the  linear 

dimensions  of  the  body  iii;iy  l)e  neglected  in  <  inriirrri-^fui  with  the 
wiunre  of  the  distance  of  the  iittnii  tLil  point,  it  Iuih  Ix-en  .<liu\vn  in 
§  128  tliat  the  nttr.irtion  is  the  same  as  if  the  hudy  were  cotiilcnsed 
upon  its  centre  of  gravity.  In  this  eiise,  tiierefore,  if  the  origin  is 
nasumed  to  be  the  centre  of  gravity,  the  potential  becomes  as  in 

(«.), 


Ill  nl!  nisrs,  f/irn,  in  irfiich  the  orlfjln  ix  the  cftiirr  of  qrfi'-itr/,  f/iin  efjflth 
lion  ffivci/ur  an  a  /cniiil  jtoiiU  wlueh  i»  so  reawAe  that  r  is  gretUer  Ihuui  {>, 

Ut  =  m, 

u,  =  o, 

203.  A  komoffeteoM  tB^mid  era  oAk^a  be  fouiid,  ^  wkidi  ^ 
jMiadiait/ar  miff  e^enuU  foMf  ddf^iiped  in  tte  form  (lOSgi)^  mtt  he  nfti»> 
Uetd  tcSk  ikk  eacpreumi  m  imo  Jlnf  Urm,  To  demonstrate  this 
propontion,  and  develop  the  mode  of  investigating  the  ellipsoid  in  a 
given  case,  it  may  be  observed  that,  if  tlie  centre  of  the  elliixsoid 
coincides  witli  the  centre  of  gravity  of  the  L'iven  -iiilieiiiid,  and  if 
the  uiiUis  of  the  ellipsoid  m  the  .same  %Mth  thut  of  tlie  .spherui<l,  the 
potential  of  the  ellipsoid,  for  an  external  point,  has  the  form  (1032o) 
with  the  same  first  term.  The  difficultj  of  the  demonstFation  and 
inTestigatioa  is  thus  redooed  to  the  eonaderation  of  the  second 
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term.  The  general  farm  of  thw  term  ia,  by  (994)  and  (I00«), 
=  —  }il + ileo»«;;  +  C?(coe*i — co8«j) 

in  which  lost  £bnn  the  arbitrary  constants  (7,,  C,,  J?,,  and 
B,  are  introduced,  fur  tli«^  snke  of  symmetry,  and  in  which  the  nx 
eoiutanta  are  <mly  equal  to  five,  by  reason  of  the  equation 

r,eos»;^=l. 

In  the  especial  case  of  Qt,  these  constants  become  for  the  axis 
i^=s3co6^cos|» 

and  similaily  for  the  axes  of  y  and  z. 

The  equation  (76it)  of  the  homogeneous  ellipaoid,  of  which  the 
axes  are  the  given  rectangular  axes^  givei^  for  the  aar&ce  of  thb 
dtipsdd, 

i-  — 5-  ^ 

If.  thcreforf.  A'  is  tlie  density  of  the  ellipsoid,  the  equation 
(102],J  becomes,  in  tlii^  case, 

-i-^A'H-^^ 

g 
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and  hence,  by  (103,), 


To  obtain  the  value  of      it  must  he  obaervcd  that,  by  (104,7), 

beCAtiae,  firom  the  fljinuietrlcal  furm  of  the  cllip.«oid,  the  value  of  m 
is  not  altered  by  changing  either  of  the  angles  upon  tiriuGli  it 
depends  into  its  supplement,  while  the  sign  of  ^«  is  Tevened. 

The  remaining  terms  of  the  integral  contained  in  (105^)  have 
the  form 

(«•<?)  =  I         co«*  I)  =  I  jj(«'co«',,)- 
But^  by  the  equations 

O08]^=s8Ulf»^COSdy» 

cosj  =  fliny^aindp, 

(104k)  becomes 

u*^    Al  "T         3S         '  Al 

—  A*,  ^  A*  ^\Al       Al         Ai  fp 
=  a  +  *COS«f>^, 

by  putting 

«==^+=^-»(i+i5)+l(i-i)-** 

=  i(a'  +  i'cos2fl^); 

14 


—  IOC  — 


*  -31  — T}' 


4  =  3,-a. 


The  integral  (lOSu)  is^  therefore, 

if  (ii»cos*y^)  =  (tt'coBVBiny,) 

g  "  op'' 

But 

=  ?_  tan'-* 

=  ii.i,tMit-i(^tai»0,), 

(J 

Those  valiuv-',  with  that  of  the  mass  of  the  ellipsoid,  reduce 
(lOGj)  uuU  (lUia)  to 

In- 

•  * 
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irthe  axes  of  tbe  ellipsoirl  nrc  not  thow  of  but  of 
this  oxpraasion.  by  meatu  of  tbe  equation, 


becomes 


in  which 


000^=  C08_^COI<^  -f-  COS^CO,'»^'  -j-  CO.SjCOS^, 


j?;=2^^(.i:,cos:^.co.->). 

TbU  value  becomes  identical,  tbereibre,  with  that  of  (104«),  if 

204.  If  the  potentiol  and  its  component  fiinctions  for  the 
ellipBoid  ore  denoted  by  the  letter  e  written  beneath  them,  the 
potewHal  tf  ike  y^keroid  for  an  exfemaljmaii  for  wAmA  r  u  gnder  Uim 


i2 = ij  +    [( -  . 

20  ).  A  transrorinntion  of  co(inliiiato>*,  wliicli  is  tlic  reverse  of 
that  by  which  tlie  e<iUiitioiis  (lOTxj)  were  obtained  from  tlio  reference 
of  the  clUpsoid  to  the  axes  of  the  spheroid,  would  bring  the  e«j[ua- 
tion  (104]9)  to  tbe  form  (107m).  From  the  forms  of  the  escpreasion  it 
is  obvious  that  this  transformation  is  identical  with  that  by  which 
the  general  equation  of  the  second  degree  in  space  is  referred  to  the 


Digitized  by  Google 


—  108  — 


aansof  the  mu&oA.  Heno^  if  ^  and  jff^  ate  the  Hine  roots  of 
the  equation 

tlu'V  art!  tlu!  sciiiarcs  of  tlio  scniiaxcs  of  thv  ellipsoid.  But  it  must 
be  ob^jfi  \  id  tliul  the  inasa  of  the  flli|):soid,  being  tlic  «uiue  with  that 
of  the  spheroid,  givoa  the  equation 

S^S^S^  =  (^)\ 

The  condition  ( 104,,  1.  however,  slio\v«  that  the  values  of  C.  r^, 
and  C„  in  (lO  Jg),  may  be  hu  ixti.st.'d  or  dec  rciused  by  tlie  same  tjuan- 
aty,  without  chunging  the  value  of  (104g).  The  valuea  of  CJ,  C,', 
and  may,  in  like  mannerj  be  increased  or  decreased  hy  the  aame 
quantity,  which  change  wiU  produce  the  oppooite  effect  upon  the 
roots  of  (10$i),  untili  at  length,  they  may  satisfy  the  equation  (108|). 
Thia  common  increase  or  decrease  of  all  the  root»4  of  (108^)  cwre* 
eponds  to  the  perforinanrp  of  the  s;tme  operation  upon  the  squares  of 
the  somiuxe-s  of  the  ellip^^oid.  that  is,  to  a  change  of  the  ellip-^oid. 
given  by  (IO83)  into  another  ellipsoid,  which  has  the  same  foci  and 
the  required  masa  The  change  of  mass  ic^  however,  more  mmply 
aeoomplished  by  an  increose  or  decrease  of  the  density  of  the  ellip- 
soid ;  and,  in  this  view  of  the  case,  it  is  requirite  tliat  tlie  value  of 
the  density  be  determined  by  equation  (inS,). 

20G.  If  the  point  is  without  the  spherniil.  Imt  nenr  its  surfrirc, 
it  is  generully  neces-ary  to  eomlnue  the  forms  of  the  potential  given 
in  (9U|«).    Thus,  with  the  notation 

=  the  integral  for  all  directions  of  a  greater  than  r, 

=:  the  integral  for  all  directiuiui  of  u  leKs  than  r. 
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<» 

whence 

the  value  of  the  puU-iitiul  may  be  cxprcsiscd  iii  tiic-  lui  in 
inirhicli 

But  it  may  be  obsen  ed  tbat,  by  (lUPi), 
whence,  by  putting 

r  r 

and  using  in  the  s^nificfttioii  of  (99u)»  the  potential  Asmimes  the 
form 

207>  A  similar  investigation  may  be  extended  to  the  eliipaoid 
of  I  204,  and  if 

Sr  is  the  value  of  X2  of  (107,,) 
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tte  vake  ofiktpoleaiial/or  a  pomt  tdUck  w  near  iht  mfau  Qte  ij^keroid 
nuy  owinm  the  form 

208.  J^'  (he  form  of  (he  spheroid  differs  but  hide  from  uii  eftijutoid 
wilM'A  hat  ike  tame  foci  mih  the  preci'ding  eUipsoidy  and  if  it  has  a  eonafmd 
deua&jf  for  aS  tki  portion  /or  which  if  is  greaUr  Qtm  r,  a  emiiHatiBn  ef 
1m  iomeffetteoM  iSiptoicb  nu^  ie  tukriUided/or  ike  e^udd^  httk  tf 
wkiek  have  ike  tame  foOf  tMk  one  coincides  very  ntarfy  with  tlu-  spfm-oid  in 
fonn  and  deim'f//  throiiyftoul  the  jxiHion  exterior  to  r  ;  and  the  oifti  r,  ba'nff 
tntirfi  .wiolli  r,  fins  tfir  rr  '/>'i>-iff  jm^ilirf  or  urifnlirr  driisi/'/  to  r/ire  (fir  tdi/e- 
braic  sum  of  tftv  inasnfs  of  (iw  tun  lUijiiswIn  opuil  io  ifuit  of  Hie  sjifunnd. 
Thu  cuiiibiiiuUon  ul'  the  two  cllipsuids  iipou  any  external  point  is 
the  same  with  that  of  the  aingle  ellipsoid,  and  the  higer  of  the  two 
may  be  substituted  finr  it  in  the  values  of  Fin  (110b). 

If,  in  determining  the  values  of  J'for  the  siilu'iold  or  the  elHi>- 
8oid  from  (lOOa).  u  \-  •iipposeil,  for  every  direction  in  which  the  .solid 
i»  contaiiH'd  within  tlio  sphore,  of  which  mditi-s  is  r.  not  to  refer  to 
the  .surface  of  the  wlid,  but  to  coineiile  w  itli  r,  the  \  ahie  of  I'  van- 
ishes for  any  such  direction,  and  it  becomes  a  continuous  function, 
of  which  the  derivatives  are  discontinuous.  The  equation  (^lolxt)  is 
applicable  to  such  a  function,  for  the  airgument  by  which  it  was 
established  was  independent  of  this  condition.  With  this  modificsc 
tion,  therefore,  the  accent  may  be  omitted  in  the  intejrral  sign  of 
(lOOz;)  or  (llOjV  and  the  liiuits  <if  infi>;j^ration  extended  to  every 
possible  direction,  and  the  result  may  be  bimplilied  by  means  of 

In  the  present  case,  in  which  k  is  constant,  equation  (luii^^) 
becomes 
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wbcnco 

I(  then,  it  is  ftssiuned  that 

«^=»— r, 

thA  binomuil  theorem  gives 

and  if  » is  changed  into  — (n-f*  1) 

These  Taluea^  substituted  in  (111/),  give 

=(2«+i)/t[>(^^-<^)4-i(^;-<,^)  +  "';+'\^-^;)] 

H-'f-l7w^(7x^+8^H  T<»-*)  *P  )J- 

This  value  may  be  Hubstitutcd  in  (llOa),  and  the  xcavlt  reduced 
by  means  of  (lOla). 

209.  Jf  ike  9f^/armi  U  not  very  diferent  fiwt  a  ajuAerv,  and  ^  ihe 
difetvnee  m  form  ietifem  U  tmd  tie  laiyer  ef  tte  tm  cmAmed  eUtjmub  it 

so  mall  that,  in  t  onxiilcntfioii  of  the  Itin/c  Jivi.-orfij  th<  tir,i!s  «f  (lUg^)  imgr 
he  neglededt  t»  wlaeh  m  w  greater  than  3,  (llln)  w  reduced  h 

r^-r^=(2«+i)iF„ 

if 


—  112  — 

and,  by  (HOW), 

11^  =  0. 

But  the  value  of  tlie  potentiui,  derived  from  (llOj),  becomes  in 
this  caw  by  (Ills)  aud  (lUl^), 

12 = 12'  - 1.  ((2«  +        W,  Q.)) 

=  i2'  —  4  «  i\  Hi"  =  Si'  —  W, 

0 

00  that,  m  fKt  cnac^  iie  form  (lU7u)  ajip/icaile  t»  wery  external  jm'td. 
This  coadoaon,  and  the  mode  of  investigation,  includes  Pomoii's 
analysis  of  the  spheroid,  which  differs  but  little  fiom  a  sphere  by 
which  it  wo-s  suggested. 

210.  Tlie  fonuula  ( 107^,)  give?,  for  the  attraction  in  the  diieo> 
tiou  of  the  radiua  vector,  the  exprcsMon 

A12  =  I>,n  + 1.  [(•  +  l)(Zr. -  0:)r-«-+«']. 
Henoei,  the  equation  is  obtained 

D,n  +  li>  =  D.Si  +  1/2  +  •  1,[(2«  +  1)  (  L\  -  t;)r-<-+«>], 

which,  by  (103i),  is  reduced  to 

D,n  4-  ^^-^2  =  J^,i2  +       +  2;i  1-.  [(ifi:'  —  A'::'jr-<-+*>]  j 

or 

211.  1/  tlie  spiervid  u  kBuuffauoM,  having  the  same  density 
with  the  ellipsoid,  the  equation  (104a)  gives 
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By  assuming,  tlien,  the  values 

the  equation  (112s)  t^ecomes  . 

212.  Jf  the  ailiucltd  jm/iiU  w  tij^m  tin'  s<<rfifi-i'  of  flu'  tlif 
preceding  equation  becomes,  if  ii^  is  tho  poiciuiai  at  the  surface  of 
the  spheroid, 

213.  If  the  spheroid  differs  to  liUIe  from  the  el/ipsoid  ihtU  the  sijuure 
of  (he  dintmee  between  Une  m/aee»  ef  Ute*e  iuo  toStb  tm^  he  n^hded,  the 
notation 

gives 

214.  If,  moreover,  the  tlliji.-^oiil  difi'ers  .so  little  fmni  a  concentric 
sphere,  that  the  product  of  the  dilference  between  the  radius  vector 
of  the  dlipaoid  and  the  radius  of  0plierei»  multiplied  by  the  distance 
between  the  surfaces  of  the  ellipooid  and  the  spheroid,  maj  be  neg- 
lected, the  preceding  equation  is  reduced  to 

15 


—  114  — 

and  (118]})  beoomei 

0 

In  thifl  last  foiiii,  the  sum  of  the  tenna  in  the  second  member  is 
extended  to  indude  the  vhole  Mtiec^  becauae  the  fint  terms  which 
vanish  in  the  exact  fbrmola,  may  become  aeusible  in  the  approxi- 
mate fonn.  Buty 

aud,  tlicrcfurc,  if  li  u  the  riuiiu-s  uf  the  ephcro, 

215.    If,  again, 

Xj*  =  the  potential  of  the  ellipaoid  at  its  surface, 
X2o=the  potential  of  the  eHipsoid  at  the  surface  of  the 
spheroid, 

«  i  « 

the  general  equations 
tpve 

ISnoe  the  second  members  of  these  equations  are  multiplied  by 


Digilizea  by  CoOglc 


y„  the  Yolues  of  the  other  &cton  may  be  reduced  to  those  whidi 
belong  to  the  q»here.  Hence,  becomes  a  constant  quantity, 
and,  therefore, 

for  ell  values  of »  except  leroy  in  which  eaee, 
and  the  above  values  become 

ivhich  give 

The  sura  of  this  equation  and  (114n)  i%  by  and  (114,1), 
216.  If  ike  dfytoid  u  it»e(f  ike  apken^  the  eqaatioa  (5««)  gives 

which,  substituted  iu  (llOj;),  gives 

Thia  id  the  equation  given  by  Laplace  fur  a  spheroid  -which 
difiim  but  little  finmi  a  qihere,  and  is  the  fondomentd  theorem  of 
his  invesUgations  upon  this  subject 


UG  — 

217.  If  (he  (tHrncled  point  is  vithia  ilie  spheroiil,  and  nt  mt^ 
iuncf  from  ihe  mir/ari'  thiil  r  is  iett  lhan  tie  valm  tf  If,  the  formula  for 
the  potential     by  §  105. 

in  vhich 

It  may  also  be  shown  liy  Ww  nictluxl  of  ^§  2(18-209,  that  Ihis 
Sdiiif  funinihi  is  /i/>/i/>rii?t/(,  if  iliv  jf.iitl  qiillr  uritr  (In  -rr/'ru-i;  iiiul  if  tlw 
sjjluroiii  dijiris  ito  lUUc  from  a  si>hiri'  thai  iJu  s^tare  of  the  dijircuce  ma^f 
ieneffleeted. 

218.  The  importaiit  discuflnrais  in  regard  to  the  conrergency 
of  the  series^  derived  from  Legendro's  functidna,  are  deferred,  on 
account  of  their  great  length,  to  tho  volmnes  whidi  will  ho  devoted 
to  the  application  of  the  Analytic  Mechanics. 

IV. 

Ki.ASTirm% 

219.  Tlic  laws  hy  which  the  elementary  Ibrct  s  ii[  ni/irsioii  and 
ajinitjf  v.iry  with  the  luutuul  dist^uice  and  direction  of  the  porticlus 
and  atoms  are  undetmnined;  and,  therefore,  the  delicate  inquiries 
involved  in  the  constitution  and  crystalluEation  of  hodios  are  not  yet 
entgect  to  the  control  of  geometry.  But  it  is  sufficiently  apparent 
that  these  forces  arc  imeiisiftle  at  wiuAk  diifawrs.  and  that  there  are 
peculiar  laws  of  mechanical  action  corresponiling  to  the  three  states 
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of  /fasscs,  luji litis,  and  Molub.  The  poculiarity  of  these  states  eonnstc^ 
principally,  in  the  facility  with  which  the  particles  can  be  moved 
relatively  to  each  other,  and  in  the  phenomena  which  ansB  from 
Bitch  motion,  but  especially  in  those  of  the  disruption  of  solid  bodies. 

As  long,  however,  as  the  relative  positions  of  (lie  ]inrticlos  nrc  to 
litlK>  ilisturbi'd  that  thov  return  to  their  initial  Ftatc  whvn  tlu'  dis- 
turbing cause  is  removed,  the  precis  law  of  molecular  action  is  not 
required  for  the  investigation  of  the  small  changes  which  the  consti- 
tntion  of  the  body  undergoei^  and  which  are  treated  as  phenomena 
of  efin/ien^. 

220.  To  nnn1y7.o  the  rhnnges  of  form  of  a  system  of  material 
points  which  constitute  a  body,  let 

.    «  be  the  distance  by  which  a  point,  of  which  the  coifrdinates 
,are  x,    and  s^  b  moved  from  its  initial  poation, 
J  the  increment  of  a  function  Ibr  another  point  of  the  body 

which  i.s  near  the  foniior  point. 
p  the  distance  of  the  second  point  from  the  former  point ; 

the  notation  of  (42n)  gives 

=  cos  J , 

Henc^if 

y  =7'  4- 


e  is  the  linear  cjrjjaiimu  of  the  body  in  the  direction  of  p  ;  and 
its  value  is  pven  by  the  equation 


Jj\  then,  tlie  rectjrroeal  of  1  -|-  e  ii  bid  off  from  Vte  ortt/iu  upon  a  Une 
iram  paruBd  h  f,  U$  exbrmS^  trill  be  upon  ihe  ellipsoid,  of  tie 


r  ■ 

—  w 


221.  The  expausiouii  or  contractions  which  coirotipond  to  the 
axes  of  this  ellipmid  may  be  called  ihe  2»fi»cijHtl  exjtaiuwnt  md  euh 
tnu&nUf  and  one  of  these  is  a  maxmmf  another  is  a  mommim,  and 
the  third  is  a  tMumum  w  ame  iSreeHom  and  a  mmnuM  in  Mm. 

If  tlic  ellipsoid  is  referred  to  its  axes,  the  expression  for  the 
expansion  is,  if  e,,  e,,  and    are  the  values  of  <  for  the  aze^ 

(l+t)«=:Jr.[(lH-..)coe?]'. 

so  that  for  these  dircctious  the  values  ofi^,  i^^  u„  are  such  that 

(1  +  J>,it,)D,v,  4-  D,u,  (1  +        +  =  0. 

(1 4- 1^)  • = (1  +         +  (D.n,y  +  (D.n,)* 


222.  The  notation 


gives 


cos9»  =  ^^coH^cos^^  j ; 
nn*9  =  l  —  008*9 

=  J5,coe*5.-r,coB'^ — [x,(oo8^eos^  )]' 
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(1  -|-  «)*8m'y  =^^,^p'coSy  cos  J  —  y  cos ^  cos^^ 

=        l^^COS ^       +  cos ^'  />,  -|-  0O8^' COS  ^  COM  {"^  j 

in  wbioli  the  deriratiyeB  are  only  appliooUe  to  u,,  u„  aud  u,. 

Hence,  9^  fikmyiivoalf^ life  ifK«r«fioo/^(l-|~0  waf  » taul  ^/rm 
Hie  or^gAtf  tgm  «     dhnm  panUd  to  p,  U»  extmitg  it  upcn  Unt  turfaee 

1  =  ^,[X,(xl>,)(y«.  — 

223.  Wlien  the  nxos  are  those  of  the  ellipsoid  of  §  221,  and 
the  dislurbaaice  is  such  that  lor  eacU  axis  the  ec^uatiuus  (llSu)  aud 
(liSjs)  become 

= S,[eos^cM^(t, — «,)]'. 

224.  To  determine  the  rotative  effects  of  the  diaturbauce 
about  the  axes,  let 

•ad 

9,=  the  prnjeetion  oP  the  angle  tp  upon  a  plane  perpendicular 

to  the  direutiuu  of 
Hence 
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tanv',  =  ^'  =  — 
225.   If  the  axis  of  z  is  perpendicular  to    the  eq^uations  arc 

22ft.  If  ihe  a«s  and  conditionB  ore  those  of  §  223,  tlie' equa- 
tion (120!|)  beoomefl 

227.  The  whole  expwuDon  or  contraction  of  the  body  at  any 
time,  is  derived  from  the  conMidcration  that,  l>y  llio  defiiiititui  oft  in 
§  '220.  any  very  minute  iiortimi  of  the  hoily  uhieh  is  originally  a 
sphere,  hucoiiie.s,  in  the  disturbed  state,  an  ellip.soid  similar  to  that 
of  §221.   If,  then, 

d  =:  the  expansion  of  the  body  ; 

the  sphere  of  which  the  radio*  is  becomes  an  ellipsoid,  of  which 
the  axes  are  >'(l  +  c«))t(lH~0>*(l-|~**)>  therefore,  its  vol- 
lime  becomes 

i         +  <J)  =  i  n  .'-(l  +     (1  +        +  e.), 

and 


22fL  When  the  disturbance  is  so  small  that  the  sqnares  of  the 
expansions  may  be  neglected,  which  is  the  ordinary  case  of  elas* 


ticity,  the  equation  (110,;)  becomes 

<  =  ^.  [<»»»  j^i>.tf.  -I-  GOflJcosi' + 

22''.  If,  thm,  ihr  rrrijirw)!!  <f  Ihr  $f/imre  r'»>f  <f  the  /iiiair  cTfMiii.W'ni 
IM  aiii/  iiiiwtMi  la  Imd  oJJ' fnun  the  nrhjin  vpiiu  Ikal  diii'dinn,  us  thr  niilitia 
vector  of  a  turfaa;  i/ie  rtsuUiiif/  surface  m  a  surface  of  Uic  second  degree,  of 
mMek  Ok  eyuatiom  A 

1  =        a  +  y  /  ( />,«.  4-  A",)], 

or  l=;i.(x2>,j:i.,(x«j. 

230.  If  the  axes  nro  thoflo  of  the  prindpal  expaiifliolu  and 
contcacUonii>  the  formula  for  eJi^anBioa  becomes 

«ad  the  equations  of  §  221  become 

231.  If  the  principal  expansious  and  contractions  arc  all  of 
the  same  name,  that  if  all  are  expansion^  or  if  all  are  contnu> 
tions^  the  surface  of  |  229  is  an  ellipsoid.  Bttt>  in  other  cases,  in 
irhich  neither  of  the  principal  expansions  is  aero,  the  surfiice  is  the 

comhination  of  two  liyperI»oloi«l.'<,  of  which  one  is  onc-pnrtcd,  and 
the  other  is  hi-partcil,  lioth  thi  .<o  hyiH-rholoiiN  linvf  the  sntne 
axoH  and  the  Kiiine  asymptuti<'  conicul  surlacc  ;  and  the  a-^yiiijitutic 
conicul  suriticu,  correspuudiiig  tu  the  dircctiuuf^  in  which  there  is 
neither  exponmoa  nor  oontraction,  divides  the  direetiwas  in  which 
the  solid  ia  expanded  from  those  in  which  it  is  contracted. 

16 
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If  one  of  tbe  principal  espanswns  is  zero,  the  rarikee  is  reduced 
to  n  cjfinder ;  and  if  two  of  the  principal  expanaooB  aie  xero,  the 

0Urracc  is  rcMluccd  to  two  parallel  planes. 

2'-V2.  Ill  the  ])rc>s(>nt  cruse,  the  formula  of  §  227,  ibr  the  expan- 
tuou  uf  the  isolid,  is  reduced  to 

233.  The  formula  (120a)  for  the  rotatiou  ubout  the  oxis  of  x 
becomes, 

tan(y,  +  i^  )  =  tanv 

=  (1  -f-        —  />,  t,,)  tan  v  —  D,  ti,  tail*  i/'  +  D,  u, , 

—  ^m  +  T,0O82(f  —  J 

in  which 

t.cob2i},  =  I  {D,u,  -f 

234.  The  nuudmnm  rotation  about  x  conegpondis  then,  to 

and  the  minimum  rotation  conrespondii  to 

v  =  'ix  4- «» 

b 

and  is  the  mean  rotation.  When  the  maximum  and  minimum 
xotaUotts  have  opporite  signa^  thore  are  two  intermediate  rotations 
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ivliich  Tanbh,  oorra^onding  to 

cos2(ip  — =  —  ^. 

235.  There  are  nnulnr  formulie  for  roUtions  above  the  axes 
of  and  and  the  combtnations  of  the  mean  rotations  give  a  great- 
est mean  rotatbn,  rejnesented  by 

the  direction  of  which  is  determined  by  the  equations  represented 
by 


2SG.  If  the  axes  arc  those  of  §  230,  the  equations  of  §  233 
become 

=      +  ]  (A    —  A  w,)  sin  2  V . 

237.  When  the  disturbance  ia  suoh  ttiat»  for  each  of  the  prioh 
cipal  axee^  there  ia  the  equation 

the  equations  of  the  preceding  section  become 

J7.==i7=0, 

=  4  ( A". — an  2  y ; 

so  that,  in  thb  case,  Merw  w  euK^ptman  td&out  anjf  mem  rotation, 

238.  When  the  disturbance  k  sudi  that  for  each  of  the  princi- 
pal axea 
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the  equfltions  for  eompresBion  and  rotation  beoomos 

BO  that)  in  this  case^  ^art  it  roiaHon  miknit  eompresnoH, 

All  the  preceding  invi-ftigiitions  upon  the  iiitorual  chani!(  s  pro- 
duced by  tiie  disturbance  of  the  form  of  a  body  ate  taken  from 
Cacchy. 

239.  The  elastic  force  which  is  developed  by  any  small  dis- 
turbance of  the  internal  condition  of  a  body  h  proportional  to  the 
amount  of  dUturbane^  and  ba^^  tkerefiire^  the  Bome  general  fonu 
ivith  that  of  the  diaturbanee  itseUl  But  the  special  di«cuanon  of  the 
reliitivc  vjiliies  of  the  cocirieienta  involves  the  oonaideration  of  the 
laws  of  equilibrium,  and  must  be  reserved  to  a  snhsequent  chapter. 

V. 

MODUOfjNO  RHICBL 

240.  Among  the  ibrees  of  nature,  those  ivhtch  produce  the 
equations  of  condition  deserve  peeuliar  connderation.  Being 
merely  conditional,  they  do  not  augment  or  decrease  the  power 
of  a  system,  hut  merely  modify  its  direction  and  distribution.  They 
may,  therefore,  Ite  c  illi  il  inoilififlug force* }  and  may  be  divided  into 
two  classes  of  stulionar^  ami  muviug. 

24L  Staiimarif  modij'ifiiig  form  arc  perpendieular  to  fixed  mt- 
fiiees  or  linei^  and  ooostitute  the  action  by  which  certain  material 
points  of  a  system  are  restrained  to  move  upon  those  sur&ces  or 
lines.  A  force  of  this  nature,  bebg  perpendicular  to  the  motion  of 
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its  point  of  appUeation,  does  not  increiue  or  diminiidi  the  total 
power  of  the  system,  but  inodinos  its  elements  of  direction. 
ThuH  the  equation  of  condition, 

between  the  coSrdinates  of  a  point,  involves  the  idea  of  a  force, 
aeting  in  the  direction  iVof  a  nomtol  to  the  surfiice  represented  hy 
this  equation.  When  it  is  combined  with  its  ttultipUer,  it  is  equivap 
lent,  ))y  (27m)>  (27«),  and  (54u}»  to  a  modifying  Ibcce,  of  which  the 
magnitude  is 

242.  Tills  force  nmv  lio  <l^'<■ompo^^o^l  into  tliree  forces,  which 
arc  parallel  to  three  rcctiuigulor  aixes,  either  of  wliidi  u  rex'rci^nted 
by 

iv(n^)oo8f, 

Avhile  the  point  of  aiijjlii  atioii  movc!^  t!ii<)iiLj;Ii  the  elementary  arc 
Us,  ita  advance  m  the  direction  of  the  axis  of -r  ia 

(Is  cos'.. 

Tlic  Mmoiint  of  power  added  to  the  system,  by  the  component 
force  in  the  direction  of  the  axis  o£x,  ia 

i.da^{Q  L)  oos^cos;;, 

and  there  is  a  oonseqnent  increase  or  diminution  of  force  in  this 
direction.  But  the  mutual  perpendicularity  of  JVand  « is  expreased 
by  the  equation 

JF,  (cos^  cosi)  =  0 . 

The  whole  augmentation  of  power  arising  from  the  three  C0im> 
ponents  ii^  therefore^ 

X<7«^(n  £)^.(cos?cos:)  =  0, 
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>vliich  agrees  with  tliu  fundamental  cono^tion  of  a  stfttioiiaij 
moiliiying  force,  ami  illiistratos      nioili'  of  action. 

2  J3.  Mofiuff  mo(iii'i/in(/  forces  arc  perpendicular  to  moving  sur- 
facefi,  which  surfaces  are  themselves  ixtrtious  of  the  moving  ^y^jtem, 
and  the  points  of  application  are  restcained  to  move  upon  these 
SDiiaceBL  In  this  case,  the  nu>tlon  of  each  point  of  application  may 
be  decomposed  into  two  jjarts,  of  which  one  part  if  perpendicular, 
and  the  other  is  parallel  to  tiie  moving  surfaces.  The  modifying 
forre  has  the  saitio  relation  to  the  motion  which  is  perpendicular  to 
it,  \\hicii  has  been  already  di!icus.-*cd  in  refercuce  to  the  stationary 
surface  ;  put  hy  its  rehuiuu  to  the  other  component  of  the  motion, 
it  comraunicates  pover  to  the  point  of  application,  or  the  reverse. 
But  the  power  which  is  thus  oonunnnicated  to  the  point  is 
abstracted  fbom  the  surface,  and  through  it  flrom  the  other  por- 
tion h  of  the  system  ;  and,  therefore,  the  whole  amount  of  power  of 
the  system  is  neither  !!u  reii<0(l  or  decreased.  Although  for  the  pur- 
jioties  of  theoretical  .•^peculation,  it  i.s  convenient  to  regard  the  sur- 
face and  the  point  of  application  parts  of  one  syj^tcui,  it  is  often 
the  ease  hi  the  useful  arts  tiiat  this  transfer  of  power  is  of  the 
highest  practical  importance  and  Is  the  basis  of  the  theory  of  the 
turbine  whedl. 

In  a  rigid  system  of  bodies,  these  forces  constitute  the  icmb  ^ 
tution. 
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CHAPTER  VL 


EQUILTBRnTM  OP  TRANSLATION. 

244.  The  conJiliona  to  irftich  any  eombmdion  of  fnrrat  mint  he  sub' 
j'l'et,  in  or'ler  ihrt;  mtiif  not  tend  (o  prrxhirr  fraa-^itfi'-n  iii  the  s>/stem  of 
malcriai  poi)iis  to  ic/uch  tlwy  are  applicJ,  arc  readily  iuvestiguted.  It 
foUowa  immediately  from  §§  18  and  20,  and  trith  the  notation  of 
thow  Boctionsy  tliat  the  algebraic  condition  that  the  ijyatem  has  no 
tendency  to  move  in  the  direction  of  is 

jriOTi/'iCOs/=:0. 

But  each  term 

Ml  JFiCoa^, , 

ia  the  projection  of  iLe  force  Wj/i  upon  the  direction  of  j»,  and, 
therefore';  if  the  uhjdrak  ram  ^ ike pnff'eetim  if  tMikfs  fwrm  oi^ 
ibtdkn  wmtdtts,  ihere  u  no  ienden^  U  irtmthtm  in  Hat  t&vdieH. 

245.  It  alao  fidlowa  from  the  combination  of  translation^ 
given  in  |  23,  that  ^  then  is  no  tcndnir'/  {<>  fi  nnslution  in  (wo  different 
(liri'rlim-i.  vhirh  nrc  mi  jmrnlii  J.  iJ/rrr  is  no  tnidt  iici/  to  (raiisinfion  in  the 
plane  of  llirsc  /fr)  d/ncf/'niix  ;  itud  if  llicrv  is  no  tcudenry  to  tr(ini>t(diiiii  in 
three  directions,  n  liich  arc  not  in  tlu  same  jdace,  iJiere  ia  no  tendtney  lo 

tin  auy  dkteUem. 

By  means  of  rectangular  axea  the  algebraic  conditions^  which 
are  neoeaaary  and  auflGieient  to  jooduce  equilibrium  in  respect  to 
tmnsktion,  are  combined  in  the  formula 

^,[2;(«,J',oob;)]>=:0. 

This  formula  is  independent  of  the  situation  of  the  points  of  the 
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system,  except  ao  lar  as  the  elements  of  position  are  implicitly  con- 
tained in  the  expressions  of  the  forces  and  tht  lr  Jirections ;  it  would 
remain  nnchanj^ed,  therefore,  if  all  the  points  were  condensed  into 
oiu',  without  any  variation  of  the  magnitude  and  direction  of  the 
forces.  The  conditions  of  equilihrium  arc,  then,  the  wiuie  us  if  all 
the  forces  were  allied  at  a  single  pohit 

246.  If  one  of  the  points  of  the  system  were  subject  to  the 
condition  of  being  confined  to  a  fixed  surfiice  or  Hue,  the  conditions 
()'■  r  •  'lihrium  of  translation  wonl  l  si;ti]ily  )  i'  reduced  tt)  the  condi- 
tion that  llir  ri---!'l/(iii/  'if  a/!  t/tr  otlur  f<ncti>  uvui'/  hr  pirpciuHmhr  i<<  this 
siirj'dce  or  litic,  ami  tltc  m<nlifiii:>ij  /"m-  hj  which  Ute  jtoiid  tvas  real  mined 
would  be  equal  and  opjmilc  to  l/iij  resultant. 

If  a  point  of  the  system  tras  absolutely  fixed,  or  if  three  diflbi^ 
ent  points  were  restrained  to  move  upon  three  fixed  surfiieefl^  there 

forces  apjS  'l  to  thf  syyfrm  rotild  ie  egual  and  tqiponle  io  fhot  tf  ^  moH- 
fj/wg  forces  iy  vhieh  the  jv/uds  irerc  coiifiinl. 

217.  Thf  tticiiry  of  the  eqiiilibrinni  of  a  point  is  wholly 
includL'd  in  tliat  of  its  translation.  But  since  every  wysteni  is  a 
mere  combination  of  pointy  the  complete  theory  of  equilibrium  can 
easily  be  evolved  firom  that  of  translation.  This  mode,  however,  of 
arriving  at  the  comditions  of  equilibrium  is  neither  luminous  nor 
instructive. 

248.  The  conditions  of  the  equilihrium  of  tmnslation  of  a  sys- 
tem, which  is  free  from  the  action  of  all  stationary  niodifyin<^  forres, 
may  ns,sume  the  form,  that  each  force  is  cjual  and  ojtjmilc  to  tiw  rcnuU- 
aid    aB  ih»  idherfurect. 

then,  there  are  only  two  forcet^  they  must  be  equal  and  oppo- 
nte ;  and  if  there  are  throe  forces,  they  must  all  lie  in  the  same 
plane,  and  he  represented  by  the  sides  of  a  triangle  formed  by  three 
lines  which  have  the  same  direotious  with  the  forces;  so  that  each 
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mutt  he  proim-iioml  to  (he  mm  tf  Unt  mffk  wckded  hdwem  the  Met 
Aro  /oreet.  Whatever  are  the  forces,  if  we  were  to  start  fiom  a 
P<MDt)  and  proceed  in  the  direction  of  either  of  the  force«,  through  a 
distiim-e  proportional  to  the  intensity  of  that  force,  and  proceed 
again,  in  the  sjimo  wny,  from  the  point  nt  whirh  we  arrived  in  the 
direction  of  anotlier  force;  and  on,  pro(  i'Liliii>r  siieeessively  fn>m 
each  new  station  in  the  direction  of  the  next  force,  through  a 
distance  ]>roportioiial  to  that  force,  the  course  would  finally  termi- 
nate at  the  original  pmnfc  of  its  conunenecment. 


CUAPTlili  V  U. 
EQUIUBBIUU  OF  ROTATION. 

210.  T/ie  conilill'iiin  io  vh'x  h  ii  si/slcm  of  forr-  -^  lui'^f  I'C  ^t'fijrff,  in 
orihr  Hull  it  uiki/  wA  (rwl  /«>  jii-i'dxt  e  nAatkiii  ah</it{  a  jxiiiJ  or  mi  <i.ri.*,  are 
directly  deduced  from  §^  S  I  and  88,  and  are  mmply,  ika(  iAe  rcsiil/aiU 
moment  of  ail  the  forces,  tcUh  refermee  to  tie  point  or  the  projedion  tif  thi$ 
retultaHt  mmeid  ujtoa  the  taiOf  naut  rmuh. 

250.  When  there  is  an  equilibrium  of  rotation  about  a  point, 
tlie  resultant  of  tlic  forces  may  not  vanish,  in  which  ease  tliere  ia 
not  an  cqnilihritna  of  Ininslutioii.  About  any  other  point,  there- 
fore, wliieh  is  not  situated  in  the  line  drawn  parallel  to  the  resultant 
through  this  point,  there  is  not,  by  §  100,  an  etiuilibrium  of  rota- 
tion ;  although  there  it  an  egHiShriiim  of  rotation  aboni  eve/y  i>oiiU  cf  that 
Une.   In  order  ^  tken^  that  there  may  he  an  e^Sihrmm  of  rol^ton  about  all 
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poifdt    tpaetf  or  eMw  oSon/  Hreepamia  not  tn  ike  tame  rira^kt  Sm^  {hen 

mm/  he  an  ojtuh'hriiim    irmdaiion  a$  veU  as  of  rotullon. 

251.  In  the  Hamc  way,  it  npponi-s.  t!iat  if  there  is  an  eqmKbmm  if 
rr>iali»n  nhuuf  juiraUd  axes.  l;/iiti/  in  the  smne  plune,  there  an  eijuitihrivm 
of  iranifiuiioii  in  the  dirediun  jterjtt  udiculur  to  the  jdaiic  ;  and  if  there  iji 
eguSihiim  ef  n^alian  about  parallel  axet  irAmA  are  not  in  (he  tame  jdaiie, 
ikere  it  an  eyvS^ruan  ef  trambtm  m  every  ^Sredion  exeqi  lhal  «f  ike 
parallel  axes. 

252.  If  there  is  a  fixed  point  in  a  system,  if  is  necessary  and 
fiii^rinit  for  the  efjvilitirivni  of  rolntinn  thai  the  rfsiiHtinl  lumneni  for  tliia 
j'oinl  sh'iidd  I)e  uolhiiKj  ;  and,  in  this  cAi-v,thc  ri  -sitltinit  iw^Meiit  rniii^he.i  for 
ei'crtf  jxmt  of  the  druiijld  IIm  which  U  drawn  IhruiiyU  tiw  Jixed  jtoiid  par- 
oBel  to  Ike  remlfatd,  and  also  for  every  ane  wkkh  it  mike  aemepkme  tntk 
tkii  tlra^kl  Sne. 

253.  If  there  cue  two  fixed  points  in  a  system,  it  is  neeessary 

and  sufficieid  for  the  ffiii/itirinin  of  rotation  tha/  the  momeHt  «f  the /ofcet 
thould  vanish  for  the  line  whieh  jui/is-  the  fim  i'<-i.il^_ 

254.  If  tlic  force.s  arc  iianillol  aiui  equal,  there  is,  by  §  09, 
combined  with  §  2GU,  u  line  parallel  tu  the  cuuimun  dircclion  oi'  the 
Ibrees  for  which  the  resoltiuit  moment  vonishcB.  If  the  common 
direction  of  the  forces  is  aasmned  for  that  of  the  axis  of  s,  the 
moment  of  the  force  acting  upon  a  particle  dm^  with  reference  to  an 
axis  drawn  paraUel  to  that  of  y  at  the  distance  a,  bom  the  plane  of 
ys^is 

—  a)Fdnt, 
and  the  whole  moment  of  the  s^'stein  is 

fjx-ayF^Ffjs-a), 

The  condition  therefore  that  the  moment  vanishes  for  this  axis  is 
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•nd  the  plane  which  is  thus  drawn  at  the  distance  a  from  the 
plane  of  includefl,  by  |  127,  the  centre  of  giavitj.  Hence, 
tie  axkf  /or  vMek  ik$  rttufUmt  moment  of  ike  paraBet,  mi  equal  /orcet 

ac/iiir/  vpv}  a  i^ttem  vaidshet,  jxtssrs  Un-uvjk  (he  ccidre  ^  graa^ ;  ttn''  !f 
ihc  si/ntiiii  has  an  t'f/iii/if>rii'in  of  ii.rl  if  thrrc  ix  n  iiml pnhd  in  it, 

ihe  cpiitrr  of  (/rufi/t/  unid  he  in  (In:  -y/r'tii//!'  linr  vhich  m  i/ratrn  lliroiii/h  lite 
^cd  point  in  the  common  direct i(/n  oj  tJu'J  orccn  ;  or,  if  Uu  re  m  a  fixed  axis, 
ike  eeUlre  of  gravUy  mat  He  in  the  fkmc  iwUeA  tndkidee  iha  oxk  and  ike 
dureedm  ef  ikefareee.  It  ia  also  apparent  that,  tke  eentre  tfffnmfy  k 
advanced  Ujfoud  ike  fixed  point  or  axil  m  ike  direcHoa  ef  the  fmxt,  ike 
equilibrium  is  stable  ;  hut  if  ike  eenire  of  fframly  i*  not  to  far  advaueed  aa 
ike  fixnt  jmiut  or  axis,  the  efjuilihrium  is  uustdhle. 

Till!  onliiiiiry  cjlhc  of  gravitation  at  tlio  sinl'aci'  of  the  earth,  in 
which  its  vai'iatiou  in  iutcnijity  aud  dcviutiou  from  pai*allclisiu  ia 
insenaible  Sat  the  nnall  irfatem  of  hodies  diacuBBed  in  the  usual 
inveatigatioDS  of  mechanical  is  the  &infliar  t^  pc  of  this  apecies  of 
force. 

255.  In  the  motions  of  translation  and  rotntion  llierc  no 
motion  of  the  parts  (if  the  system  among  thi'inst-h  (■<.  Thi  rc  is  no 
change,  therefore,  in  tlie  nuitual  (listnnce  of  tlic  uri;^iii  ami  point  of 
applicatiou  of  each  of  the  forces  whicli  ari.so  from  the  uctiou  of  the 
parts  of  the  i!)r8tcm  upon  each  other.  The  origin,  regarded  as  a 
point  of  application  of  the  same  force,  acting  in  the  opporite  direo* 
tiott,  mores  just  as  far  in  the  direction  of  tiie  force  as  the  actual 
pouit  of  application  ;  so  that  such  a  force  acts  precisely  as  u  moving, 
modifying  force,  and  has  no  tendency  to  afTect  the  eriuilibrium  of 
translation  or  rotation.  Att  tin-  forrm,  thirrfore,  bcti'utn  thr  ilijyt  rrnt 
parts  of  the  si/Htcm  mtiy  be  luyli  ctid  in  detenniiiiHg  the  condUiom  of  the  ctpu- 
Hbritua  of  iraiutleUion  or  rotation. 

This  mntoal  relatioii  of  the  ori^  and  point  of  application 
the  force,  by  which  either  may  be  regarded,  at  pleasure  as  being 
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the  odgin  or  the  point  of  application,  by  a  simple  reveraiil  of  the 
direction  of  the  force  without  any  change  of  its  intensity,  is  com- 
monly expresMd  by  the  proposition  that  aetion  end  reaetim  are  egual. 


CUAPTER  VIII. 
EQUIUBBICM  OF  EQUAL' AND  PARALLEL  FORCES. 


I 

MAXIMA  AXD  SnXtSIA  OF  THE  POTEXTIAU 

2oC.  In  ordur  to  give  pruciMiun  to  tliu  modea  of  expression, 
and  have  the  benefit  welMoMnrn  ienns  and  fiwms  of  speech,  fte 
fiwce  oonaidered  in  this  chapter,  is  assumed  to  be  the'typ^*^!  force 
of  gratUt^M  at  the  surface  ^  the  eartij  acting  within  a  space  amall 
enough  to  admit  of  the  neglect  U*  panatiou  ^  iniea^  and  demtm 
/nm  pantlMkni. 

Tlir  livii  surf  acts  of  f/u's  force  are  h'lri.r'nilal  phitus,  ami  llic  p'ltciJial 
decreases  mformly  teiik  the  iaereuse  vf  luii/lU  ubme  Ihc  earth's  surface. 

257.  Let  the  three  rectangular  axes  be  so  a»umed  that  the 
plane  of  za  is  horizontal,  the  axis  of  jr,  the  upward  vortical,  that  of 
Xf  the  nnrthem  horizontal  line,  and  that  of  «,  the  western  horixontal 
line.  I(  then, 

is  the  intensity  of  the  force  of  gravity, 
G  the  distance  of  the  centre  of  gravity  from  the  origin,  and 
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the  Tiilu«  which  th«  potential  ironid  oaaume,  if  all  the  points 
were  in  the  plane  of  x« ; 

the  actual  value  of  the  potential  ia^  by  the  property  of  the  centre  of 
gravity, 

X!  =  J2,  -  J  y  =  X2o + 

=  i2,  — J*^  G,  —  Ll^  —  m  G,, 

Hence  ^  potential  is  a  maxiuuiah  wikit  iHt  kai^kt  tf  tkt  cenkre  ^ 

gravUtj  I's  a  mlitimuiii,  and  such  a  jjost'/ion  of  the  s>/Hftni  corrcajKnnls.  h;i  \  G2, 
to  that  of  »lahlc  equilibrium  ;  hut  Hif  jwlculiut  is  a  luiiiiitiiiiu,  vttni  (Itr  hi  ii/lU 

of  thr  cfidn'  ff  f/nn'H'f  is  a  maxituuntf  and  such  a  position  correapouds  to 
titat  of  uiiUabic  etjuitilinum. 

25&  ^ce  the  'AveotitHi  of  gravity  is  the  oome  for  oil  the 
points  of  the  aystem,  then  emntt  ie  tm  eguSOrim  inmiMm,  tmto* 
tkere  are  stationary  moi^ffk^  fof^^t  retaltatit  tf  wkidk  must  te  mutfy 
equal  to  the  a^Me  av^iU  <^  ike  sgftlem,  mi  kam  a  vertieal,  tqueard  iirec' 
tioa. 

259.  The  resultant  inorticnt  of  nil  the  forcos  of  j^ravity  \im- 
iahes  for  tho  (  ('ntrc  «»!'  gruvity  ;  «/f/,  //urifon',  tlte  rt»ulliuit  immad  of 
all  tJie  tiaiiotMi  ij  lU  'dfyiHij  forces  muU  vanish  for  the  same pmiU. 

260.  If  there  ia  but  one  modifying  force  in  the  system,  it  matt 
ie  vertkaBg  dirtded  ofUBorde,  haxe  wtt  iahiuify  egml  to  (he  teMe  w^M  ef 
the  t^nfaii,  and  its  Sue  «f  action  must  pass  iirot^k  the  ccntn'  of  tjravilif. 

261.  If  there  are  but  two  stationary  inotlilying  forces,  tln't/ 
viuff  li>'  in  a  common  pfcuc,  vhii'h  is  vrlii-al,  and  inr/ndts  Un'  rndrr  of 
graviiy,  tlteir  rcmllanl  uiii-d  hare  an  upward  dircviiusi,  and  be  optat  to  Ute 
weight  of  the  sgstem,  aad  Ihcy  iniiet  ie  recipnK'uttg  projmiiomi  to  the  <Uo- 
ianeet  Men*  dktSimfrom  the  eattre  ifgnmtjf.  This  last  condition  is 
involved  in  the  neceasity  that  the  resultant  moment  must  vanish 
for  the  centre  of  gravity. 
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.262.  If  the  intensity  of  the  force  of  gravity  were  to  be 
increawd  or  dimini-lu  il.  tiic  coiulitions  of  the  position  of  iM|(ii]i!)- 
rium  wouM  not  ho  chanm-d,  but  intensity  of  the  nio«]il\  iii;^  Ibrce.H 
would  he  proportioiuilly  inercawil  or  diuiini.shed.  Evcu  il  tho  force 
of  gravily  were  to  be  made  negative,  that  i%  if  the  direction  of  its 
action  were  to  be  revened,  the  oonditiona  of  the  position  of  equilib- 
rium would  still  remain  nndianged,  provided  that  ^  modiQring 
forces  of  such  a  nature  that  the  direction  of  their  m  ti  n  N\nuld 
also  he  reversed  ;  but.  in  <bi<  cM-f.  the  pof-ition  of  stable  equilibrium 
becomes  that  of  unstable  etiuilibriiuu  and  the  opposite.  This  rever- 
sal of  the  dii'ectiou  of  gravity  is  relatively  accompliiihed  by  the 
rotation  of  tiie  whole  .sy.stem  about  a  horiaontal  aids. 

n. 

TBI  VUMICOLAR  AHD  TBB  CATKNAXT. 

2G3.  Wheu  tiiu  points  of  applicaition  of  a  system  of  forces  are 
vidted  by  a  sin^  ctwtinuoua  chord  which  is  destitute  of  maas,  the 
polygon,  which  is  Ibrmed  in  the  atuation  of  equilibrium,  is  called  a 
fvaiadar.  Hie  general  conditions  of  such  a  system  mvolve  a  mere 

repetition  of  the  principles  of  ei|nilibrium  ;  and  the  present  dtBCUS* 
siou  is  limit eil  to  the  case,  in  wliich.  the  points  of  application  are 
masses  acted  upon  by  ;_'r;ivify. 

264,  Wheu  there  m  but  one  iixcd  point  to  the  system  which 
may,  without  any  essmtial  kas  of  generality,  be  assumed  to  be 
dther  extremity  of  the  chord,  w  every  potent  ej^i&mm  He  Monf 
mutt  h  verUeaL 

But  if  the  idea  of  the  incompressible  rod  is  supposed  to  he 
included  in  that  of  the  inextcnsible  chonl,  each  jwrtion  of  the  choi-d 
included  between  two  successive  uuuses  may  be  assumed  to  have  a 
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verticttl  direction,  either  upwards  or  downwards ;  so  that,  if 

n  is  the  luiinbcr  of  masses, 
2"  is  the  number  uf  puhitiuus  of  e<iuilibriuin, 

all  of  these  ]i<isitions.  except  that  one  in  which  every  portion  of  the 
cord  is  direct I  'l  l n  luvards,  involves  an  cK  inent  of  instahiiity,  and 
must,  theri'l'oi  I',  bi'  ic^jarded  as  ahsoliitih/  u-o^hthli'.  The  ft^n-wn  of  park 
poriion  of  the  chord  is,  in  evcrtf  case,  etjual  to  Uutt  of  uU  the  tvcitjld  which  it 
he»  U  ttatam;  ikat  i$,  to  Ike  mm  cf  eUthe  n^tegua^  fmMM»  wAieA  Ue 
ifpm  ike  portion  <f  (ko  dord  not  aUaeied  to  ike  jpoud  ef  tntpemm. 

205.  When  there  aitt  two  fixed  pointu,  tho  whole  indnded 
chord  must  huiiLj  in  the  same  vertical  plane  with  these  two  points. 
The  tensions  of  the  various  portions  of  the  elionl  n  present  niodifyin|» 
forces;  and  the  surfaces  at  which  the.-o  fon-es  act  are  tho.<e  of 
spheres,  all  the  centres  of  which  arc  movable,  except  those  of  the 
twofiated  pointa.  In  tin  ^  r  ition  of  equilibrium,  however,  all  the 
centres  become  stationaiy,  and  the  c<mditions  of  equilibrium  of  each 
mosB  or  portion  of  Ihe  chord  admit  of  independent  discussion. 

Tlie  forces  which  act  upon  each  mtUH  are  graviJy  nitil  the  tCtt- 
Bions  of  the  two  portions  of  chord  upon  r:n  li  -iile.  The  horizontal 
pnyections  of  tiiese  two  tensions  niu^^t,  tlierelniej  bo  c<ju.il  and  oppo- 
fiite  iu  order  to  balance  each  other ;  so  that  ihe  hoiizoiilal  pruji  ction  of 
Oe  tentkm  tf  Que  ekord  w  wmidh  ihm^kofd  U»  wMe  length,  and  equal  io 
tkeiormHUdjpnff'eeUon    the  mdtmx^fareo    tank  ef  ihejhced  food*. 

2^  e^ehmic  sum  vf  tie  ujneard  veHieal prqfeeUone  tf  (he  teaekme  at 
(he  Uco  rxfrciiii/ics  of  (O^f  portion  nf  ihe  chord  must  be  equal  io  the  weight  «f 
uH  ihe  iiitennediate  mosstf  in  order  to  support  them  against  the  force 
of  gravity. 

200.  These  two  coudilioud  are  nece-sary  and  sufficient  to 
produce  an  equilibrium  of  traaslatiott  in  any  portion  of  the  chord, 
and,  therefore,  of  the  whole  chord.  Hie  condition  of  the  equilib> 
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rium  of  rotation  of  each  portion  of  the  chord,  olthoiigh  induded  m 
the  preceding  conditiona,  is  an  intcrestiog  and  u«cful  modification  of 

them. 

With  reforcucL'  to  the  centre  of  gravity  of  tlie  niaHses  of  each 
portion  uf  tlic  clmnl,  (he  moment  of  tlie  LM;i\ity  of  tiie  ma.sses  is 
zero,  ami  thereiuro  the  mumeiit  uf  the  tenaious  tipplivd  nt  tliC 
extremities  most  also  vanitili.  But  the  direotkxB  of  these  tmfflona 
are  not  paroUel,  and  therefore  their  lines  of  tension  produced  must 
meet  at  a  pmnty  at  which  both  the  toudons  may  be  regarded  as 
applied  without  affectiug  their  tcudoncy  to  produce  rotation.  At 
tliis  new  point  of  ajiplieation  they  may  he  comhined  into  a  result- 
ant, wliieh  is  vortical,  heeausu  the  horizontal  projections  of  llie  ten- 
hious  arc  equal  and  oppoj-ile.  This  resultant  ha.s  the  same  tendency 
to  produce  rotation  with  the  tcmuous  thcoiiH^lveH,  and  therefore  it 
must  pass  through  the  point  for  which  this  tendency  vanishes, 
that  ia,  through  the  centre  of  gravity  of  the  massea  jTOe  poAd 
meeting,  ikonfore,  of  (he  lines  of  cj/rmr  (n>-i'oi  -f  a. of  jmrtio,!  <if  «  eAflnf 
W  ill  the  same  rrrfiral  inlh  I  In-  (■<  iJrc  af  ijrav'dii  if  lite  iidcvnu  iVudr  iwt»^ix. 

2G7.  If  the  two  extremities  of  any  portion  of  the  chord  are 
in  the  same  horizontal  line,  the  e(|unl  horizontal  projectiouH  uf  tliu 
extreme  tensiims  are  cncactly  opposed,  and  there&re  Mm  mtHnents 
of  the  vertical  projei^ions  of  these  tennons  must  be  equal  with 
reference  to  the  centre  of  gravity.  JTke  veHkal  pnffedmt  tf  ike 
extreme  tewdous  of  any  portion  of  ilie  ch'>nL  of  whieh  tlie  extrciinflfs  are 
11/mi  (he  fame  horiz'/ii/nl  line,  are,  thru,  reelproealltf  propurliuml  lo  iheir 
d>»(ances  from  (lie  vertical  drateu  through  the  ceiUre  of  gravity  of  the  inter- 
mediate mams. 

268.  S^nee  the  horizontal  projection  of  the  tension  of  the 
chord  is  the  same  throughout  its  wh(4e  extent,  no  portion  <tf  the 
chord  can  become  vertical  If  any  portion  of  the  chord  ia  hori- 
sontal,  the  vertical  prqjeetion  of  it«  tenuon  vanishes  and,  therefore. 
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the  vertical  projection  of  the  chord  at  any  other  point  is  equal  to 
the  sum  of  the  weights  of  all  the  mosses  intermediate  between  this 
poiat  and  tbe  horiiontal  portion.  If  tben 

T  is  the  tension  of  the  chord  at  any  point, 

and  if  the  axis  of  «  is  horiwntali  and  that  of  y  vertiea],  directed 
upwards^  so  that 

T,  18  the  horiiontal  pngeetion  of  T,  and 
its  vertical  prcgection  ;  and  if 

s  is  the  arc  of  the  chord  at  any  point,  and 

IM  the  .sum  of  all  the  yiinssea  included  between  the  point  oud 
the  horizontal  portion  of  the  chord  ; 

the  following  equations  expren  Ike  preceding  conditions : 

2'cos*  =  2;=m, 
tan;=:-^. 

The  inclination  of  the  chord  to  the  horizon,  thcrefiur^  incieaseB 
08  the  distance  recedes  from  the  liori/imtal  portion. 

If  the  chord  haa  actually  no  horizontal  portion,  the  preceding 
equations  are  still  applicable  by  assuming  for  »>,  such  a  value  as 
would  be  required  to  corteqiond  to  the  verticol  tension  of  any  given 
portion  <tf  the  chord. 

269.  If,  in  proceeding  from  the  horisonttil  portion  lit  cither 
direction,  the  chord  is  evcrywlicro  ascending  or  descendinu',  itis  hori- 
zontal direction  mu.st  also  be  away  from  the  extreniity  of  the  hori- 
zontal portion  to  which  it  is  attached  so  as  to  form  a  portion  of  a 
convex  polygon,  which  cannot  be  intersected  more  than  once  hy 
any  vertical  Iin&  Such  a  positbn  of  the  dioid  correqtondB  to  that 

18 
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of  the  perfectly  stable  state,  or  to  tiiat  of  the  most  unstable  state } 
and  each  state  is  always  possible. 

in  prbceediiig  firom  ihe  horuontal  portioiiy  ihe  ditection  of 
motkm  oluuiges  from  aaeent  to  deaeen^  or  the  roTen^  the  hociionh 

tnl  direction  must  be  reversed  nt  the  some  time,  and  so  that  the 
f^nhsefjucnt  portion  of  the  chord  will  form  an  arc  of  a  polygon  -vvliic  lj 
will  include  the  jin-rcdinij  portion  ^vitbin  its  concavity,  and  the  con- 
cavities of  both  portions  will  be  turned  the  same  way. 

270.  The  difference  of  equation  (137is)  apphed  to  two  differ^ 
ent  portions  of  the  chord  gives  the  fbllowing  cqnotum  betireen  Ihe 
intermediftte  bumkb,  die  bomontal  tension,  und  the  diiectkme  of 
tenaion  at  the  two  pinntfl, 

mf—m  sin  (i*  —  i) 

271.  If  the  nuuBes  aie  infinite  in  nmnher,  and  ananged  in 

unbroken  continuity  so  &»  to  form  the  chord  itael^  the  curve  is 
called  the  caUmarjf,  In  this  case,  if 

il  is  the  weight  of  on  unit  of  length  of  the  chord,  the  nuun 

of  an  element  is 
dm  =  ids  ;  and  if 
9  =  the  radius  of  curvature, 

the  equation  (ISSv),  applied  to  the  extremities  of  the  element^ 
^vei^  lor  the  equation  of  the  catenary, 

T 

(>  =  X>^*  =  ^sec'i. 

If  4  =  ^, 

this  equation  heeookes 


272.  Ui»  durdk  ^  m^mtiikklaimaiadM^tlirf^^ 
kagth,  k  and  A  ace  coastant^  and  the  integral  of  (13^)  is 

to  wiiicli  no  con.stant  Ls  added,  because  the  nrc  is  supposed  to  be 
measured  from  the  iK>int  at  which  it  is  horizontal. 

273.  The  curve  of  the  uniform  chord  ia  eaafly  referred  to  reo> 
tongttlar  ooOrdinatM^  jbr  the  equations 

Ihy  =  />i «  sin  ^  =  ^  rin  j  sec  * 
D<,*  =  DitOKM^  =  ilsec; ; 

give,  bj  integration,  and  determining  the  constanfa^  so  that  the  ori« 
gin  may  be  at  the  piMBt  of  horiaontaUty, 

y  =  ^(seoi— 1), 
«=:^Iogtani(4«— i). 

Tlicse  equations  give,  by  elimination  and  the  use  of  the  nota- 
tion of  potential  finietion% 

Sin2~tan.'  =  2) 

5-00.5-1= v(^+i)-i. 

274.  The  T^eal  tension  ofthennifozmdiord  is 

2;  =  «ifc  =  ^  r,  =  r.tan  i  =  r.Sin^ ; 
and  the  wliole  temion  is 

r=  r.sec;  =  r.Coai  =  T,{t  -I-  1)  =  r.y'^. 
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275.  ^  Uie  ckord  were  regauKd  to  ic  wiiek  a  vmaUe  iAidbmi  4U 
to  a-'^-vrmr  a  ffitrii  form  ef  atrvtf  the  law  of  tluB  vatiable  thicknesi  ia 
given  by  the  equation 


The  verticnl  tennon  is 


and  the  whole  tenaion  is 


27C.  J(f  the  U&knm  tf  ihe  ckord  wov  regmred  to  te^^tfortumd  to 
tit  tension,  ao  that 

the  following  equations  are  suoee8t»ively  obtained  by  co^y  tramtfoi^ 


Sin  ^  =  tan  = tan 

^=  logaec  ^= logCoB^, 

T=  T,in:ci=T,mc^=  T,Co8^=  T,c\ 

277.  Jjf  the  thicJmess  Ir  mich  as  fo  jire  an  nuiform  horizontal  distri- 
^■'■.','■■11  uf  the  vciijid,  that  is.  such  a  distrihution  that  the  weight  of  each 
liui  tiun  of  tlie  chord  is  proporliunal  to  ittf  horizontal  projection,  the 
equatiouH  arc 


Digitized  by  Google 


y  =  y  C(sec»i  —  1)  =  i  Ct&n*'  = 

aod  the  curve  is  a  parabola,  of  which  the  transverse  axis  is  vertical. 

278.  If  the  chord  were  coiuprcsidble  and  extensible,  it  would 
be  compelled  to  aamine  that  tbbdmeR%  in  which  it  would  have  ihe 
requisite  tenaom ;  and  the  fbnn  of  the  curve  would,  with  thb  oondi- 
tioo,  be  the  Hune  a«  if  it  were  inoompreanble  and  inextensible. 
Thus,  if  F  denotes  the  function  which  expresses  the  given  law  of 
the  relation  of  the  thickness  to  the  tenuoD,  so  that 


the  finrn  of  the  curve  is  given  hy  the  equations 

  1 

1 

279.  If  the  chord  or  any  portion  of  it  is  confined  to  a  given 
aas&eef  flie  resultant  of  gravity  and  the  iennon  of  the  dmid  on 
each  point  must  be  normal  to  the  suxfiiee,  and  is  bohnoed  by  the 
modifying  force  by  which  the  ymnt  is  fixed  to  the  surface. 

If^  then,  the  tangent  plane  to  the  surface  is,  at  each  point, 
assumed  ns  the  plane  o[x'y' ;  if  the  ajus  of  0^  is  horizontal,  and  that 
ofy'  directed  upwards,  and  if 

if'  \s  the  radius  oP  curvature,  at  this  point,  of  the  projection  of 
Uie  chord  upon  thiii  plane  ; 

the  curve  and  tennon  may  be  determined  by  means  of  the  equsr 
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tlons 


r   r,. 


280.  The  pressure  upon  the  Blirfiice  18  detenninod  hy  tlie  con- 
sidcnitidn  tliat  it  must  exactly  balnnce  the  tcnfl<'iiry  of  i>:u  h  point 
of  the  cliurd  to  move  in  the  direction  of  the  normal  to  the  surface. 
Bat  liie  tendency  of  the  tenBHMi  to  move  any  pcunt  of  tibtt  diord  in 
any  direotion,  as  that  of />,  is 


In  the  case  of  the  direction  N  of  tlie  normal  to  the  surface,  this 
expression  becomes,  because  s  is  perpendicular  to  Nf 


in  wHch 

^  is  the  ndius  of  curvature  of  the  projection  of  the  chord 
upon  the  commom  pUme  of  the  nonnal  to  the  suifiice,  and 
the  tangent  the  chord. 

Hence  the  pressure  sustained  by  the  surface  in  the  direction  of 
the  nonnal  is 


/>.2;=i?.(rco8;) 


28L   ^  ike  ekord  it  dettUute     we^kt  ttpen     portion  ^  ike  wr^ 
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face^  (>'  htemtt  uffiaHe,  and  &e  eurw  w  Hat  ike  tkotietl  &ie  n^tieh  mt 
be  dram  npm  Ihe  »ttface. 

The  tenBton,  in  thtB  cna^  is  oonstanl^  and  the  preMUZC  upon  the 
BUrfaoe  beoomei 

9 

282.  In  the  case  of  a  eyluid&r,  of  tcluch  tlie  axis  is  vcriical,  the 
equatbmi  beemne 

r=o, 

^  ~  isin;.' 

flo  that  Oa  eww  w  tts  tarn  vAm  &  itdevdapedmlhUieqflmderintoa 

fbtne,  wJiich  U  assumes  when  U  hangs  fn-clij. 

283.  //(  Me  cmc  of  a  svrficc  of  nrohih'on  about  averUealaxit  and 
a  chord  of  utufvna  tluckneas,  thi.'  e(iuationa  bucome 

in  whioh  the  aD^^e  whioh  jf  makes  with  /  is  detennined  by  the 
meiidiaii  cuttq  of  the  giveii  mnfiio^  the  plane  of  s«  paasea  tiuoagh 
the  lowest  point  the  curve,  and  ia  the  leiq^  of  the  chord 
which  is  equal  in  fre  ight  to  the  tcnaion  at  the  lowest  point 

2S 1.  A  special  solution  of  the  preceding  problem  is  given  by 
the  equations 

1%8  turn  tt      dma^erenn  if  tkt  arek/armed  ijr  udavedim 
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etoxf  U      p/e^ht  ef  a  leyfikef  iigimieeiordiMdkuejiialtoikedU' 
ianee  t/ ihe phtie  of  ike  eune  from  ike  vertex  ^ihe  ems  dhnrn,  ibw^  (he 
ewve,  inngoil  to  the  tmfttee. 
286.  If 

y  IB  the  ttDglo  which  the  projection  or/  upon  the  plaiie  of 

Tz  makes  witli  the  axis  of  x,  iind  if 
d\\i'  is  the  clomontxiry  nriL'le  which  two  succeasivo  positioas 
of  y  make  with  each  other, 

this  elementaiy  angle  and  the  ndius  of  eurvutuxe  are  g^ven  by  the 
efjoatioiiui 

If,  moreover, 

ii  is  the  length  of  the  tangent  drawn  to  the  meridian 

curve  at  any  point  of  tin-  dionl,  and 
tt  the  projection  of  u'  upon  the  asja  of 

the  IbUowbg  equations  are  obtained, 

ain  V= N'.ain^  Av^  = 

1^  _       —  2>^siu^  =  sinJ/COBj:,^  —  i?^logsin^^  j 

whidi  Bufafltitated  in  (143»}  gives,  by  dividing  by  sm^rcosj^,  and 
transponn^ 

286.   Itt  Uie  cme  </  Ihe  r^M  coiiCf  toiUi      circutar  base,  the  sum  of 
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y  and  tt'  is  oonatant ;  if,  then, 

a  =u 

a  =  u        =  a' cos  J,; 
the  curve  is  detennined  by  the  equaUon 

n  1      •  •       •  •  1    I  ' 

=  —  D^log.au.'^, 
The  integral  of  ilus  equation  ii 

—      yHje^d—^)  —  (,/  4- )•  _  („'  +    -  2 »')« 

~    +  y'')'  -    +  y5  -  "')" 

in  which  the  conKtnnt  is  determined,  ho  that  tt'  may  be  equal  to  d 

vrhen  the  chord  ih  perpend iculsir  to  «'. 

The  chord  is  also  perpendicular  tu  u',  when 

and  also  when 

When  If'  is  contained  between  d  and  ^g,  the  cxprcanotk  for  the 
1^  of  the  ani^e  which  the  chord  mokes  with  d  is  less  than  unity, 
BO  that  the  angle  is  real.  This  angle  is  al^  real  when  u  surpasses 
the  greater  of  the  roots  of  (14  Oji  ).  or  when  it  La  algehniically  inferior 
to  the  smaller  of  those  roots  ;  Inii  the  angle  is  not  real  when  n  is 
included  between  these  roots,  but  is  exterior  to  the  preceding  limits 
«'  and  t/^.  Tlu  curve  of  the  calenary  vpon  the  vertical  rigid  cone  coim«i», 
ihereforCf  ef  tkt»  tUsfrnd  patiiomt  wiAwift  cm  w  /nsfe,  ami  nM&dSnl 
Utmem  1m  MemeiSale  podiUfat  wkidkihetime  w  jmymlieulm'  1o  the  tide 

10 
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ike  eone  ;  feMSr  ike  eiker  iw  pariietu,  eemmenmg  resprctwtfy  ttikeiue 
poinUf  wkiek  tare  ike  k^ketl  md  lowed  ef  ikoae  d  lekiek  the  eane  ieperpei^ 

dlaUar  to  the  siJc  of  the  cone,  ulcnd  to  an  tn/hSe  dittanee.  Jntese  jwrlii'iis 
httve  tico  of  the  sides  of  the  cone  for  i/uir  asynijifotcs,  beCMlM  the  angle 

which  S  makes  with  «'  vuni.'^ho',  whvn  u  is  infinite. 

287.  TIk-  juiitr  pfirti'-n  uj  tlf  rdl,  v/"iii  iJte  vertical  rigM  cotte 
laaj  be  investigated  by  adopting  tlic  notution 


and  tliitt  or  eUiptio  integroJ^  of  whidi  the  third  fonn  may  be  rcpro- 
Bented  by 


 pin  I   a'  —  y, 

and  =  Bintsinijp ; 


J)^u'  =  —  i  («'  +         '^^^ cos? > 

♦  OM^  eosjfoottf 

=  }(a' -H^Xwc/foosd  —  tan/rain/}  seed), 
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•  =  J(i^4-*^)(8ec/?     — taii/!rmi|J^,f ) ; 

f^'  m'  (I — 6Lc,i»in'/)f<i!i9"~*  (i— it«laf,)e«tf 


l!\n/> 


for  it  IB  found,  by  di^rentiation,  that 


(ru;  '    -|-  sill  *t  MM*^)Oaif 

gin  I  tan  ^i-i  iiin  <f  kcc  0 
—     1— ii*iin*q>  * 

288.  The  preceding  value  of  the  nnj^lc  \\>'  admits  of  p^Lometri- 
cnl  expression  hy  means  of  the  arc  of  the  Bphuriciil  elli^iiH;  iu  the 
form  jriveii  by  Buom 

A  iplierkal  cUipn  i»  tie  udenedim  ef  a  cem  tf  iht  mcmi  di^m  vUk 
a  sphere  if  wiikkUe  eedreU  ike  vertex  if  (he  eone.  Let 

o  and  (t  be  the  two  priiu  ipal  semiangles  of  the  coue,  of  which 

a  18  the  greater,  and 
•>  the  angular  distance  of  uii,\  point  of  the  arc  of  the  oDipee 

from  its  centre ; 

and  i\A  equatiuu  ia  obviously 


oot*«  =  . 


eos> 


 «  J  

t«ii*«t  iaii*it^tMi*(J* 

Adopt  the  iiotution 

o  =  the  are  of  the  qiherical  cUipoe, 
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j=the  angle  vbidi  the  perpendicular  to  cither  of  the  cir- 
cular sections  of  the  cone  makes  with  tlifi  axi%  which 

por])t'n<Iicular  is  called  the  cr/clic  an'ji, 
t  =  the  angle  which  the  fwnl  of  the  coiie  makes  with  the  axis, 
ij  =  the  ant,'le  of  eccentricity  of  the  elliptic  Imse  of  the  cone. 

lij  then,  through  the  centre  0  (tig.  2)  of  the  spherical  cUipae, 
the  axes  AOJl  and  SOff  an  drawn,  and  ^  jomad  to  the  foci  F 
and  I',  the  ddes  and  angle  of  the  Bpherical  triangle  S  OF,  am 

BF=«,  BO=:(t,  0F=£*, 
OBF^ff,  BFO=lii  —  it 

which  are  connected  by  the  equations 

cosff  =  cos  Jocose  —  oot»^  tan  I, 
pin  ,*f  =  sin « cos?'  —  cot  rote, 

sint  =  sinahinr^i  —  tanitanj'i, 
coH>i  =  cosj'cose  =  coto  taU;'?, 

Hint  =  sin  1^  cof^i  =  cot  a  tan* . 

Let  C  and  C  be  the  points  at  which  the  cyclic  axes  cut  the 
Burfuce  of  the  sphere.  Draw  O /'  to  any  point  of  the  elli[)se,  C£ 
perpendicular  to  OP,  CH perpendicular  to  CE,  OH  perpendicular 
to  CH  rK  perpendicular  to  Off;  take  FK  equal  to  OC,  and 
draw  L  M  perpcndieuhur  to  Oil'.  ^  then, 

X=/10C,  'K'=OCE, 

the  followmg  equations  are  readily  obtained, 

cost  =  008  0  C  =  cot   t  an  , 
tanj  =  cos/tun  l!  =:  cos'itau ). 

B  ooti'loosc  tony  =  cosicwt  n  tony , 
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dn4  =  axtitunip, 

=  SCc'ff  (1  —  sin'ij  sin*^  -j-  6ia*»^sia'(5) 
=  icc  y  ( cos'fl  —  mn*ij  oos'»nn*9>)^ 
C<M*a>  =  co9«oco8«Wl  +  co9«itan»  =  —^^  ■  '^^ 7 
J  coB*a(l  -}- cos'i'tan^y)   cm'acm*9 

1  —  «in'i;tiin*y  ' 

J,  coayoQgt'coa'g  o(»ijco»i»in'« 

0M*9      —  ^'mO — lin'f  ain  'f )  > 

2j    co8'«Kin';;iiiiti-,j'>ir)  7  coj(p 

*  (1  —  6iu^i;siii^(^)^Binojcos<u' 


J  8in*ftcoii'i;«in'^;8iu*i»in'9  coi's 

■^♦"^  eM*0(l-.8in^«iii*9)*  » 

eaa*0(l— iiB*fain9)*\  cat'tptmt'g  / 

CO«"*(l  — 8ta»(I«ill«f)*» 


♦         1 — 6in'r^*in*9* 

289.  In  tiie  partiealAr  caee  in  which 

this  equation  ts^  by  (148iT)f  reduced  to 

a  =  taa/f  on  (t        n'>  9) , 
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which  Buiwtitttted  in  (147»)  gtvea, 

+ ,    1,  tan  0 
tan'"'. — . 
tana 

290.  For  tbc  length  of  the  are  of  the  c-honl  which  extenib 
from  its  lowest  to  its  highest  point,  this  equatiou  becomes 

2v'J  =  2tf,; 

aud  if  the  uiajjiiitude  of  tlu.s  angle  is  conunuiisunite  wiih  ilu-  touil 
developod  angle  of  the  oone^  Hie  ekard  reftmu  udo  itKtlf,  after  jM^sing 
around  the  cone  oaee,  1«iee,  or  teivnU  Ume$,  dcjKuded  upon  tie  m^nUuie 

291.  2bt«i«a<i^efi(0»|/fMtifejB^^ 

4  and  C  be  the  roots  of  the  equation  (HGii)^ 
and  the  equation  gives 

U\  —  — 

Adopt  also  the  notation  of  §  287  and 

Bin „'  _    _  («' —3^)   +  .v'         __  0'-  |>' 

8in^'  =  siufiiiuyi'i 

and  the  following  reductions  are  obtained^  by  the  substitution  of 
cosecfi'  for  sind, 

h'  =  1(4  -I-       —  sec/9  cosecf'), 

=  i  ( + //» l[tan,lsiii,ii*fcO'  -f  secj'Jcost^'  -f-  sec,'?  /J^-fcow^'cot^i')] , 
#  =  i  («'        (sec  6.  y'  -|-  tan  /J  ain/J  gj^y'  4-  sec/»  cosd'  oot  9-'), 
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■^♦'V  —  i_c«Vii>V  

Ian/? ^in,f spcd'       .     i»  •   *      ii^  i    n  i«-.f— ti 

#  ■ 


y '  =  tan ti  sin      ( —  cos'jijy')  —  tan /i  sin|^       -|-  tan'~  " 


292.  The  term  of  the  preceding  value  of  ^hich  depends 
upon  elliptic  intcgnils  of  the  third  order,  may  be  constructed  by 

means  of  n  splicrical  ellipse,  of  which  the  parameter  i»  the  reoiproeal 
of  that  employed  in  the  coiLstruction  of  the  nimilar  term  of  tlic  finite 
portion  of  the  chord.  The  parameter  of  the  spherical  ellipse  of 
§  287  being  eiui^,  the  reciprocal  parameter  i» 

iin  I  a 

Si 

and  the  length  of  the  arc  of  the  conesponding  spherical  ellipse  Sat 
the  amplitude  9'  is 

0^=  sin/J  oosi,»,(-  o(»«/f,  9') = ^?^»,(-  eos'ft  9')- 

This  arc  ia  reduced,  in  the  case  of 

to 

o' = tan  J)  ainjit  9«  (—  oos*/»,  9'). 

293.  TkeJ^mle  portion  if  exadfy  tireukar  tOm 

In  this  case 

and  the  eqimtions  of  the  infinite  portion  become 

tt' =  «r  (1  —  V  2  .oo8ee90> 
«=«^3cot9' 

V^Sd*  —     —  2tan'-«[(v'2  —  l)tftn(i«—  }9')]- 
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294.  As  jf^  diminiaihes  fh>m  the  value  the  finite  portioii 
becomes  more  and  more  eccentric,  untQ  when 

hoih  the  ji^iHe  ami  the  iiijiiuie  portiom  degatertUe  iulo  sirai^ld  Uiictf  which 
ewe  Ute  sides  of  tlu  cvne. 

295.  Wim  j/i  w  netftdive,  a  and  eeaae  ioheihe  UmSt  <^  ike  /aSe 
pwUoHf  and  heecm  Ok  UmMt  (he i^fiwle  poHioKf  leMk  ^mdll  ieeme 
ike  Smfy  tfikefitAt  foHioH.  But  H  and  ^  arv  WMj^uMiy,  ff/p  u  wdadei 
hlKten  the  rafties 

,;=(-3±2V2K, 

so  thai  Mteeen  ihett  SmU»  the  /mieporiiem  ditappearSf  and  the  eiord  am- 
tuti  cttfy  tf  iMlm  mfiuSfi  portiem;  and  at  the  Snnl»  tke/nUe  poHhn  » 

dreular. 

To  {uvi.^fi]/a/f  the  infimtt  foriioitt  Uiieten  the  b'mi/tf  in  lehieh  the  fimte 
portion  disajfptars,  let 

tanr=  ?in/\  —  1, 

siiu'  '  =  sini'sin^"; 

and  the  following  equations  axe  obtained  by  ample  transformation^ 

an/foos^=  V^|, 

i(4'+^,)(l_«c/f  secf")  =  {  (tf'-/,)(cosjJ-sec9'), 

coe'4'=l  +  tanV«osV 

^  sec*r(l  —  sinVsin  V) 
=  seeV  oos'i'j 
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JJ^fW  =—   "  ■        -     ,4-y  '  tauj'ieeci)  — Z>^,tan'-''— * 
y'  =  —  cosrcosi'i      —  « ,  ^  ' )  -(-  co.si''coH,'^  Ji,^'' 

in  trhidi  the  elliptic  integral  of  the  third  tana  adnuts  ot  interpretft- 
*tioii  by  meona  of  the  ukc  of  the  q»herical  ellipse. 

296.    When  the  negative  of^  is  equal  to  a'  the  equations  may 
be  greatly  simplified  and  reduced  to  the  following  fbmu^ 

cos (i  =  0,    coat  =  V  J  > 

cos'y''  =  1  —  2  sin » y'  =  co«  2  v' , 
"  — #«.«-.•  — 


?'/«<'A  j«  //m?  jxtlar  efjuaiioii  of  tlu  cquiltUcral  hjpefbola.  In  Uua  case,  {here- 
fore,  iht  erne  tf  ikt  diori  Ijpm  Urn  devebped  com  A  m  tpibderal  lufper- 
Ma  s  this  case  was  recognized  by  Bobiluer  in  an  imperfect  invest 
gation  of  the  catenary  upon  the  surfiioe  of  the  vertical  cone  of  revo> 
lution. 

20 
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297.  When  ihg  mafaee  ijf  rmMm  u  m  ^jtteidl,  of  which  the 
equAtion  of  the  vertical  section  made  by  the  plane  jfx  ia, 

let  a  sphere  be  oonatracted  upon  the  axis  of  rewlution  as  a  diame- 
ter, and  let 

9  be  the  angle  from  the  vertical  j)oint  of  the  sphere  to  a  point 
of  which  jr  is  the  ordinate,  so  that 

jrsiloosy,  g=zBmaf, 

u  =  il(flee9  —  coflijp)  =  iisinytan^, 

Those  equutioiis,  Miii^titiited  in  (141;^,),  with  proper  regard  to 
the  diilcrent  positiuu  of  the  origin  of  cuiirdinates,  give 

i>^log8in;r =  —  J8in9i),log8in^ = — oot9  +  -  ;^'"^7y^ 

.  .  N  N 

in  which  iTand  JIf  are  arbitmy  const anta 

208.  The  maximum  and  minimum  of  «n}^  are  determined  by 
Uie  roots  of  the  equation 

cob29  >^  Jfcosf  ss  0. 
If  these  roots  are  9'  and  9',  the  equation  gives 

JI/=  —  2 (cos(f '  -|-  oos If")  =  —  4  cos  ^  (y'  -J-  y")  cos  \  (»f '  —  ^  "J 

=  sec  9'  -|-  soc</  ". 

Of  the  two  root%  therefore,  one  is  obtuse,  while  the  other  is 
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acute ;  if  one  is  contained  between  ^  ti  and  I  :x ,  the  other  is  impos- 
able ;  and  when  both  are  real,  one  is  confined  bet«re<m  ^  n  and  |  n, 
while  the  other  is  without  these  limits.  The  corcesponding  mini- 
mum and  maximum  values  of  rin^  are 

Both  tiiese^  independently  of  their  signs,  are  minimum  values, 
and  when  they  are  both  absolutely  greater  than  unity  there  is  no 
catenary }  but  if  either  is  less  than  unity,  there  is  a  conesponding 
portion  of  the  catenary.  When  both  values  are  less  than  unity, 
catenary  consists  of  two  sepnmte  portions,  because  there  is  between 
and  9"  a  value  if"'  of  ^  wliicli  satisfies  the  equation 

0089**=  — JIT, 

and  the  values  of 

ooef-ooBf  =  ^  = 

COSf**  —  OOB9''  =:  —          =  2Mn'^"  COS 

arc  positive. 

299.    The  cs^nvial  caie  of 

gives 

Jlf=0; 

sin'  = 


and  each  of  the  minimum  values  of  dn^  is 

2iV, 


—  IM  — 


vrhich,  being  less  than  unity,  may  be  expressed  by 

2i\^=un2a. 

This  equation  gives 


«tn2« 


14  then,  l  is  detormined  by  the  oonditioii 


aimple  reductions  pre 


.     .  tmin 

Me  case  of  ike prolalc  eUiptoid,  the  notation 
siut}  =  tiiniHin^, 

gives  the  equation 


—  167  — 
£t  the  erne  ^  tke  tUbde  «a>aoK^  the  notaUon 

gives  the  equation 

/«  iht  eate  ^  Lhe  tfhere  tho  equations  become 
B=A,  »  =  r=0, 

and  this  i-Ciiult  of  this  csxM  la  obluiacU  bj'  liuiiii.LiEiL  TUiu  cube  uIho 
gives  the  equation 

J)  — 

Kin  2  a 


(8Ui*M  -j-  COS  jS  «siu  'i)  ^  —  ctw  2  Msiu  'i) ' 

irhicb  bjr  the  notation 

ooBr=tanff, 
an^^ss:  flini^'sinX, 

becomes 

j>   g^tf*, 

=  2  nna  tan'a  9^  (—  aec'a  ainT,  X)  -f  2  aintt  X 

-|-2tarf-'»  . 

300.   Kctuniing  to  tliu  gcncrul  casv  of  tho  eUipMoid,  let 


—  158  — 

a  and  j9  be  the  limiUng  values  of  f  for  the  upper  portion  of  the 

curvo,  nnd 

a'  and  ^  the  limitmg  values  for  the  lower  portion ;  and  let 

IIciu'c  the  followin<r  values  of  _>/  iiml  S  arc  ubtaiuud 

I«  =  I  sin2«  +  J/sin«  =  ^  sin2,';  -f  J/.sin,*{, 
—  iV=  i  ain  2  «'  +  J/sin  «'  =  j  ain2ii'  -f-  Jtfain/i', 

itr=  tani}  (co9*i;  cos2«  —  ooa'«co82ij} 
=  itau»^co82«  —  co02i})  =  tani7(cofl*«  —  coe'i}) 
=  |tani]'(oo82i}' — G0B2e')=:tan>/(cos't}'— ooaV) 
=  ioni}  cina  Bin/9  =  —  tani/'ano^ein/D' 

«tDqp(ca«i^0M9  — 0iMCco8  2iJ      sing  (cusj/iuir'qt — con'iwii/) 

,  (way — (coay  —  o»-'  ,1)  (m'  i;  — > ccmm^  (coay  —  co»^)J 

gin «j  (tuMj  -f-  .1/) 

~"  bill  <;  ((■^J^  (j[  -|-  Jf) 

The  nuinerutorti  of  the  iirst  and  la^t  values  of  co»'g,  give,  by 

direct  comparison, 

—  2  M=  oosa  -f-  cosj':i  -|-  cosa'  -|-  oos/^'  =  2  cMfj  ooas  -|~  ^  oosij'cose', 
whence 

CO01]  cost/ cost'  =  (co82 —  cos'*j)cose  =  —  nn'ij  cose , 
coei}  cos  12' cost  —  ffln'f)'co8t!', 
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cos'ijcos'i/  —  8in'i^sin'»/  =  cos(»j  -|-»/)cos(»/  —  i^)  =  0, 

Tho  comparl8on  of  the  volaes  of  If,  ahowB  tliat  the  value  of  t/ 
must  be  obiuae,  whence 

oofl«^  =  tani}coe«, 
cose  =  —  tuatfcMtf. 

801.  T/te  gcHcml  rti.si'  uf  ike  surface  of  rcvoin/uiii  tnlinit--f  uf  one 
integration,  by  denoting  by  v  thu  ordinate  of  the  meridian  curve  of 
revolntion,  which  givea 

t 

1  J9.V  r\  1 

;=  — 2>,logr, 

this  cquiition,  mibstituted  in  (lii^),  gives,  by  integration, 

in  which 

Vo  b  the  ordinate  of  Ibe  meridian  curve  at  the  origin. 

This  form  of  the  equation  is,  however,  limited  to  the  case  in 
which  tho  cur\'e  lin«  a  point,  in  Avhich  its  direction  is  horizontal. 
But  every  case  is  included  in  tbe  form 

in  which  3fh  an  arbitrary  cotisiaiit. 

302.  Ill  Ihe  cftHe  uf  the  .^nifurr  funiml  by  llic  revohitiou  <f  ilic  cifii- 
lateral  hi/pcrhola  ah»ul  id  as//)iij)(o(r,  which  may  be  called  i/te  equiUiicral 
oijfmjiiiAic  hifjterholuidi  if  the  equation  of  the  revolving  hyperbohl  ia 
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the  cc^uatiun  (109^)  bccuiuc^ 

and,  therefore,  the  iticUnulioti  of  Uu  curve  of  tlua  ctUeuary  to  ilte  cu-c  <if  Ute 

When  jV  is  greater  than  h\  the  curve  ie  imposBibl^  but  when 

M=  +  h\ 

the  catenary  beoomes  a  horixontol  citd^  and 

803.  It  may  be  inferred  from  the  comparison  of  the  two  pre- 
ceding sections,  that,  upon  the  drek  cf  iaUneeHon  of  any  surface  of  rem- 
AiMni  with  the  egi^ateni  aijfntphtie  iffperMaii  egmatini  {159^%  ^  «v 
the  eatemuy  ^  «3ker  mafaee  maket  ^  Moae  aa^ik  mth  the  meridbm 
curve  ihat  gurface.  Ilcncc,  fke  UinUtng  horisoutul planes  of  the  eatenarff 
nf  cquaium  (1;j9i,j)  are  the  intersecttnus  of  the  surface  of  rerohttion  upon 
v'hirh  it  Ue»  with  the  eguUaicnU  a^mptoiic  hjfperMddj  ^  wldeh  the  equa- 
tion ia 

The  eatenarjf  estfeneb  over  thai  perHm  ef  avrfaee  tehick  lies  exterior  to 
the  ast/vi/ttotic  hyperbohid,  and  does  not  exteiti  ever  ttot geeUm  ^  moffm 
which  is  incliifld  nithln  the  hi/pcrl"(o!tI. 

304.  I'u  cifmplelt  the  solution  of  the  cutmary  upon  tlte  ejuiideral 
a^mjftoiic  t^perMoid,  the  equation  (loUu)  gives 

tan:,  =  -Z),«.=  ^., 

whence  the  following  C(][uation3  are  obtained ; 

(5r+y,)«=J««ot^, 
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But  it  is  Ibimd  by  1 285  that 

whence 

of  which  the  integral  is 

305.  If  the  chord  is  not  strictly  cnnfmod  to  the  surface  so  OS 
to  }je  iticapahlc  of  removal  from  it,  l>ut  if  it  simply  lies  upon  the 
surface,  without  the  power  of  penetrating  it,  it  must  leave  tlie  sur- 
face whenever  the  pressure  becomes  negative,  that  when  the 
siga  of  Ji,  computed  by  (142»),  is  nvened.  The  poiiilB  at  which 
the  ch(»d  leaves  the  sutfiMse  are^  therefore,  detenauned  by  the 
equatimi 


21 
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CHAPTER  IX 


ACTION  OF  MOVING  BODIES. 


CBAKAcmnsno  rinrcTioir* 


306.  Related  to  the  idea  ni  the  potential,  and,  in  Bome 
respects  including  it»  is  that  of  the  action  of  a  ayatem  as  pMposed 
by  M&OTBBTDiB.  Every  moving  body  may  be  regarded  as  constantly 
expending  an  amount  of  notion,  oquivalent  to  the  power  whieli  its 
motion  represents,  that  is,  to  tlic  product  of  the  force  of  the  moving 
body  multiplied  by  the  space  thrmii^li  whiih  the  body  moves. 
Ilcnce,  witli  the  notation  of  (.'li;i[)tcrs  11.  and  111.,  if  dcsiL'nates 
the  whole  action  expended  by  the  system,  the  action  expended  at 
eadhi  instant  is 


The  function  V  in  ciilled  by  Hamilton  U»e  cltaracUridic fundum 
of  the  moviug  .system,  and  he  has  resolved  the  problem  of  dynamics 
into  flie  investigation  of  its  fbnn  and  propertied 

307.  If  the  power,  with  which  a  q^stem  is  moving  at  any 
instant^  is  denoted  by  T,  its  expresnon  becomes,  by  (4^), 


The  preceding  expressions  for  the  expended  action  give,  there- 
fore. 


and  the  total  expenditure  of  action  is 


Digitized  by  Google 


nnxciPLB  or  utiho  rouea,  cm  lav  or  poweb. 

808.  If  i2  denotes  that  function  which,  in  the  case  of  the  fixed 
forces  of  natnr^  u  the  potential  of  the  moving  system,  its  chftnge 
for  any  instant  is,  by  (84m)  and  |  68, 

ITonro.  in  the  oase  of  the  fixed  foioes  of  nature,  if  2r  ia  an  arbi- 
trary comtant, 

T=  n  +  JJ, 

w  hich  i.H  only  the  analytical  form  of  the  proposition  of  §  58,  and  is 
called  the  princljik  of  Uvimj  forces.  Tlio  term  lii'in;/  force  rleiiotes  the 
power  of  a  syHtein,  ho  that  this  principle  may,  with  e*j[Ual  propriety, 
be  culled  the  law  of  ■power. 

ouroMiCAX.  roBHs  or  ns  virrsBBinui.  biidatioiis  or  Monov. 
309.  The  equation  (8u)  may  be  written  in  the  fonn 

di2  =  ^i(m,/?,n'^fi) 

=  D,     ( w,  f  i<5(  #, )  —  <r ,  (///,  i\  tV  r, ) . 

If,  then,  r,.  r„.  >  .,  t't<' .  are  .T^-miied  to  lie  tiio  indepemlent 

eloment.s  of  poMtion  ol  thi-  n  Ijodies  of  the  iiiuviiiLT  sy.-tem,  .V],  etc., 
may  be  regarded  as  expressed  in  terms  of  these  elements,  so  that 


—  164  — 


With  tlie  notation 

this  eqaation  is  resolved  into  the  equations  represented  by 

The  substitution  of  tliCM-  values  give,  if  T,^^  denotes  T  ex- 
pressed by  meam  of  iji,  »;„   etc, 

whence 

Thi><  f.rpirs.-i"ii  r--pr(\'c^ifs  (/ic  fh/iint  forms  of  ilte  dh~rrni'-il  f'p'it- 
ii'jiis  of  iHoi'vn  fiifrii  hy  LAQRANti£ ;  but  the  mode  of  invcstij^atiou 
adopted  fh>m  ILaiiLTOX. 

310.  In  the  qiectal  case,  in  which  the  independent  elements 
of  poation  are  the  rectangular  coordinate^  jr,^,  of  the  diflerent 
points  of  the  sjrstenii  these  equations  become 

,  T,    =  1,1  /  =  m  DtX, 

When  the  coordinnto?  of  the  system  are  sulyect  to  coniHtion«, 
tbc*c  equation^  are  still  applicil'le,  prtnideil  tliat  the  forces,  by 
wliii-li  the  conditions  are  niaintainoil.  are  indmlfl  in  tlio  f<>r<>.-s  of 
ii,  or  more  pn-ij  erly  <>f  dS2.  The  values  of  DjS2  ami  I\-2  can  be 
obtained  from  the  given  diflerential  expression  of  i2,  even  when 
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Midi  eacpreamou  is  incapable  of  integration ;  for  this  form  gives 

311.  By  means  of  the  notation 

^»  ^tc*  inay  be  eliminated  from  the  Talue  of  and 
T^^  may  denote  the  xesolUng  valae»  expressed  by  means  of 

f}f,  ti>i,  <■>:  etc. 

Since  Tin  a  homogeneous  function  of  tiro  dimensions  in  respect 
to  tfi,  fft,  etc.,  it  wtisfies  the  equation 

2  r=  ^,(V2V  2;  ^)  =     (n'm)  i 

whence 

2d  T=  ^,{t»dii'  +  r/dtj>). 
But  the  variation  of  T,  derived  by  the  usual  method,  is 

which,  subtracted  from  the  previous  value  o{2dTf  leaves 

This  equation  is  equivalent  to  the  two  equations 

and  Lagkanoe's  canmkal  J'vrm  assumes  tlie  /(Aluwiiig  eJ^/msmn  given  by 

312.  But  SI  is,  in  the  case  of  the  fixed  forces  of  nuturo,  a 
function  of  t^^,  i,,,  etc.,  without  other  variables.   If,  then,  in  this  cxlsc, 


■tbe  preceding  c(|uattons  assmne  the  rimple  fbnn 

whicb  are  givea  by  HAuaToir,  in  vhicb  i2  may  involve  ibe  time. 


TABIATIOXS  OF  TBS  CBUUCTCBISTIO  FOVCTtOK. 

313.  The  variation  of  the  characteristic  function,  taken  upon 
the  hypotheBis  that  the  time  does  not  vary,  is 

Bu^  from  the  preceding  equationfl^ 

^r=^,(t.i^»/+/?,7;.,/.v»,) 

the  sum  of  which  aud  ut  the  equation 
is 

The  variation  of  the  diaraoteristic  function  ia^  thereforei, 

*r=  -r,(wd  »i  —  Wo(V>,j  +  //, 

in  which  and  »;,  arc  the  initial  values  of  w  and  »;.  If.  then,  Fis 
expressed  as  a  fuuctiou  of  the  initial  and  iinul  courdiiiatesi,  r;, 
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and  (Ug,  and  of  the  constant  //,  its  derivativca  arc 

J}„V=i. 

Bg  ffiuwtt  tftheu  tfut^Bnoj  ike  jHvNm  u  reuOMi  iff  BandBen  inl» 
ike  ddermtKotim    the  ta^/undkn  V. 

814.  In  the  CISC  in  which  the  independent  elements  of  pon* 
turn  ore  the  rectangular  coordinate^  these  equations  become 

315.  If  the  exprossion  of  tlie  forces  involves  the  vdorities 
the  finul  expri'ssion  of  dT'in  §  313  is  incomplete,  nnd  the  present 
mode  of  investigation  ia  not  easily  and  simply  a'pplicahlc  to  such 
cases^  whidh  ia  of  leas  importance,  because  these  cases  are  not,  in 
the  most  compiefaenaTe  view  of  the  sulgec^  the  oases  of  nature. 

nmema  of  uast  aotiok. 

• 

31C.  When,  in  the  case  of  the  fixed  forces  of  nature,  the  ini- 
tial and  final  positions  of  the  system  are  given  as  well  as  the  mitial 
power  with  wli'nh  the  system  is  moving,  the  variation  of  the  charac- 
teristic fvmetiuii  vanishes,  and,  therefore,  tlic  fimclioii  is  generally  a 
maximum  or  a  miuimum.  The  action  expended  hy  the  system, 
which  is  measured  by  this  function,  is  also  a  nuudmum  or  a  mini- 
mum ;  or,  in  other  words,  the  course  bjr  wliich  the  system  ia  com- 
pelled to  move  liiom  its  initial  to  its  final  position  through  the 
action  of  the  dynamic  law^  is  that  in  which  the  total  expenditure 
of  action  is  a  iiiaxiinum  or  a  minimum.  But  it  is  obvious  that,  in 
most  cases,  and  always  when  the  paths  in  which  the  various  bodies 


—  168  — 


move  axe  quite  ahort^  the  deeovibed  ooune  cannot  oorreqioad  te  the 
nuudmum  of  expended  Mstiim;  aadftikerefoie,  in  meet  cases  tie  ^f»- 
Um  mem  from  its  ffiven  inSial  ia  Ut  ^wen  Jbmt  petiUm  wnGl  ^  had  foui- 

lie  crpenditure  of  action. 

Many  exiimplcs  can,  however,  be  given,  in  wliirli  tin?  oxponded 
action  is,  in  some  of  its  element-^,  a  maximum  ;  ahhoiiijh,  even  in 
these  coses,  the  expenditure  is  u  iiiiuiiuuni  ut  euch  iustant,  or  for 
any  miffidently  aihort  portions  of  tiie  patbs  of  the  bodies. 

317.  This  frm^fU  «f  had  tuUnn  was  first  deduced  by  liLLon»> 
•nns,  thivu^  an  &  frim  argument  firom  the  general  attributes  of 
Deity,  which  he  thought  to  demand  the  utmost  economy  in  the  use 
of  tlic  powers  of  nature,  and  to  permit  no  needless  expenditure  or 
any  wa^te  of  action.  This  trrnnd  pmposition,  which  was  announced 
by  its  illustrious  autlmr.  with  the  .Huiiousness  and  reverence  of  a 
true  pliilo.>*opher,  is  llio  more  remarkable  that,  derived  from  purely 
metaphysical  doctrine^  and  taken  in  comlnnation  with  the  law  of 
power  which  likewise  reposes  directly  upon  a  metaphyacal  basi^  it 
leads,  at  once,  to  the  usual  form  of  the  dynamical  equations. 

818.  To  deduce  the  dynamical  equations  from  the  combina- 
tion of  the  principles  of  least  action  and  living  ibrce%  add  together 
the  two  variations  of  T, 

If  the  sum  is  introduced  into  the  variation  of  V,  the  result 
reduced  by  the  condition  that  at  the  limits  of  integration, 

beccmies 

d  r=  s„J^    2V  ^ — »  H-  2>,  i2)  d  «^ = 0 . 
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The  factor  of  dij,  in  tim  expression,  must  vani^^h  by  the  princi- 
ples of  the  method  of  voiiatioiu^  whieh  gives  immediatdj  the  gen* 
enl  expranion  of  Laouio^s  CKDomcal  fiinn& 

PBIXOtPAI.  f  UMCTIOIT  iXD  OTim  MtLtH  HJlfCTIOllS. 

319.  The  fiiiietiQii  J5  determined  by  the  equation 


ii  called  by  Haultom  pm^frndm,  and  its  variation  deduoed 
firom  that  of  Fii^  obviondy^ 

Hence,  if  ♦S'  is  regarded  as  a  function  of  ij,  ijoi  w»  Wo>  cto,  

with  the  time  i,  its  derivatives  are 


Tke  pme^  fimeHoH  Mqr,  iAer^ort,  leruedmihe  mm  way  mth  iht 
dkuraderidic  fmetian  m  ike  idemmi^  tf^moHontf  ike  tjfttm. 

820.  Many  other  functions,  as  suggested  by  II.ujaTON,  can  be 
substituted  for  the  principal  and  ohaxaoteristic  functiona  Thus  the 
function 


gives 
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=Js^rfiu^'  +  D,  T,,     n)  -^JdSi 

= X,       ~  i},dwt) — 

Hence, 

821.  The  introduction  of 
Ipve^  in  like  manner, 

822.  Other  taoxi&xaa  can  be  fi>mied  by  the  comlnitttioii  of  V 

and  or  jS*  and  Q.  The  combination  may  be  Mioh  tiuit  for  some 
of  the  coordinate-,  the  function  shall  have  the  same  form  a-s  For  S, 
while  for  the  remaining  coiirdinatea  it  shaU  have  the  fonu  of  IT  or 
Q,  and  the  function 

U=V'—W% 

or 

can  be  mbetituied  for  For  8, 


xuwt  nuHciFU,  jam  oximt  ruvcnom  o»  ms  um  oiAat. 

S2S.  By  ioibstitaiiiig  in  the  equation  - 

!P=  £2  -f  iZ 

for  Vj,  (It,  etc.,  as  well  as  for  t  and  IT.  their  equivalent  expressions,  aa 
iwu-ti:il  (k'rivativcH  of  V,  *S',  W,  Q,  U,  and  partial  tlifTeroiitial  0(jua- 
tions  are  obtained,  the  intcgrahs  of  which  give  the  values  of  these 
fanotioDs.  To  facilitate  the  cxpreaHion  of  this  substitution,  T  and  £1 
may  be  ««uiied  to  have  aobh  funetional  B^gnifications  tiiak 

7'(T?,0i)  =  r,.«, 

Hie  partial  difierential  equationa  are,  then, 

T(^j,^,S)  =  n  —  D,S, 
TiD^W.o,)  =  £i{-  D„W,D^  W)  +  U, 

324.  When  the  independent  elements  of  position  arc  the  rec- 
tangular coordinates  of  the  bodies,  theae  e^uationa  become,  by  the 
notation  of  (54|i)> 

^-(i  □   = 2n{D„r,x) + 2fl, 


—  172  — 


326.  Throngh  the  praeeding  investigatimu^  the  fomu  are 
deiveloped  by  which  every  dynamieal  problem  can  be  expreised  m 

differential  eqnaUons.  It  only  remain^  therefore^  before  applying 
tboMO  furms  to  especial  problemx,  to  consider  those  methods  of  inU^ 
gration  wlucb  are  best  adapted  to  their  diflcusaioit. 


CHAPTER  X. 

IHTKGKATION  OF  TUE  DIFFEKENTIAL  EQUATIONS  OF  MOTION. 

826.  In  diM:u88iiig  the  diflerential  equations  of  motion,  it 
might  be  pcnnittcd  to  suppose  a  previous  knowledge  of  all  tbat  has 
been  written  upon  the  integral  oalculus.  But  rfncc  the  profound 
pbilosn|sliii  al  views  "vvitli  wliicli  thi:-  -iilijcot  has  been  illuiuiuated  by 
Jacoui,  Lave  not  yet  passed  Iroiu  the  original  memoirs  into  the  tex^ 
book%  a  development  of  them  ia  required  by  the  plan  of  the  present 
woik  to  iaciUtate  its  further  progresa 

L 

DBnnimiAinia  aim  roRonoifAL  WBmaaxuam. 

327.  If  (f»-|-l)*  dillerent  quantities  are  given,  which  are 
represented  by 


in  which  every  number  from  0  to  n  can  be  substituted  for  k  or  for 
the  munber  of  aoetnto  denoted  by  t ;  and  if  all  possible  products  of 
(n  4~  1)  fiwtocB  are  Ibrmed  similar  to 

±a<^<^  «w, 

in  each  of  which  the  ame  number  is  never  r  |  *  1,  <  ither  for  k  or 
for  »;  ami  if  thvw  product;?  arc  successively  lunned  mutuMy 
interchanging  two  of  the  inferior  numbers,  and  at  tliu  fiaiue  «ime 
reversing  the  sign  of  the  product;  the  sum  of  the  products  has  been 
called  by  Gauss  iAe  dttiermituuU  of  the  given  qmntU  'm,  uiul  vut^  he  repn- 

«.=X  +  aa;flf  a{r». 

Thtt%  for  example, 

The  same  result  might  also  have  been  produced  by  mntuallj 
interchanging  the  accents  without  disturbing  the  inferior  numbei& 

828.  The  sign  of  the  detenninant  would  be  reversed,  by 
reimring  ihe  aign  of  the  product  originally  assumed  as  the  bans  of 
the  subaequent  dianges. 

329.  If,  for  the  difbreni  values  of  A,  all  the  j^ven  quantities 
are  equal,  so  that 

the  determinate  vaniahca  For,  by  interehnngiiig  h  mid  k'  in  all  the 
terms,  the  sign  of  the  determinant  is  rcvcrfiod  by  the  regular  process 
of  formation,  whereas  if  A  is  substituted  for  if  and  the  reverse,  no 


—  m  — 

chaoge  is  produeed  on  aeoonnl  of  tibe  equality  of  tiie  given  temuL 
Hence 

or 

«.=0. 

330.  Whenever  all  thoae  values  of  the  given  elements  vanish^ 
for  whidi  t  is  w  great  aa  e^  while  i  ia  Imb  than  lUf  which  condition 
my  be  denoted  hy  the  equation 

the  foim  of  the  detenninant  may  be  simplified.  For  it  is  evident 
from  inqteotkm  of  the  fimdamental  produol^ 

(««ifli'  o'"--,")  (a'r'«'r+V'  ai:'), 

regarded  as  separated  into  two  factors,  that  every  elementary  prod- 
uct, produced  by  an  interchange  between  the  interior  numbers,  such 
aa  to  inmrfbr  one  of  Iheae  numbers  into  the  second  factor,  vaniahea^ 
and  nuj  be  negleeted.  Hence 

«.=  ^  ±  aa'.a'^  oST-i'-^  ±a!:'ct^i"  a?* 

if 

«... = ±   «?>. 

331.   When,  in  the  preceding  proposition,  m  is  equal  to  n,  so 

that 

it  becomes 
for,  in  this  case. 


—  176  — 


832.  When,  in  addition  to  the  prooeding  equation,  the  Ttlues 
of  tbe  elementB  vaniah,  for  whieh  m  is  equal  ton — 1,  so  that 

ai:|;ri'  =  o, 

the  value  of  the  determinant  becomes 

333.  Whttievttr  the  equation  (174^)  ia  true  for  all  valiiei  of 
m,  it  may  he  written  in  the  form 

and  the  determinant  is  reduced  to  the  single  term 

».  =  a<^<4'  ai-l 

334.  If  a  determinant  is  formed  from  the  given  elements,  with 
the  omission  of  all  those  of  which  f  lio  mimhur  of  accents  is  i,  and 
those  of  wliich  the  inferior  number  in  /.-,  so  that  n  i«  the  number  of 
factors  of  eacii  eleuientary  product,  this  determinant  is  the  factor  of 
all*  in  the  expression  of  the  determinant  1£,  therefore,  i/u»  jmr- 
iud  determmmt  is  denoted  by  Q^'i\  the  cxpreseion  of  the  com|iIete 
detenninant  is 

The  derivative  of  tliis  expression  is 
whence 

Sit.  =  ^,(ai;^i>.5oa.)  =  ^,(ai;'^-ip^jl.). 
885.  The  preceding  notation  gives 

gfcs^.s2±s{i4r  

Hence  the  expression  of  o^jii*  can  be  deduced  from  that  of 
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—  176  — 


hy  putting 

ami  those  of  —  q4,i",  or  of  —  ot)»,  are  deduced  from  that  of  q4  by 
putting 

336.  If,  in  tho  third  member  of  (ITSj,),  a^^  is  substituted  for 
a'^\  the  e\pre.s.sion  of  the  detenmnant  is  that  which  corresponds  to 
the  case  of  §  329.  Hence, 

and,  in  the  mom  way, 

337.  If  a  partial  determinant  is  formed  from  the  elements  of 
<^i'*,  with  the  omission  of  those  in  which  the  number  of  accents  is  t, 
and  ihoes  cf  which  the  infeiior  nnmber  u  Hf,  this  determinani,  taken 
with  itB  proper  ngn,  is  the  fiiotor  <tf  ajjp  in  the  valne  o^oUj^,  ^ 
then,  it  is  denoted  by  <3tJ^S^f  the  value  of  oH'*  ii 

oH«=^^(a(i;<:;'«i^')  =  s^{rA^::!^'a'i;% 

iu  which  it  must  be  observed  that,  from  the  definition 
Tbeae  eqnatiou  gne 

838.  All  the  given  elements  which  have  kor^  for  their  infe- 
rior number,  arc  excluded  from  the  value  of  and,  therefore. 
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thi.s  partial  determinant  is  not  uflected  by  the  intcrcbange  of  k  and 
i',  by  which  the  terma  of  the  cmnptete  detorminan^  comprehended 
in 

are  traiuilunucd  into  tlio»e  comprehended  in 

Bnt  this  hist  aggregate  of  terms  is  also  represented  bj 

Uence  these  partial  determinants  sati^sfy  the  equations 

The  determinant  may,  therefor^  be  written  in  the  fimn 

«. = „  > .  ( ^  l':^»(flrai'' — «y  «!"') ) 

339.  The  solution  of  linear  alf^e})mic  equations  Is  easily 
accomplished  by  the  aid  of  dctenuinouta.  For  if  the  given 
(n  -|-  1)  equations  are 

|»  =  a/  -f  a,/,  +  -\-aJ,  =  2:^{aJ^), 

tt'<  +  ai/»  +  +  a'J,  =  ^,{aU,h 

= o«->< + +  + flir'4 = ^*(«ir*'»)  J 

the  som,  obtained  by  adding  the  prodneta  of  the  giyen  equation^ 
nraltiplied  respectively  by      oft^,  aMr'» » 

28 


—  178  — 


340.  If  all  the  quantities  »,  u,  u'\  ctc^  vuiUHh,  /,  /],  etc.,  must 
likewise  vanbh,  iinlett  the  detenninant  vtmbheB.  It,  th«refore, 
either  of  the  quantities  t,  1^  4>  otc^  docs  not  vanidi,  when  «,  tf,  i^, 
eta,  -ranish,  the  determinant  must  also  vanish,  whence  the  equation 
(176ii)  applies  even  when 

»  =», 

or  fiur  all  values  of  t" 

0=s=^*(<Al'»an  =  -2:*(/.«;"'). 

Hence,  it  is  evident  thai 

t:tx:t%  :  /.  =       :  ^ :  ^tj"  :  A 

341.  The  process  by  which  the  value  of  ^  wos  obtained,  may 

be  regarded  as  designed  to  eliminate  the  *  quantities   4, 4  

4-1  fwwn  the  given  equations.   By  preciaely  a  similar  process,  the 

m  qnnntities  /,   /,„  ,  may  be  elinilnnted  from  tbe  first 

VI  -j-  1  of  the  given  cquatiuuii,  uud  the  form  of  the  resulting  equa^ 
lion  must  be 

 +  ^«-)„«-J=  cj,^  CU+iC+i-f  +  ^5.4, 

in  which 

In  the  same  way,  if 

r.  =  JP±ofc'»*;ol?  

the  (luantitie.H  f,*"  + j,*"-*"^  ff'"'  in;iy  he  t'limsnaUMl  liom  tliose 

of  the  cquatioud  (177*,)  whicU  give  the  values  of  t^,  C-m  
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—  179  — 

and  the  form  of  the  resulting  equation  is 

£u  +  £'u'-{-  +  ^«>a-»  =  FJ^  +  -f  + 

in  which 

But  the  two  cqulltion^<,  obtaiticd  by  those  proceisscs,  must  be 
identical  in  the  ratiosi  of  their  coelficienta  Hence 

or 


or  by  extending  the  aeries  of  ratios  to  all  values  of 

 :  3t»-i  =  'K*t.n'  :  ^'V- 

Bnt  it  is  easily  seen  that 

;^^.=  a';'= 

and 
vhence 

A  rt-pctition  of  the  same  process,  in  a  different  order,  upon  the 
given  et^uations  gives 

H«ice 
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—  180  — 

842.  The  ratio  of  the  values  of  r,  and  ri,.  may  be  prefixed  to 
the  Relies  of  xatios  of  (179ia)  in  the  tarm 

The  series  of  ratios  gives^  then, 

or 

This  illvc^<tigatiun  in  derived  from  Jvcom. 
343.   The  variation  of  a  function  of  the  quantities  represented 
hy     is  expressed  by  the  formula 

Jf^  then,  the  values  of  the  quantitiei^  denoted  by      are  sueh 

that 

ii''»=*«l'»4.(^*), 

and  if  the  corresponding  values  of   /,  are  denoted  by 

f''\iif  the  cxproflrion  of  f  1*'  aasumes  the  form 

and  therefore 

844.  If  the  given  quantities  are  such  that 

(i,x-)  =  -(V), 
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it  is  readily  penmved  that 
mid 

-which  is  given  by  Jacobl 

3-15.  A  svstcin  of  e(|uation8,  siinilar  to  thoiHi  of  §339,  rcpre- 
acDted  by  the  furm 

ffvea,  in  the  aam»  yny. 
If 

aa  equation  similar  to  (180,,)  is  derived, 

if' = d  ji.  4-  C/>.i.) 

846b  Let  the  (n-l-l)'  qoiuititie%  represented  by  e^,  be 
derived  from  the  given  elements     and     by  the  formula 

ci'^  =  a.h-\-a'X-\-  a'ri^r  =  ^\  {<"' K ') , 

aud  let  the  dutcrminant  of  thcHC  quantitieii  be 
a.=j£icci4'  cL". 

If  only  one  term  is  taken  in  each  of  the  quantities  ci'',  the 
general  term  of      is  represented  by 

±a'ra7''<i';)"'  *  r'i   


—  182  — 


A  muiual  interchange  of  the  letters  k,  followed  hy  a  mntiml 
interchange  of  the  letters  i  in  the  resulting  tenna^  produces  all  the 
terms  of  iS>.,  which  correspond  to  the  snme  combination  {M)  of 
accents  m,  etc.  A  difl'erent  combination  of  accents  gives  a  dif- 
fercni  set  of  teniu» ;  and  if 

a!«>  =  X  +  rf-'ar^air*  

= i + J  j-'iif^  « 

denote  the  determinants  of  the  given  elements  corre^nding  to  one 
of  these  oombmations,  the  complete  determinont  is  expressed  by 

—  •  — -^m  )i 

which  \»  "jivci!  hy  Jacodi. 
347.   iu  tlie  cose  of 

p  —  M, 

tliero  is  only  one  combination  (JT)  of  the  oocentsi  so  that  in  this 

case 

which  was  given  by  Caucbt. 
When 

there  ia  no  coml)ination  (3/),  in  which  all  the  arocnta  arc  diflcrent 
from  each  other,  and,  therefore,  it  follows  from  §  329  that,  in  Um  case 

and  that,  in  all  cosea^  the  combination  ( JT)  must  oonnst  of  accents 
which  di£fer  from  each  otho*. 
848.  In  the  special  case  of 
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which  gives 


the  value  of  the  dctenmnant  k  reduced  to 
which,  when 

f  =  n 

is  reduced  lo 


nmcTioirAL  omiuinrAvn. 

349.  If  the  given  elements  are  the  derivatives  of  (n  -|- 1) 
fiinetions   /.  of  (tt-|- 1)  variables  3^»i,  so  that 

the  dc'torniiiiant  of  the  elements  is  called  Oie  fuuctiuml  dderiHimiU  of 
ike  fj^sea  fuae&iiM.  Thii^  in  the  present  case,  all  the  terms  of  the 
determinattt 

are  obtained  cither  by  a  mutual  interchange  of  the  variables,  or  by 
a  mutual  interchange  of  the  fuuctioufl,  the  interchange  being 
aoeompanted  in  either  cose  with  a  reversal  of  the  sign,  precisely  as 
in  dedttdng  the  terms  of  the  ordinsxy  determinant  The  proposi- 
tiow^  whidi  have  already  been  given  in  reference  to  determinants^ 
are  easily  applied  to  functional  determinants. 

3-50.  In  the  case  in  which  all  the  functions,  above  the 
(hj -|-  1  ist.  arc  free  from  the  first  m  variables,  the  coiKHtioti  of  (IT-Jcj) 
is  satistiedj  so  that  the  notatiou  of  (Ills)  gives  the  e(^uatioa  (174||t) 


—  184  — 


351.  In  the  case  in  which  everj  function  is  free  from  the 
variables  of  -which  the  infeikr  nuBibw  k  lei»  ffaaii  liiat  of  the 
fimcUim  itoel^  the  equatioD  (176w)  is  satisfied,  and  the  functional 
detenainanl^  reduced  to  a  single  tenn,  is 

3r>2.  If  thf  f/ircii  fiindions  arc  not  iuihinniJoil  of  rarh  othrr,  the 
ili  tiriiuitaiU  vaiiinlm.  Fur  if  tlie  equation,  which  denotes  their  mutual 
dcpendenco,  is  cxprea»ed  by 

/r=o, 

it8  riprivntivea.  with  fogard  to  the  pven  variaUe%  an  represented 

by  the  equation 

The  equation.^,  included  in  this  form,  nre  identical  with  the 
linear  equations  of  1 339  wiien  the  imlues  of  a  vaniah  and 

All  these  values  of  /  cannot  vanish,  because  the  equation,  which 
expresses  the  mutual  dependence  of  the  fimcUon^  must  involve  one 
or  more  of  them;  and,  therefore,  the  detenninant  must  vanish 

by  I  340. 

853.  If  either  nf  the  </>'ri  ii  ftincti"ns  (/,)  cnnfains  an;/  of  the  other 
funciiom,  ihifte  J'linrii'tns  may  he  reyardvU  as  comtant  in  finding  the 
functional  determiuaiU.  For  each  derivative  of is  the  sum  of  two 
parts,  one  of  which  is  derived  by  direct  diflferentiation  with  refer* 
ence  to  the  variable  explicitly  contiuned  in  Uie  fraction,  and  the 
other  pari  is  obtained  by  indirect  differenUation  through  the 
functionB  involved  in  /.  The  whole  determinant  may  then  be 
regarded  a.s  composed  of  two  .such  portion.^.  But  the  portion  of  the 
determinant  obtained  by  the  indirect  differentiation  of    is  the 


Digitized  by  Google 


same  w  if  /i,  not  oontoiniag  explicitly  any  variable^  were  amply 
ft  function  of  the  other  funetionB.  Urn  portion  muat,  therefore, 
vanid,  and  the  remiuning  portion  of  the  determinant  ia  that  irhich 
is  obtained  by  direct  diffi^mttiation,  ctmdacted  as  if  the  fUnctiona^ 

involved  in      were  constant. 

This  proposition  ia  applicable  even  ^s■llt■^•e  several  of  tiie  given 
functions  contain  the  renmining  fuactious;  but  not  when  tlicy 
mutually  involve  each  other. 

354.  If  the  aeeond  of  the  given  fmictions  oontaina  the  firsts 
if  the  third  containa  the  first  and  second  functioni^  and  ii^  in  genera], 
each  function  contains  all  the  previous  functional  the  preceding 
propoflitiou  is  npplicalde.  Hence  if,  by  means  of  tlic  first  linu^tion, 
the  first  variable  is  eliminated  Irom  aili  the  other  functions  ;  if.  by 
means  of  the  wcond  function  thus  rednccd,  the  second  varialile  is 
eliminated  from  all  the  sulistMjia nt  fiiiKtions;  and  if  tlli^^  prucL's>s  is 
continued  until  each  funcliuu  is  liberated  from  all  the  vuriablei) 
designated  by  an  inferior  number,  although  it  may  involve  all  the 
preceding  functions ;  the  determinant  is  reduced  to  a  single  term  as 
in  I  SSL  This  will  often  aflford  a  convenient  method  of  obtaining 
the  functional  determinant. 

355.  In  performing  the  8U0Ces.sivc  eliminations^  the  operation 
mu-^t  not  lie  rc-itiictcd  to  any  proscribed  order  of  the  variables,  but 
one  of  the  variables,  ri'inainin^'  in  must  occupy  the  place  of  Xj. 
Hence  there  is  not  one  of  tlie  factors  of  the  determinant  iu  the 
form  of  §  351  which  vanishes,  unless  a  function  be  irf)tained  from 
which  all  tiie  variables  are  explicitly  eliminated,  or,  in  other  worde^ 
unless  one  of  the  given  functions  is  included  in  the  otherB  and  can 
be  derived  from  them,  so  that  they  are  not  independent  of  each 
otli  r.  If,  llunfurc,  the  ffiven  ftnu/i'm  are  mvltuiltjf  mdqta^ealf  lhar 
J'uuidoiiiil  (lcfvnnimii)l  does  wd  inui»/i. 

arc  given  lunctious  oty,yi,  y^, 

2i 


—  186  — 


whieli  are  iheniBelyeB  functioiia  of  the  variables   the 

derivatives  of  the  functions  (Ft)  with  respect  to  the  variahlee  (««) 
are  represented  by  the  equation 

Thin  equntion  roincidua  with  (181|i),  if  the  notation  for  a 
combined  with  the  uutatiun 

The  rcnuvinin<(  notatirm  and  couchihiond  oi"  ^§MH'i  and  ;M7 
may,  therefore,  be  ajiplicd  to  thu  case.  Himce,  hy  (1^2,^)  ihe 
/mteUomU  deferminmt  of  ih»  vMb^peHtknl  futietimt  (Ft),  lakm  toith  raped 
to  Ute  torn  nmier  ef  vanaNea  (»,-),  msAm^  mler  mlo  {F,)  at  (k^  are 
involved  in  the  Mm  number  ef  indejyendcni  fuadiont  (/•)  expHeS^  fltroAwl 
HI  {Fi)f  is  obhtiiu-d  hy  mnllipli/lHg  the  funcUoual  delcnitinant  of  {F,)  iaJten 
irlih  rr.ij>cet  to  {/i)     the  JvaneUoaal  detenmnant  (jf  (/<)  iaiea  teith  reject 

If  the  lunuher  {jj  -\-  1 )  (f  fttndwiis  (f)  exceeds  the  number  (h  -|-  V) 
of  fumlium  (/',),  Ute  complete  fuudiomU  dclcnuinanl  of  (i'.)  is  hy  (182ii) 
iht  mm  ef  «M  the  pofHal  delemmuuiU  of  {F^  ehtaiued  btf  everg  potribk 
coaitintt&m  ef{n-\'l)ef^  fitaetioiu  (fi). 

Jffthe  mrnAa-  ef  fweeSoM  (/,)  i»  la»  Ma»  Ueei  ef  the  fmwUm  (Ff), 
the  fmetioaat  determimmt  vaniahes,  as  in  (182]«),  which  corre^mids  to  tie 
preposition  tftaf  tlie  numhcr  if  independent  functimu  eeamei  exceed  tie  niaih 
her  of  riiria/jlex,  hy  vhirh  thy  may  be  crpreeeed. 

357.   In  the  vum;,  iu  which 

= 

all  the  derivativea  of       with  reference  to  the  variables  (z.)  vauitih. 


except  those  included  in  tltc  form 

In  this  case,  therefore, 

SP.=:5±i>,*lii*  Djti;, 

is  the  functional  determinant  of  (u:,)  regarded  us  functions  of  (J,), 
and  the  equation  (182,,)  becomes 

or  the  fuadamal  ddermnant  of  {x,)  take»  mlk  retpecl  h  (/,)  U  the  recijnv- 
wttf  ^  fnmikwd  MtmimaU  of  {f)  Uiien  mtk  reflect  to  («;,). 

85&  If  in  the  Imenr  equations  of  §  339,  the  values  of  (/)  are 
eacpressed     the  formula 

either  of  the  equations  is  represented  by 

v^  =  S,  (i>r,A  V*)  =  ^aU  =  0 ; 

unless 

m=t, 

in  which  case 

=       =  1. 
This  value  substituted  in  (i77»i)  gives 

350.    Il  it  is  agaiu  tus^unied  that 


—  188  — 

tho  equations  of  §3  (5  give 

=  =  ^  =  « log 

?>(iO.  n\  the  satno  pmrcss,  it  maybe  proved  that,  if  (/j  arc 
the  variables  and  (.', )  tlio  indepeiident  t\inctions, 

= d  log    = — a  log  i^. 

But  it  must  be  observed,  thai  in  finding  the  derivatives  of 
dxt  they  are  supposed  to  be  expressed  as  fimcttons  of  the  original 
voriableis  precisely  oB  in  the  preceding  section  the  values  of  d/^ 

are  snppo.-od  to  be  cxprcsfed  in  terms  of  Z^. 

The  equation  (188b)  reduced  to  the  form 

may  be  a^cd  to  the  idontical  equation 

The  sum  i%  by  {lB7tt)t 

302.  Iti  the  coiic,  iu  which  thu  oi-bitrory  variation  d  is  assumed 
such  that 

*/  =  0, 

except  fur  the  vuUie 
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tho  proeciling  c'<|uattoii  becomes 


If  (his  equation  is  mnUipKed  by  /  kdA  added  to  the  equation 
tiie  sum  IB 

863.  If  the  equation^  by  which  the  fnncUons  (/<)  depend 
upon  the  Tonablea       are  represented  by 

/;  =  o, 

tiieir  dcriTatiTea  are  represented  by 

The  ooinparlMon  of  this  equation  with  (180,)  inihcatca  that  the 
fonchulln^'  proposition.s  of  §  350  may  he  upphtMl  to  tliis  ca.so,  pro- 
vitli  il  Uii'  iii'L'-utivi!  si^Mi  is  iiitioilLUt.'(.l  a^  a  fiictor  of  all  the  deriva- 
tive's taken  Willi  respect  to  (/,).  Ilenoe,  if  the  mnnher  of  tho 
fbnctions  (/,)  is  the  same  with  that  of  the  variables  {r,), 

s±D,FD^F,  i?,./;  =  ±  DjFDfj^  i>/,/;, 

and 

364.  If  the  number  of  tho  functions  (/j)  exceeds  that  of  the 

varinlilcs       and  \a  p-\'1  instead  of  h  -{-  1,  let        be  the  forni  of 
when  the  haj<t  j)  —  u  of  the  functions  (yl)  are  cUminuted  from 
it  by  means  of  the  lost  p  —  »  of  the  given  equatioaa  In  this  case 


—  190  — 


it  follows  from  the  roasoninj^  of  §  354  that 

-  +   Fih  r,  , .  /: + ,  F, 

= ^  ±  D,F'D,^ri  i>-.i^i  s  ±  ^/.„i;+ii>/.„/;+.  

S±DfFDf^F^  Pf^F, 

=S±DfF^Df^F\  Of,FiS  ±  flr.^.l'.+iflr.^.   

But  the  equation  (ISOj,,)  is  npj>licable  to  tliis  case  if  (/')  is 
changed  to  (  f,'),  and,  therefore,  the  introduction  of  u  rnuiiiion  factor 
iuto  the  teruis  of  ^ISOj^)  gives,      meaos  of  the  preceding  e^uatiou^ 

SL  _  /    y+l  -2-+  n.  F/h,  F,  D.,F.  D', , , 

—  V    }      ^     2.±UjFUiF^  D/,F,  • 

365.  There  are  various  intereating  and  tnstnictive  relations 
between  the  partial  determinants  of  functions  which  have  been 
developed  by  .Tacoiu.  nntl  which  will  he  found  useful  in  discussing  the 
theory  of  dinm  iitial  ofmations.  If  the  number  of  the  functions 
{fi)  OS  well  08  of  the  variables  (jt,)  is  increaj$ed  iom-{-H-\-\,  let 

Tf,  then,  from  tlic  t'liiu-tiori  f/,^,),  all  the  variables  t,  t,,  

ar,_j  are  oliiiunutcd,  and  tlie  function?  f,f\  f%~\  introduced 

in  their  places,  and  the  function  (/.+,)  thus  transformed  is  denoted 
by  valnes  of  ^  become 

The  determinant  the  (m-)-^)*  functions  {fif)  con- 
sequently. 
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But  it  b  obytous  that 

=  ±D,x  

vhenee 

s±^%  

866.  If  ^  denotes  the  velue  whkh         Msatnes  when  all 

the  (lerivalives  relatively  to  nrc  changed  into  the  derivntives  rela- 
tively to  3-, +4,  it  is  evi<lently  the  factor  of  -Oi^/.+i  in  the  vidue  of 
—  ilAjjl'.  In  the  valu^  therefore,  of  the  doterminant 

s±':^^%  

the  fiietor  of /?,/.'Or,/.+i  ■''',/•+«,  ia 

 «C'-». 

But  the  loetw  of  the  nine  quantity  in  is,  by  inspection, 

+'-2  ±  ^./^-l/l  ^  t/n-l 

Ii»  therefor^  foOows  from  (101«)  that 

+  2B  Cflj  

=  (-)"  ±   

367.  The  liietor  of  A,_t/-+*  »«>       value  of  SBf>  ia  — 
and  therefore  the  determinant 


—  192  — 

k  in  (191„)  the  fiwtor  o£D^/»+i  ^'J.+t  But  Uie 

fiwtor  of  thu  some  quantity  in  by  inspection, 

i-r^  ±   /-I   ^',A 

=  (_)-t.+i)i'+ A^A^^y,  A,^,/.. 

Hence  it  follows  fixjui  (lOlj)  Hiat 

S±^%%  

= (-)•+»  «r-,x±  ^./A  ^./i  -0..^./,. 

36S.   By  the  siiinc  procctut  it  will  be  found  thut,  in  general, 

+ a  .a;  a;'  ffl!'r,"'f  

=  (-)-+■  .'ii I   ±      . , .  ./■ ''^^^  _ . ,  j\  • 

MOD.  If  the  iaetor  of  iSB^  in  the  value  of  (191b)  in  denoted  by 
( — yitf  this  expresflion  gives 

s +  'cu-" = s,iK%), 

in  whicli  neither  the  quantities  ('*  nor  any  function  of  tiioiii,  sueh 
ns  Jj.  «iiiit.i:n  <!i"riv.itivi'8  of/,.  Hence  flic  derivative  of/,,  with 
re.-[>ect  to  .r„j.i.  only  occurs  iu  this  ex[iics^ion  l)(  i-:nise  it  is  in  -'H^ ,  in 
which  its  coellicieut  is  -'J'.-j,  so  that  the  tcim  ol  tlie  inc<eilinj; 
expremion  vhidi  oontaina  this  derivative  is  It  -^K-i^'^^J'^-  If  /'i 
is  the  eoeflBcient  of  the  same  derivative  in 

the  equation  (192«)  gives 
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The  oompariBon  of  (102,)  with  tbU  equation  gives 
«.-i2±  Aj'iV./.  ^.^/.= |i 

It  is  to  bo  observed  that,  from  their  definitions,  the  fanctions 
//t  and  L'flj,  arc  both  of  them  partial  detenniimnl.s  of  the  same 

functions  /,  /,,  /«_»  the  former  beiii-,'  taken  with  rcspeot  to 

the  variables  r„,3-,„^,  ....  r,^  „  excliuliiig  and  the  latter 

being  talcen  with  respect  to  the  variables  jc,  Xi . . . .  x,_i  and  x^+t. 

In  the  case,  therefore,  in  which  >»  and  «  ue  equal,  these 
two  detonninjuits  ore  formed  with  respect  to  an  entirely  dififerent 
nt  of  variablei^  and  each  of  the  Tariablea  r^^^  ia  token  in  Boeceflaon 

fipom  the  Kt  s^,  x,+i  2^^.  in  forming  fi^  and  combined  with  the 

aet  X,  Xi  in  forming  .''^t. 

370.  The  first  tnornber  of  (l^M^)  (]or<  not  contain  any  deriva- 
tive of /'„  with  rcsju'c  t  to  a  variable  of  ubicli  tlie  inffiior  mimber 
is  les«  than  m.    Tlie  faictor,  therefore,  of  such  a  derivative  as 

in  the  second  member  vanishes  identically ;  which  ia  repreMHited 
by  the  equation 

±  J>'.+»  /^'Ji^'Jt  ^'._/.-i)=  0- 

371.  If  in  the  equation  (191,) 

«  =  !, 

this  equation  becomes^  by  writing  n —  1  for  Wi 
=        ±  J\/\  ^.,/5  

But 

25 


—  194  — 


BO  that  if  X  is  supposed  to  be  »  fimction  d  the  other  yariablee  and 
/  to  be  equal  to  7,  these  equations  are  reduced  to 

in  which 

and,  by  (ITOj),  —  -4^  is  dctluced  from  by  changing  the  deriva- 
tives relating  to  a*  into  the  derivatives  relatively  to  x.  This 
equation  is  derived  from  Laqhanob. 

372.  In  the  greftter  portion  of  these  fomrahn  upon  functional 
determiniuits^  the  derivative  taken  vith  regard  to  either  of  the 
varln'ili  -:  iiiiiy  he  supposed  to  he  fi«quently  repeated,  su  tlmt  i>i^ 
may  suhstituttMl  for  D.^,  and  h  may  even  ho  zoro.  Thus  i^  in 
§  oGo,      in  »uhtflitutcU  fur  i^.,  nud  if 

11  =  1, 

the  equations  of  that  section  are  reduced  to' 
Hence  if 

and  if  a  is  written  for  m     1,  the  eqimtion  (lOO^i)  becomes 
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If  each  of  ike  functions  (/)  is  multiplied  by  t,  the  valaoB  of 
the  fiinctioiia  (v«)  remain  unchanged,  and  thecefore  the  value  of  the 
detenmnani 

is  multiplied  by 

873.  A  system  of  functions  (/)  can  always  be  firand  such  that 
tiieir  determinant  with  respect  to  the  Tariables  (»i)y  may  be  equal 
to  a  ffvm  function  IT  of  those  variablea  For,  if  all  these  functions 

except  /,  arc  assumed  at  pleasure  and  if  /i  represents  the  form 
of  /„  iill  llie  variables  except  .r„  are  elimiiiatetl  and  the 

roniaiuiii^'  iimctiuiis  (/J  arc  introduced  ia  their  place,  the  required 
deteriniuout  becomes 

ilcncc,/;,  is  by  (187io)  determiued  by  the  integration 

in  which  it  must  be  observed  that  the  quantity  under  the  sign  of 

integration  is  expressed  in  terms  off, fx  and 

In  the  case  of 

n=i 

this  formula  becomes 

The  siilistrinrp  of  all  these  investi^'ations  upon  determinants  is 
takeu  without  iuipurtuut  modiiicutioiis  fi-um  Jacoul 


—  19C  — 


HOLTiPLB  9faavATm»  AMD  nfrBqu!.!. 

374.  The  fimctionol  determtiMtnt  is  shown  by  Jaoobi  to  be  of 
singulor  use  in  the  tranafbnnation  of  multiple  derivativos  and  inte> 
gnlA  The  expreanon  of  these  functions  is  fadlitated  by  the 
notation 

=-^«,/-+i  •/»> 

and 

fm—m+l  /•■-m+l 

If  theu 

a  now  variable  which  is  a  given  function  of  all  the  vsiiable^  /« 
may  be  substituted  for  either  of  them  as  in  IV^  and  the  new 
derivative  is  given  by  the  formula 

Another  new  variable  s^.]  may  next  be  introduced  instead  of 
/._!  in  the  same  way,  and  this  process  may  be  repeated  of  substi- 
tuting successively  for  each  variable  a  new  variable  r, ,  wh'wh 
Hlinll  be  a  function  of  all  the  other  variables  remaining  in  the 

dt  riviitivo  at  the  instant  of  the  substitution  i>f  nntil,  finally,  an 
entii  L'Iy  new  set  of  variables  «bail  be  introduced  into  the  derivative. 
The  fiuul  furui  is 

£lD.fO,J,  D,J,^Dit}W. 

From  the  comparison  of  this  form  with  §  361»  it  appears  that 
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the  iactor  of  X2  is  identical  with  the  determinaiit  of  that  Motion. 
From  the  reasoning  of  |$  S53  and  864|  it  foHowa  that  the  deteimi« 
nant  is  not  changed  hy  subetituting  in  either  of  the  quantities  (/i) 
regarded  as  functions  of  the  vnrinMcs  (r^)  the  values  of  any  or  all 
the  preceding  funotion?^  in  tcniis  of  those  Vttrluble.*i.  But  each  of 
the  functions  (/,)  contains,  in  its  present  form,  none  of  sii'  cifd- 
ing  funetions;  no  that,  after  this  substitutiuu,  it  is  cxpruiiscd  in  terms 
of  ( j^.) .  Uciice 

375.    The  preceiliug  etjuatiou  gives,  for  the  multiple  integral 

y..J'=J....A''-'')- 

in  which  the  limiting  values  of  (Xi)  may  be  supposed  to  be  constant^ 
while  those  of  (/i)  may  not  be  constant  If  then  IT  is  determined 
by  the  integration 


so  as  to  contain  ncitlier  of  the  variables  (x,)  e.\ccpl  as  tliey  arc 
invdved  in  (/.),  it  is  by  §  353  nnaecesMij  to  hare  regard  to  tJie 
derivatives  of  JI  otherwise  than  as  they  are  dependent  upon  /  in 
finding  the  value  of  the  determinant  which  u  the  first  member  of 
the  following  equatttm,  and  which  therefore  becomes 

But  by  (189,) 


—  108  — 


and,  thorefbre, 

/,."> = ^JZSi^'*')=^'S-' ... A). 

in  wliich  li'm,^  denoto)^  that  (he  function  to  mIiu  Ii  it  is  prefixed  is 
referred  to  the  limiting  values  of  .r^,  so  that  thu  dill'crcnee  of  the 
values  of  tho  fuaction  at  thuse  two  limits  is  repre^uttid  by  tUid 
notation. 
Batance 

it »  evident  fiom  (197u)  tliat 

and  a  rimilar  equation  may  be  given  for  each  of  the  tenna  of  the 
last  member  of  (108|)^  vhereby  this  equation  ia  reduced  to 

The  multiple  integral  of  the  (»  -f-  1)  th  order  is  thus  reduced  to 
2n-\-2  multiple  integrals  of  the  ath  order,  and  this  reduction  may 

be  continued  until  the  whole  process  is  made  to  dcjifMul  upon  single 
integrals,  of  whieli  one  is  performed  with  reference  io  f.  and  the 
number,  performed  with  reference  to  any  other  of  the  variables  (/<), 

« 

18 

2'(n+l)H  („-(-2  — i). 
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II 

annruAiiiiODs  ddrremtul  savAnom  Jon  ukeol  fabiul  vanaxmAL 
BQUAnom  or  im  mm  okdbb. 

376.  An  cc^uation 

of  which  the  derivntivc  vanishes  identically,  by  means  of  the 
Bunultaneous  differential  equations  represented  by 

in  which  (X,)  are  jrivcn  functions  of  the  variabU'fi  (.r,\  in  called  an 
inli'ifial  of  these  equations.  It  in  a  ijvin  ml  i/nil  if  it  involves  arhi- 
trary  constant.^,  and  a  jmr/utihir  iiUti/jui  il  it  due^  nut  im  olve  arbi« 
traiy  oonstants.  When  it  ioTolTos  an  arbitrary  constiint,  it  is  more 
coDTenieutly  expressed  in  the  form 

/=«, 

in  which  a  is  on  arbitrary  constant. 

377.  A  function  /,  which  satisfies  the  linear  partial  differential 
equation  of  the  first  order 

is  called  a  ssAi^  of  this  equation.  By  means  of  the  notation 

0 
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this  <»quat&m  may  bo  written 

or  (199»),  ef  ik$  mmUaiuom  di^treaUttt  e^taUm  (199u)  w  a  9ohitim  ef 

ihe  paHhl  differ  cut tal  equation  (2002);  ami,  conversely^  everg  tobiHon  if 
ihe  pai  liiil  dij'eretiliul  equation  (2((0j)  is  tlte  Jirsl  member  of  an  iit/e(/rnl  of 
ihe  simuUmeous  diffennllnl  i  rpiaiions  (lOO^,),  and  Us  second  member  is  nmj 
constant.  For  the  (Icnvative  of  (lOyg)  or  (199u)  vauislics  the 
Bubiititutiou  of  {Vd'dn),  which  gives 

tliat  is.  /  siti.^lics  the  equation  (2(lUj).  Rociprooally,  the  satisfying 
of  thi.H  L'unditiun  is  nil  that  is  rec^uircd  in  order  that  (IDU^)  may 
be  an  integral  of  (199,). 

379.  If  the  equation  (199,)  is  solved  relatively  to  jr,  eo  as  to 
express  »  as  a  function  of  the  other  variables  {x,),  the  equation 
(199^)  bcoomcs 

which  is  distinguished  from  (200,),  hccauso  tin-  function  r,  of  which 
the  derivatives  are  taken,  is  involved  in  tiie  I'uuctions  (JIC{),  whereas 
/ianot  involved  in  those  functions. 

S80.  A  solution  of  (^UU^j  s\iiich  shull,  for  a  given  equation 
between  tin  yaiiables^  become  equal  to  a  given  function,  may  be 
determined  by  means  of  series.  For  tbb  purpose,  let  the  given 
equation  be 

iu  which  T  is  coostout,  and  /  a  fuocliou  of  the  variableii^  and  let  the 
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eolution  become  a  function  tp  of  the  variables  when  this  equation  h 
ntiafied.  If  then  i  were  anumed  to  be  also  one  of  the  variables 
of  the  ipwa  equation,  and  aiieh  that  hi  fornung  the  rimultaneooa 
equations 

by  vhidi  the  simultaneons  equations  become 
and  the  given  partial  difiinential  equation  is 
asnune  ttie  functional  notation 

and  the  integral  of  the  partial  dilferentiol  c(£uation  with  reference 
to^is 

which  gives 

/=  (1 -h  □ -I- +  ctc.)y 

9 

This  value  of  /  takeu  from  Calciiv,  expresses  a  true  solution  of 
the  given  equation  if  Q'^  finite  for  all  values  of  i  and  vaniahas 
when  •*  is  infinite^  which  is  always  the  case  Sat  sufficiently  snmU 
values  of  < — t. 

SSL  Titre  are  n  imkfiaitM  toMionf  cf  tie  forUat  d^crenUat 
tgiM^  (200b)  ONtf  «0  M«v  (km  n  huhpetidtkl  tobiUom. 

20 


—  202  — 


*  Fint.  Tbu  c(|Uiiliou  (20O2)  htu  n  iudcpcnduut  solutions.  It 
has  been  proved  in  the  preceding  Bection  that  it  hu  one  midi  K>lti> 
lion.   Let  it  then  be  aaanmed  that  m  such  independent  aoluticms 

have  been  obtuned,  denoted  by  /•>  /.-i  /i-m+i*  Theie 

independent  solutions  may  be  substituted  for  the  m  variables, 

*■>  ^K-i  M-i-i>  with  regard  to  which  they  are  independent; 

and  if  f^f  denotos  the  value  of  /  when  oxpiossod  in  terms  of  the 
new  variable^  the  equations  of  subtititution  ore  represented  by 

Z>,^/=  />-,A.,+  i  (  D.J,). 

But  «nce 

the  subiititutioa  of  these  equatious  iu  (l^UUa)  reduces  it  to 

in  M!ii<-h  tlie  functions  may  bo  regar<l<Ml  as  constant.  Thia 
redticf'l  ofitiatioii  has.  then,  a  Holution  hy  the  preceding  (section; 

its  sohition  dues  not  involve  the  vaiiahlis  r„,;r,  ,  

and  is  independent  of  the  given  wi  solutions.  The  given  equation  is 
then  pruved  to  bttve  another  solution  independent  of  the  given 
solutions  J  and  this  number  ntaj  again  be  increased  by  the  same 
proceaa,  until  the  n  indepemlmit  aduttons  are  obtwned,  fi^ft .... ./.. 

Secomllt/.  The  equation  (200,)  cannot  have  more  than  n  inde- 
pendent t^uhitions.  For  if  there  are  solutions  (/<),  each 
gives  an  equation  represented  by 

which  may  be  regarded  us  a  linear  equation  between  the  quantities 
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(Xi).  By  the  .luoal  prooMS  of  oUminaUon,  if  denotes  the 
functional  determinant  of  {/,)  with  respect  to  the  Torinbles  (s^), 
these  equations  givtf  by  §340, 

But  all  the  quantities  JK^  do  not  Tonish,  and,  therefore, 

«.  =  0, 

or  the  («+ 1)  functions  (/)  are,  by  |355^  not  ind^ndeni  of  each 

other. 

382.  Tt  is  evident,  fmm  the  prcocflinp;  demonstnitinn,  f/ial  an>/ 
funrlion  nf  llir  sohilioux  uj  Ihe  linear  jxu'iial  di^'cfciUial  c'^Kuiiun  ^200|)  u 
ilisi  lj  a  soluiiim  of  thai  cqualiun. 

888.  A  system  of  finite  equations^  of  which  the  derivatiTes 
are  satisfied  by  the  simultaneous  equations  io  called  a  ^rim 

iuteynU  equa&m  if  (he  tumiSmemu  tSJerenUal  eqaa&m.  This  system 
is  said  to  l»o  fjnurul.  when,  liy  tlie  Hiic('es.«*ivc  eHininalion  of  the  con- 
slant.s  it  enn  be  rediu-ed  to  a  form,  in  wliioh  each  c(|uation  involve.^ 
an  arbitrary  coiisduit  not  incliidcfl  in  the  otluT  efjuntions,  and  it  is 
eompldc  wlien  the  nunilifr  ol"  finite  equations  is  to  that  of  the 

given  dilVcreiitial  etiualiouA  When  reduced  in  the  method  juat 
prupo.sed,  the  general  system  IS  represented  by 

in  whicli  the  functiuns  (f/,)  are  independent  of  the  arbitrary  con- 
stants {^i).  The  pariieulur  Kyutein  i»  represented  by  a  set  of  similar 
cquatioua^  combined  with  other  equation^  which  involve  no  arbitrary 
constants^  and  whidd  are  represented  by 
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884.  Jfaeib  tguaiiBfii  «f  «  geaard  tjfdm  ef  vd^fnH  egMoHom, 
redueed  io  ike  form  (20Sh),  m  m  wiegnd  ^  M«  jrnwii  MMttftnwoN*  dj||^«r> 
tfdial  epmlions.  For  the  derivative  of  {2032,),  when  reduced  to  a 
finite  equation  by  the  substitution  of  the  jriven  difli-rentinl  eqiintionfl, 
is  indepeiident  of  the  arbitrary  constants  d'i,),  and  vanishes,  there- 
fore, indcjjcndently  of  the  equations  themselves  in  which  these  con- 
stants are  involved.  When  the  system  is  general,  therefore,  the 
fbnetions  {if  ,}  are  ftmcUods  of  the  eolutiona  (/J  of  tho  partial  diflfiur- 
eotial  equation  (200b). 

885w  If  the  sjrstem  ie  porticuler,  and  if  the  number  of  the 
equations  (20dnX  which  are  free  from  arbitrary  constants  is  vi — u, 
the  same  number  of  variables  can  be  eliminated,  by  their  aid,  from 
the  functions  (A',)  and  {(f,).  The  ('(juiitinns.  to  which  (20.3,4")  arc 
thus  retUiced,  are  iutcgralu  of  the  simulUmeoua  diil'ereutial  cc^uations^ 
reprosunted  by 


in  which  the  varialilcs  (.>,),  of  which  the  number  is  tOj  are  those 
■which  are  not  eliuiinated  from  (A',)  and  ((f,). 

o86.  The  system  of  equations  (20ojn)  is,  by  itself,  a  particular 
wyttem  of  integral  eqoationa  of  the  ip^ren  diiferential  eqiwlaoniv 
which  does  not  eontun  any  arbitrary  constant  ForthederiTatiTeof 
either  of  them,  involving  no  aiintnuy  constant^  must  be  satisfied  by 
means  of  the  equations  ( lOOi.)  and  ( 2 03n),  without  any  aid  from  the 
equations  (203.^),  The  derivative  of  each  of  the  equations  (203„) 
is,  for  the  same  reas<jn,  satisfttil  }>y  ilic  same  equations  (199|s)  and 
(203j,),  without  the  assistance  ut  tlie  c(|uations  (2032,). 

387.  The  functions  (/.)  may  be  .suppoajd  to  be  introduced  as 
the  variables  instead  of  the  givca  variableB  (x^).  "By  this  substitiK 
tion,  the  proposed  system  of  differential  equations  assumes  the  form 


By  this  same  sttbetiiuiion  in  the  equatioitt  (20S]|)  and  (20S|i),the 
equatiooa  (2088t)  ^  readily  fednoed  by  proceani  of  eliininfttiaiii 
to  an  equal  number  of  equations  of  the  form 

in  wluch  the  Amotions  {F,)  do  not  involve  those  of  the  functions  (fi) 
of  whioh  the  values  constitute  the  first  members  of  these  equationa 
Hence  the  derivatives  of  tIle^«e  e(|untloii  .  n  !uoed  to  a  finite  form 
bjr  the  anbstitation  of  (20i%)  become  of  the  Sorm 

or 

But  this  equation  does  not  involve  either  of  the  functions  (/^) 
which  are  not  oontiuned  in  ( J^),  and,  therefore,  cannot  depend  upon 

the  equations  (205,).  It  is,  therefore,  identicnl,  the  funetiona 
(Jj)are  independent  x,  and  the  equations  (2033,)  ^rom.  wliich  they 
are  derived,  contain  only  the  functions  {  The  substitution  in 
(2()33i)  of  the  ai  liitrary  constant--^  («,)  for  thu  functions  (  /' )  to  which 
they  are  equivalent,  reduces  these  equations  to  conditional  cquo- 
ticma  between  the  arbitRHry  oamBtanta.  Thm  etpuUtoua  (203^),  Here- 
fart,  repment  ike  eendSional  epaUua,  /s  wl&k  the  ariUntrg  eomUait 
i&e  iidegrab  tf  (199|t)  nnal  he  tM^ed,  m  order  that  ih^  mag  eauieide  wUA 
the  parlicular  synhiii  of  minjral  cijualiom,  to  vhich  (he  eqwdWM  (203,t) 
Mimg.  AAer  the  introduction  of  the  functions  (/),  instead  of  the 
variables  (i;),  into  the  functions  (y^),  these  functions  {ifi)  con,  by  the 
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BubBtitutkm  of  (205^))  be  freed  from  oil  the  functions  (/«)  which  are 
not  contained  in  (Fi),  The  derivatives  of  (fi)  when  thus  reduced 
beoom^  by  means  of  the  equations  (208^),  of  the  form 

» 

whidi  must  vanish  indep^dently  of  the  equations  (20og),  aiid, 
therefore,  the  functions  (94}  do  not  involve  sr.  JEanw,  ^  (ke  *abUiMio» 
€f  [Xi^fw  (/^)  <A0  e^MoAbiM  (203m)  ^iw  Iks  valuea  ^  {(If)  m  term  <\f  (Oj). 
388.  From  any  one  ^ven  intcgml  equation,  denoted  by 

11  =  0, 

the  vliolc  .system  of  intt-gral  equations,  to  which  it  bchingji,  can  be 
readily  obtained.  For  the  finite  cfjiiationy  to  which  the  derivative 
of  thin  equation  is  roduceil  liy  (he  .siihslilution  of  tlic  ;_'iven  difTeren- 
rijiuilioiis,  is,  from  the  very  nature  of  the  jnohlcin,  another  of 
llie  icqiiired  system  of  integral  eipiations.  The  derivative  of  this 
new  ef|uation  gives  a  third  integral  equation,  nnd  the  continuation 
of  this  ])roccM  leads  to  the  jiual  deferminafmi  ihe  whole  ike  rcqtdred 
i^dm  tf  wkgrti  eqiuiioHi. 

889.  This  process  of  derinng  a  system  of  integral  equations 
from  one  of  its  component  eijuations,  affords  the  means  of  testing  a 
proj>(>sed  e<iiiation,  and  ascertaining  whether  it  he  an  integral  eijua- 
tioii.  Fur  as  j^reat  u  iiiitiiher  of  independent  iutejrial  equations  is 
Hot  a<liiiissil)le  as  that  of  (lie  variables  themselves;  if,  therefore,  ihe 
applit  ation  of  Utc  process  to  a  jtrojmed  equalion  coinltidis  to  a  mmher  of 
indepatdaU  equaOoas  egual  io  that  tte  variaMetf  &ua  mJkieiU  pnxf 
ihat  Hepryioied  egmUm  ami  an  intfffral  egwdim. 

890.  When  a  system  of  integral  equations  contains  tuperjhms 
arbitrary  constants,  that  is,  constmit-  which  remain  in  the  functions 
{fi)f  after  the  system  is  reduced  to  the  form  given  in  §  383 ;  such 
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constants  supply  the  means  of  obtniiiing  other  integral  equations 
whidi  ure  not  contaiiied  in  tiie  given  syateiii.  Thus  if  ( 20G,i )  dcnotea 
an  integnl  equation,  from  whidi  the  proposed  irjrfltem  may  be  sup- 
posed  to  be  derived,  so  that,  leciproeally,  this  equation  may  be 
derived  irom  the  proposed  system,  and,  therefore, 

in  which  1*18  any  arbitrary  function ;  and  if  the  notation  is  adopted 

in  wbich  arbitrary  couBtants  are  denoted  by  (xt)  j  the  equation 

/  ,/<=:0 

is  aiao  an  integral  equation.   Fur  the  equation 

2>H  =  0 

gives,  hy  direct  difl'ercntiution, 

But  it  is  obvious,  from  the  foim  of  (207«),  diat  the  derivatives 
of  u  with  reference  to  those  of  the  constants       winch  are  dimi- 

natcd  from  the  functions  (tp,)  and  to  which  these  functions  arc  equal, 
art-.  thcinsL-lves.  functions  uf  (ff,  —  fi,]  nnd  r;-.;  whereas  the  deriva- 
tives of  It  with  rclbrcuce  to  the  supcrlluous  iiidepoiident  ('ou'itinils 
(/i,),  which  arc  contained  in  the  liuictiuu.s  (ij,),  are  not  merely  func- 
tions of  {(pi  —  (it)  and  tf\.  Hence  the  integral  equation  (207i8)  is  a 
new  equation,  if  it  contains  the  derivative  of  u  with  reference  to 
either  of  the  superfluous  constants  (A),  and  there  are  as  many  of 
these  new  equations  as  there  are  superfluous  constants.  But  the 
number  of  independent  integral  equations  thus  obtained,  it,  of  course, 
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subject  to  the  condititfii,  that  it  cannot  exceed  the  number  (h)  of 
the  iudepcudent  solutions  of  the  equation  (2U0i). 

391.  Of  all  systems  of  integral  equations,  that,  in  which  the 
aibtteoiy  oonstants  are  the  -valuei  which  the  Ytriahles  {henuelvefl 
assume  for  a  given  value  of  one  of  them,  deserve*  especial  ooiuddeiw 
ntion.  To  simplify  the  disc;usr<ton  of  this  cose,  and  place  it  iu  the 
po.«ition,  in  which  it  will  best  ilhi?<tr!ite  the  problems  of  mechanics, 
the  variable  (x),  of  which  the  value  i.s  given,  may  denote  the  iiiiic, 
and  the  given  time  i.s  the  i'lHJcli  or  origin,  at  which  the  elements  of 
the  Hysteiu  of  vaiiublcs  are  given,  and  from  which  the  variations  arc 
estimated.  The  values  of  the  variables  at  this  begimiing  of  time 
may  be  termed  thdr  wMid  values^  while  those  at  any  subsequent 
time  are  their  Jmii  valuea  1^  differenUal  equations  express  the 
laws  of  change,  under  which  the  variables  pass  from  their  initial  to 
their  final  values,  and  are  equally  compatible  with  any  proposed 
Ci'iTiliinntion  of  initial  values.  The  inHial  vnlvs  are,  ihcrvfore,  ti'holl>f 
arh  'iii-ur'j  and  iuJ^'jinnh'ut.  Their  number  is  ojuul  to  that  of  th'  ntniiblcH 
(z,),  awl,  coiisejtieii/i'/,  fjiuil  lo  the  irhole  number  of  independent  wrbiirary 
eauiants,  wluck  M  rcifdred for  the  complete  integral  cquaHoM. 

The  epoch  is  also  arbitrary,  and  seems  to  introduce  an  addi- 
tional arbitniy  constant.  But  this  constant  is  obviously  supeiflu* 
ous;  it  corresponds  to  the  arbitniry  position  of  the  problem  in 
time,  without  involving  any  modifii  ntinn  of  the  cs.-iMitiul  conditions; 
and  is  the  complement  of  the  arbitrary  element,  which  is  not 
expressed,  and  in  reference  to  which  Uie  derivatives  iu  the  equatiuiiii 
(190u)  are  supposed  to  be  taken. 

392.  The  passage,  down  the  stream  of  timei,  from  the  initial  to 
the  final  valuets^  confimnaUy  to  the  otrnditions  of  cliange  e^rcssed 
in  the  differential  equation^  may  be  imagined  to  be  reversed  and, 
in  a  retrograde  transit,  the  same  laws  of  cli.iii_t!;c  would,  by  their 
reverted  action,  restore  the  variables  to  their  initial  values.  In  the 
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direct  action,  the  initial  values  constitute  the  cau«e,  and  the  final 
values  ore  the  eflbet;  whereas^  in  the  TeTertod  action,  the  final 
values  beomne  the  coaae  of  which  the  initial  values  arc  the  eflect 
Hence  it  follows  that,  in  my  vdegral  eqtialkm  Mmen  ike  final  and  the 
ildUal  values  of  the  variables,  the  Jfiial  and  iiiHtal  vafucf  of  nirh  varuihk 
maff  he  mtiuuUff  inlerckanged,  and  ilte  resvUittg  equatioUf  if  not  idi  ulieul  inlh 
the  given  eqmtum,  is  a  new  tiiteffral  eqiutHou.  In  mah'unj  tliin  c/t/inf/t;  the 
slipt  iif  the  inrlahb',  trhich  t  rjnrssrs  the  iidfriuil  uf  lim.-,  h,-  f  ri  r.si /!, 
beoiiuHc  the  interval,  which  ia  positive  with  rercreuoc  tu  the  iiuiiul 
epoch,  is  negative  with  reference  to  the  final  epoch.  11^  indeed,  the 
interval  were  expressed,  by  means  of  the  initial  value  {x^)  and  the 
final  value  {x)  of  the  tiine>  in  the  form  {x — x^  its  mgn  is  directly 
rovLM-scil  by  tlio  imitual  interchange  of  Uie  initial  and  final  value% 
which  tran.sruri]is  its  (•xpn-s.'^ion  to  (j„  —  V 

Lot  denote  the  form,  ^\lln  li  any  fiiMftiun  /'  of  the 
final  anil  initial  viiluo.s  of  th('  variables  lu^sunieH  after  the  mutual 
interchange  of  tiiese  valuei) ;  and  let 

«?  =  9<, 

roprosent  the  systoni  of  integral  r<|uati(>ns  riiluoMl  so  tliat  tlio 
functions  (f|j  do  not  involve  the  iuitiai  values  {j  ",).  The  intci>> 
change  of  the  initial  and  final  values  in  this  sy.-4teni,  produces  » 
system  of  integral  equations  in  which  each  variable  is  expressed  in 
terms  of  tliat  one  variable,  which  represents  the  time,  and  of  the 
arbitrary  constants  which  are  the  imtial  values  of  the  variables. 
This  new  system  is  represented  by 

894.  The  dificusslon  hoj*,  hitherto,  been  liiniteil  to  diflbrcntial 
equations  of  the  first  order,  but  it  can,  readily,  be  extended  so  as  to 

27 
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einbfaee  those  of  hij^er  orden.  I(  fiyr  initanoe^  the  eqaatkmi  are 
^ven  in  the  torn 

in  Mrhich  the  functions  (A')  may  involve  all  the  derivatives  of  the 
varinblcfj  (x,),  ■which  are  of  an  order  inferior  to  (/>,),  each  of  these 
inferior  dciivativcs  may  be  regarded  as  an  independent  variable, 
expreseeU  by  the  form 

With  this  new  system  of  variables  the  given  equations  ore 
repkoed  by  the  diflcrential  equations  of  the  first  ocder,  represented 
by 

The  number  of  thc.<i'  <lillereutiul  e«iuation8  of  the  finst  oi"dcr  ia 
easily  seen  to  be  {^iPi  +  1). 

395.  When  itm  (iBfEerantisl  oqnatJons  ore  not  given  in  the 
normal  form  {210^),  they  can  always  be  reduced  to  this  form.  For 
this  purpose^  eadk  of  the  eqootionfl^  wliich  contains  none  of  the 
highest  derivatives  of  the  variable^  must  be  differentiated  a»  many 
times,  denoted  by  <r,  ,  as  are  necessary  to  raise  it  to  on  order,  which 
contains  such  derivatives.  If  the  fpvea  equatiwis  are  represented  by 

the  equations,  wliich  are  thus  derived  Crom  them,  may  be  expressed 
by 
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in  wUicli  in  zero,  wbeu  it  ia  applied  to  an  equation  which  is  not 
differentiated.  Each  of  the  derived  equations  contains  at  least  one 
of  the  highest  derivativeB  of  the  Toriablefl^whidi  may  he  repressed 
by  P!'**txi.  The  fimetkms  (y^)  should  be  independent  functions  of 

thef«c  tlerivalives ;  whenever  i\m  is  not  the  case,  such  derivatives 
can  he  eliminated  from  the  derived  equations,  and  one  or  more 
rcsidtinjr  or|nation8  will  he  ohtaincd  in  which  they  arc  not  involved. 
The  indepeiulonce  of  the  functions  (f/,)  can,  however,  bo  directly 
tested  by  meaus  of  their  determinant  (18ua),  which  vanishes  when 
it  is  taken  vith  respect  to  quontitiec^  for  wluch  these  functions  are 
not  independent 

Wim  ih  /uneiun  (ft)  an  MqnaukHt  r^teef  to  ihe  higkul 
dmi'tdu'cs  coulaiued  in  //letii,  fJie  reipiireil  normal  equathm  (210^)  are 
oblained  from  the  given  eijtiutioua  ami  their  tuccesfiirf  drn'ra/irrs  an  order 
not  Idglter  than  tfme  ^  ihe  dcTwed  egwtH<m$  (210a)  il9  ^  xoMi'  froeut 
oj  eUtiihmli'ui.  F(ir, 

First,  there  is  a  sufficient  number  of  equation^  because  the 
number  of  equations,  added  to  the  given  equations  by  differentiatitmy 
is  SiBi  wluch  is  the  same  irith  the  number  of  derivatives^  superior 
to  the  order  {f^  the  hi^^t  of  which  are  to  be  retained  in  the 
normal  equations 

Second///,  these  equations  are  independent  of  each  other  in 
respect  to  the  derivatives  of  tho  onlcr  (/),).  and  of  tlie  superior  orders, 
and,  therefore,  futfu'ieiit  for  tho  n-ijuirt'd  eliiiilnatioii;  because  if  any 
of  the  equations  of  the  inferior  orders  were  not  independent,  their 
derivatives,  which  are  included  in  the  group,  (2108i)  would  not  be 
independent  of  each  otiber. 

396.  When  the  Amctions  (ft)  are  not  independent  with 
respect  to  the  liighest  derivatives  contained  in  them,  each  of  the 
equations  of  an  Inferior  order,  obtained  from  the  derived  equations 
by  elimination,  can  be  substituted  for  one  of  the  derived  equation^ 
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which  18  neceflaarily  inTolved  m  the  diminatioii  hy  which  the 
fcduced  equation  is  obtained.  therefore^  one  of  the  given 
equations  is  involved  in  the  eliminAtion^  the  order  of  the  given 

equations  is  reduced  by  the  substitution  of  the  L'iven  equation.  Bnt 
if  all  the  Ofjuations,  ncLCssarily  involved  iii  the  elimination,  were 
derived  by  diflbreutiation  iVoni  the  imvou  equations ;  and  if  « 
denotes  the  Muallest  number  of  succes-^^ivc  diillTentiations,  by  wlilrh 
cither  of  these  derived  cquatiuoa  was  obtiuned  ;  the  rcdueed  equa- 
tion is  obviously  a  derivative  of  the  order  («)  of  an  equation, 
which  can  be  obtained  by  direct  elimination  from  those  of  the 
given  equations,  which  are  of  an  order  inferior  by  (a)  to  the 
derived  equation^  combined  with  tlie  derivatives  of  the  other 
given  equations  of  an  inferior  order.  This  reduced  equation  of 
an  inferior  oiiIli-  may,  then,  be  sub.^^tituted  for  either  of  the  givi'u 
equations  of  a  higher  order,  upon  which  its  elimination  neces- 
sarily depends.  In  ali  eases,  therefore,  m  tehkh  the  ftatetmta  (^j)  eure 
nei  imkpeadad  tnlk  reipeet  to  ike  klgktd  dermtivet  amiamed  m  iAoHf 
ike  order  ^  the^irm  ejuaUtm  em  he  reduced  the  iMM^tiian  ef 
m  eyuaUoH  en  inferiar  order  oUmued  eSmittoHm  hetwem  mm  ^ 
ike  given  egmd&m  md  ike  dertvoiwei  of  etherif  ttkkk  are     em  vtferior 

OtdtTt 

3H7.  That  the  normal  furnish,  obtained  by  the  proccs-s  of  §  395, 
are,  as  it  was  remarked  by  J.vcoui,  those  which  arc  obtained  with  the 
least  complexity  of  openition,  is  easily  peiccived  without  any 
attempt  at  demonstration.  It  iij^  also,  obvious,  by  what  modes  of 
substitution  other  normal  forma  tan.  be  derived  from  these,  which 
are  equivalent  to  them  in  the  aggregate  order  of  differentiation,  but 
differ  in  the  distribution  of  the  derivatives.  Thus  if  cither  of  tlie 
functions  (A',)  is  of  an  order  inferior  by  ('/,)  to  that  of  the  given 
eqviations,  it  is  by  succi'-.ivc  difli.M'entiations  elevated  to  an  order 
which  cuiitaiutf  uuc  or  more  of  the  highest  derivatives  involved 
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in  the  normal  foniu.  The  {gi)Gk  detbnMye  of  the  equatwn  (21<^), 
after  the  TAluea  of  the  higfaesk  deiivativca^  given  by  the  noratnl 
equations,  are  substituted  in  its  second  member,  so  that  it  Is 
Mi^ressed  in  the  &>xm 

may  take  the  place  of  this  equation  in  the  nystcm  of  nornial  equa- 
tions. If  then  7>f''~''.T,-  i.s  one  of  the  derivatives  contained  in  (-^i); 
aud  if  the  iiuruiul  etj^uution  (210|)  is  reduced  to  the  furui 

it  may  take  the  place  uf  the  equatioa 

in  the  group  of  normal  equations.  By  mcan.s  of  (213u)  and  its 
derivatives  of  an  order  inferior  to  the  (;i)th,  all  the  other  equations 
may  be  reduced  so  as  only  to  contain  derivatives  o({Xi,)  of  an  order 
inferior  to  the  {p,  —  7,)th.  3%;  normal  tjfiim  u  iJiu  meant  irant' 
famed  to  andher  normal  i^etm,  in  wMek  the  highest  derivaiive  of  one  of  ihe 
tarkMn  i$  iaertoiedf  Jutf  at  nmek  at  that  ef  aneiker  ^  ihe  variaMet  it 
ieereused. 

31.)8.  The  repetition  of  the  proeeiss  of  the  preceding  section 
may  be  .so  conducte<l  that  one  or  more  of  the  variables  »liall  finally 
disappear  from  the  system  of  normal  equationa^  and  the  number  of 
equations  will  be  simultaneously  diminished  to  the  same  amount  as 
that  of  the  variablea  The  process  may  be  continued,  indeed,  until 
only  two  variables  remain,  one  of  which  is  the  variable  {t),  with 
respect  to  which  the  derivatives  me  taken;  but  the  reduction  to 
this  form  involves  the  greatest  prolixity  ami  complexity  of  computa- 
tion.  Tlterc  are  special  cases,  however,  and  particularly  that  of 
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linear  difierenttal  equationi^  in  which  thw  mode  of  redaction  is 
peculiarly  advantageous. 

The  principal  portion  of  tluM  discussion  of  (lilTcrcntinl  equationfl 
is  the  roiiihiiuHl  result  of  the  investigiitions  of  Euleu,  Lagrange, 
C-ariiY,  iiiid  .1  Ai  onr  ;  but  an  important  addition  to  these  resoan  hes 
is  now  to  be  developed,  for  which  geometry  is  eminently  indebted 
to  Jacobi. 


TBS  JACOHUur  HULiiPLm  or  mrmaaamjo.  sQVAnoirs. 

399.  Tlie  function,  whioU  was  called  by  Jacodi  imo  mulUpKeTf 
in  order  to  distingui.-'h  it  from  the  Eulcrian  mtiNiji/i<r,  but  which,  on 
account  of  its  superior  importance,  is  here  diBtingimhed  simply  as 
ikg  mvUiplicr  of  a  linear  partial  di&rantial  equation  of  the  first  order 
represented  by  (200^),  is  iked  /vuMan  ukk^  muKfStd  ^  tti$  tgmlion, 
rmdett  U»  J!nt  mmiet  m  tsead  Jmetimi  ddtmumU  (91.)  ^  ike  mi^ 
nite  function  (/)  and  of  n  undefined  fmdkma  (/,)  mlh  respect  to  the  (»-|- 1) 
variables  (r,  ),  wMch  are  Hie  tndejwndent  variulles  of  the  given  eqiiaiion.  On 
account  of  the  mutual  relations  of  the  partial  diflercnliiil  equation 
(2tJU;j)  and  the  siinultaneou-s  diilerential  equations  (190,,),  this  same 
function  may  also  be  regarded  as  a  muUiplur  of  tin:  dij'crenlial  equations 
(199i2)  ;  and,  for  the  same  reason,  it  may  be  considered  as  a  muUipHer 
if  a»  fymr  partitU  difavn^  eguaim  of  the  fint  order  (200»)  ^  n 
ntdipmksi  variMm. 

400.  U  either  of  the  functions  (/i),  or  any  itanction  of  tiiese 
functions^  is  substituted  for  /,  the  determinant  vanities,  by  §  352, 
and  the  equation  (20O2)  is  satisfied.  The  fututioM  {/<)  are,  i/terefore, 
n  itidependenf  solii/i'nis  -f  the  rquntion  (2OO2). 

401.  If  tlie  multiplier  of  the  equation  t2'J0j)  is  denoted  by 
uc  lt,  the  condilioii,  by  which  the  multiplier  is  defined,  is  expreis^ed  by 
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tbe  id«ntioal  equation 

The  equality  of  the  ooefficiento  of  i^/in  the  two  membera  of 
^18  idenUty  by  the  notation  adopted  in  the  theoiy  of  detemii- 
nanti^  exprened  by  the  Ibmula 

The  aabatitution  of  this  value  of  a4>«  m  the  equation  (188^)  gives 
the  equation 

which  is  a  ikear  pmiki  iifftni£al  tgualim     U»  fint  wier,  Ijr  wIkiA 

Uit  rm^ipUer  is  analz/tical^  defined. 

402.  The  defining  equation  of  the  multiplier  nuiy  by  (199b) 
be  developed  into  the  form 

or 

f.vjt(fc  -j-  a  ll^.Z',^A;  =  i>oL(t  -I-  u.tt^,Z>,,A'.  =  0. 
This  equation  divided  by  xiMd  becomes 

r.log      H-  ^i^-,^  =  J>  log      H-  '^i'^'c^  =  0. 

If  all  the  varialilcM  are  regartled  a.s  fuiK  tions  of  or,  find  if  x  is 
introduced  in  place  ul'  the  element  uf  variutiuii,  b^'  means  ot°  the 
formula 


—  216  — 

tlxe  preceding  e(£uation  finally  a.ssiuiies  the  form 

XD,  log  u&«>  4-  StDs^Xi = 0; 

which  18  on  equation  wvdnitff  eenmm  diferentialif  wUeA  tie  mt^ipUer 
is  anafytiealfy  defmed. 

403.  The  oquntion  (215^)  givot^  by  (194,),  when 

1  =  0, 

the  value  of  the  multiplier  in  the  form 


-IT' 

404.  If  the  Toluea  of  (/<)  are  oxpreascd  in  tcrn)8  of  (ar,),  by 

meau-s  of  the  equations  (189jj),  and  if,  by  reason  of  the  integnils 
the  constants  (o.)  are  substituted  for       the  value  of  the 
multiplier  becomes 

in  which  the  agn  may  be  rejected  at  plcnsuro. 

405.  In  the  particnbur  cos^  ia  which  the  equations  (ISOa) 
oasume  the  form 

in  which  the  functions  (9,}  involve  the  arbitrary  constants 
together  with  no  other  variable  than  x,  the  value  of  the  multiplier 
is  by  (189||)  reduced  to 

otift—   .  _    *  -  ^  y  
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which  equation  might  have  hem  diracUy  dediioed  from  (216i,)  and 
(18T»). 

406w  If  the  fbnotioiu  ( JJ)  are  fpfma  independent  ihuetioiu  of 
(/i),  they  arc  independent  solutions  of  the  equation  (20O2)  und  give 
a  multiplier  {^Vc^)  different  from  oa^fli,  and  which  is  detennined  by 
the  equation  derived  from  (216|i}, 

XtaA, = + DM^FtD^Ft  Awi*.. 

Tiua  equation,  by  means  of  (186u}  and  (216u},  assumes  the  form 

X^^,=  flk.^FiD/,  Jl2>>i^.  2>/.  j; 

=  XsiiJhS±D^FiDjiFt  D/,F„ 

which  givctt 

^1  =  S±D^,F,J3!f,Fn  />/.  Jl. 

The  second  member  of  this  equation  is  a  function  of  the  func« 
tion?  (/,),  and  may  be  an  arbitrary  function  of  these  functions,  so 
that  it  can  have  n  independent  values.  The  equation,  tlu'rcforo, 
serves  to  determine  » -|- 1  independent  values  of  the  multipUer 
{^i),  which  by  (215u),  the  whole  number  (^independent  values 
of  which  it  is  susoeptihle.  Hence,  ike  ratio  ^ai^imo  mHtt^Sin  tt  a 
tokimn^  ike  tfHuUon  {2X^),  It  also  fiillows  fixnn  this  argument  that 
SMiy  toMion  cf  ike  equation  (215is)  is  a  value  o/tke  tm^iplier. 

407.  In  the  particular  oas^  in  which 

one  of  the  «  -|-  1  solutions  of  (215,])  is  reduced  to  a  constant,  so  that 
in  this  case,  the  constant  must,  contrary  to  the  onlinary  u«ige,  be 
included  among  the  solutions  of  the  equation.   The  constant  may 

28 
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be  snpposed  to  be  unity,  and,  i/ure/orcy  one  of  the  muUij>liera  of  He  egua- 
Htm  (200,)  it  wnfyf  wAcit  Uie  amdSim  (217t,)  u  ftdJUMt  rndaikt  Oher 
flwffyriim  art  «oArfmw  e^ike  «gmUm  (2(M^). 

408.  When  the  solutionB  (ft)  of  the  equation  (200i)  arc  known, 
the  corresponding  value  of  the  nuiltiplier  may  be  determined  from 
(21C„).  But  it  can  he  tki  ived  by  a  shorter  proccR*,  when  either 
of  the  wliitions  ( (I of  (215,2)  is  known,  ami  also  tlic  initlul  vahie 
of  i^.  Thus  ii  /f  denotes  the  ratio  of  oLtt^  to  vJ-lt,  the  etiuation 
(216a)  gives  by  (194,), 

When  tbe  initnl  Talues  are  substituted  in  this  eqnatioii  with 
the  notation  of  §  393,  it  becomes 

The  value  of  11°  may,  by  the  elimination  of  the  variables  {1^) 
be  reduced  to  a  fimetion  of  the  Amotions  {/■) ;  and,  if  in  this 
expression  the  funetiomi  {/«)  are  substitttted  fbr  thdr  initial  values 
(/t ),  the  value  of  17  is  feproduced.  Pot  the  function,  which  is 

obtained  by  this  substitution,  is  a  function  of  (^)  and  therefore  a 
solution  of  the  equation  (200i);  and  it  is,  moreover,  that  particular 
solution,  of  which  the  initial  value  i**  the  given  function  //'. 

•1()9.  In  the  especial  c;i.sf,  in  wiiich  the  initial  values  of  (/.)  are 
the  varial>h  M  [xX  the  value  of  ia  obviously  reduced  to  unity  and 
the  equation  (218^)  beoomes 

41(K  When,  in  the  diiTerential  equations  (109^),  the  arbitrary 
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element  of  variation  is  assumed  to  be  the  variable  x,  the  value  of  JT 
is  unity ;  and,  in  thia  case,  the  equation  (218u)  beoomM 

— 5r» 

which  in  the  case  of  the  preceding  section  is  reduced  to 

and  when,  moreover,  the  equation  (217s;)  satisfied,  so  that  one  of 
the  muItiplieiiB  is  unity,  this  Talue  is  still  further  reduced  to 

JP=1. 

411.  The  ari>itniiry  oonetants       may  be  substituted  for  the 

functions  (/)  in  the  equation  (218,,),  when  it  is  ri-giirded  as  result* 
ing  from  tlie  integrals  of  (199tt).  By  this  substitution  H  Ik  roiiics  a 
function  of  tlie  :ir!iitr,iry  constants,  which  may  be  represeuted  by  C> 
and  the  equation  givet^  by  means  of  (187jo)} 

9^n=S±D^X,D^X,  1\X,  = 

The  logarithm  of  this  equation  becomes  by  the  substitution  of 
(216)),  and  including  C  in  the  constants  or'integration, 

log^i  2?a,Xi  n^Xi  a;  =  log  a  +  log  c—  log u . 

in  which  all  the  functions  (A',)  i-au  eviiiently  be  multiplied  by  any 
common  factor,  without  disturbing  the  equality. 

412.  In  the  especial  case  of 

JC=1 
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the  preceding  formula  becomes 

logS+D^XtlK,  D^,X,=  JStD^Xt. 

413.  When  siraultaneoua  diflferential  equations  are  tmnsformcd 
from  one  wystem  of  variableH  to  another,  the  multiplier  n^tially  mider- 
goe.s  a  change  at  the  same  time,  hut  there  arc  conditions,  to  wliit  h 
the  arbitrary  element  of  differeutiatiou  may  be  subjected,  and  under 
which  the  multiplier  ramuns  andiatigecL  Thtu  if  thA  new  itjntem 
of  variables  ie  represented  bj  (»{),  if  the  equations  (109b),  ^  their 
new  Jbrm,  are  represented  by 

in  which  the  accented  sign  of  difieventiatkm  refers  to  llie  new 
arbitrary  element  of  di£krentiation,  and  if 


tiie  values  or(  n^)  become,  by  (lOOj,)  and  the  preceding  fomulas  of 
this  section, 

This  value  of  ( fF<),  in  combination  with  the  formulse  (ll^H)^)  and 
(21d,),  gives 

—  rcf 
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If  oV  ig  ft  multiplier  of  (220^},  the  defining  equfttion  of  i^'^lrtj) 
VBf  in  iMpeet  to  tiiis  multiplier, 

cf<S,{  W^D^J)  =  S±D^D,J^  2?.J.. 

The  xfttb  of  the  equations  (220^)  and  (221,),  reduced  by  means 
of  (186]a)  and  (187io)>  gives 


If,  therefore,  the  multipliers  oNT  and  ^£>tt)  are  equal^  the  value  of 
G  becomes  G',  if 


414.  The  equation  (2irvi0!  applied  to  the  new  system  ofvnria- 
bles  {w^  pves,  by  means  of  this  eqimtion  and  (220«),  if  the  multi- 
pliers are^  for  the  instant,  assumed  to  be  equal, 


415.  If  the  arbitrary  element  of  diilercntiation  is  supposed  to 
be  the  same  in  both  systems  of  variablea^  the  Tslaes  of  (?,  and 
oNT  become 
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416^  If  the  fint  m-^-l,  only,  of  the  vamUei  (Xf)  are 
ezdunged  for  the  new  variabke  whidi  liimtatkm  is  ea^ieoed 
by  tiie  fbrmula 

the  value  of  G'  k  abbreviated  to 

<r  =  i  ±  Z>«s2>w,Xt  IK^Sm 

417.  Hence  if  the  arhitrary  element  of  ilillerentiation,  com- 
mon to  the  two  systems,  id  one  of  the  variables  and  is  expresMcd  by 
i,  80  that  the  remaining  variables  are  still  denoted  by  (x.)  and  (Wi), 
the  fbtmQla  (221ii)  continues  to  expreai  the  value  of  (?. 

418.  If  the  last  (« — si)  of  the  Tariables  are  solutions  of 
the  equation  (200,),  the  corresponding  values  of  the  fiinctions  (  Fl^) 
Tantsh  by  (22022)-  If  the  multiplier  is  nlso  supposed  to  remain 
vnclinngcd,  the  i)nrtial  differential  equation  (200^),  by  which  it  is 
detcrmiiied>  is  reduced  to 

The  arbitrary  constants  (li^)  may,  therefi»e^  be  substituted  for 
the  solutions       and  the  value  of  G'  becomes 

(y  =  ^±  D„xD»^Xi  . 

410.  But  if,  instead  nf  equality  of  multipliers,  the  ele- 
ments of  (linerenti.'ifioii  are  identical  in  the  sy.stems,  the  defining 
equation  m  expreDsed  in  the  slightly  dilTcrent  form  of 

liZ>.,(Cu&*W;)  =  0, 
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in  wluch  the  functiant  (  TF^)  and  the  nmltipUer  (cS")  arc  given  by 
(221»). 

420.  If  the  variables  (iVj)  which  are  retainecl,  coincide  with 
the  original  TariaUee  (v.),  the  eqnaticni  Ibr  the  multiplier  becomes 

in  which 

<?=^±/''-.,'-+i^».««;i+i  z?'.^. 

By  the  fbrmultt  of  th»  and  the  two  preoeding  aectaons  the 
multiplier  of  the  system  of  di&rential  equationi^  to  which  a  given 
sjrstem  is  reduced  by  means  of  any  of  its  integrally  con  be  obtained 
from  the  multiplier  of  the  ipven  system,  lliis  will^  sooo»  appear  to 

be  one  of  the  most  Important  properties  of  multipliers. 

421.  If  the  given  difl'erential  equafions  are  of  an  onler,  which 
is  hij^'her  than  the  first  order,  and  have  the  normal  form  (-10,),  the 
equjition  (2ir>jj),  by  which  the  multiplier  is  dclined,  is  simpliiied  by 
the  consideration  that 

J}^i-i>4^>  =  0. 

The  tiMillij^litr  of  titt-  tfii  in  e'juuh'oHS,  or  of  the  tfjuali'm  (210ii),  Ay 
wlKsil  tkqf  lieiM  be  rcplaeedy  jr,  (her^wt,  deienmed  ijf  ike  eguaUM 

i>  log  vcfli  +  SiDjfr^Xt  —  0. 

422.  If  the  functions  A',  do  not  involve  x^''~^'  or  if,  in  general. 


tttutjf  it  one  of  Hic  raium  oj  lAc  umlti^licr  of  the  ^hrn  equaiiuiu. 


—  224  — 


4S8b  If  tlid  given  equatioiw  hftve  not  the  formal  fbnn,  but 
have  the  fbrm 

such  that  they  involve  no  derivatives  of  a  higher  onlor  than  the  nor- 
mal furmsy  to  wliich  they  are  reducible  by  immediate  elimination 
vithotti  dilbfentSation,  the  equation  for  deterauning  the  mnUi^iir 
aaHoncs  a  ample  Bymbolic  tcm,  by  meam  of  the  notatt<ni 

D^Pt-Dfi  =  dai^  =  — 

For  it  11  to  be  obaerrod  that  eadi  of  the  mibadiaiy  tenns,  of 
whidi  the  Mcond  term  of  the  equation  (223||)  is  the  aggrei^te,  is  to 

be  obtained  from  the  equations  (224,),  by  taking  their  derivatives 
relatively  to  a^".""  on  the  hypothesis  that  ai't'  are  functions  of  this 
variable,  and  thence  determining  by  elimination,  the  valuee  of  theae 
•absidiary  terms.   Hence  if 

the  derivatives  of  (224,),  relatively  to  are  represented  by 

(177a4),  provided  the  letters  t  of  Uiat  equation  are  accented  i  time^ 
and  the  nnmber  k  is  written  below  the  «.  Fkom  the  comparison  of 
(ISOti)  with  (224||),it  appears  that  vanishes  in  the  present  case, 
and  that  the  aign  of  is  to  be  reversed,  whence  the  equation  (ISO^i) 
becomes 

The  egualion  (223«)     wMck  the  muOipHa-  ia  ddemuud,  amtmea  the 

i?  log  vt^  =  —  =  d  log 
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424.    It  may,  eometimea,  happen  that  the  valuea  of  a^^  and 
are  soch  that  the  sum  of  da)P,  and  of  XDa^,  ia  whiofa  X  ia 
comtan^  »  simpler  than  dai'*.  In  thia  ease,  if 

the  addition  of 

to  the  equation  (224ai)  gives  (he  »i/mboiical  form 

/7Iog(o[^(fc»^)  =  d'log%.. 

425i.  If  the  given  dilTerential  equations  have  the  fbrm  (210n)» 
so  that  ihejr  cannot  be  reduced  to  the  normal  form  without  difier- 
entiation,  the  equa^ns  (SlOyi)*  which  are  derived  from  them  by 

di^rentintion,  give,  hy  direct  elimination,  a  system  of  normal  forms, 
which  include,  as  a  reduced  syHtem,  the  normal  foriiis  finally  obtained 
bjr  the  profps.-*  of  5  30').  Tlif  multiplier  of  the  eqiuvtions  (210,^)  is 
detennined  by  tlie  «vmbolic  equation  (2243j),  or  (22-jio),  provided 
that  in  the  values  (224)o)  of  ai''  and  <Taj^*  from  which  d  is  consti- 
tuted, the  value  of    is  increased  by  «». 

426.  The  valaes  of  aiP  and  daV"  may  be  determined  directly 
from  the  equations  (210^).  For  this  purpo.se,  if  X  is  written  instead 
of  a  in  order  to  avoid  the  confusion  wliich  might  arise  from  the  use 
of  «  ns  an  arbitrary  eonstant.  and  if  tlie  injrenious  notation,  vlii<'h 
is  funiiiiur  to  the  Gcminn  niutlKMuaticians,  fur  the  continued  product 
of  all  the  integers  from  1  to  A.  inclusive, 

X!  3s  l{\  —  1)  (1—2)  3.2. 1, 

is  adopted,  the  equations  (2103,)  arc  represented  by 


29 
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and  we  find,  by  weltknown  formuUe, 

v' 

Tlic  inr<'i'iur  limit  v'  is  (Ictonnincd  by  the  oonditioa  that  neither 
v'  nor  X  —  X  -j-     can  be  negative,  lieucc 

if  i4-i>jt, /ssO, 

if  X  — l<x,  ✓  =  «  — 31. 

lu  the  foiiucr  of  these  two  cases  the  last  term  is 

but  in  the  latter  case  it  is  simply 

2>,<«-»>  F. 

It  follows,  then,  from  (224,o)  tliat,  bidoo  Fi  does  not  contain  any 
higher  derivative  of  than 

427.  The  system  of  normal  equations,  derived  by  the  process 
of  §  395,  b  related  to  the  system  of  normsl  io/ssoa,  which  has  been 

diKnisseil  in  the  preceding  sections,  precisely  as  any  reduced  (system 
of  difibreJiti;il  fi|uati()ns  is  related  to  that  from  which  it  is  reduced 
by  means  of  a  iiortioii  of  it.s  integral  e<iunti<iiis.  Tlie  inteirral  e(ivi;v- 
tioiis  are,  in  this  case,  the  cquatiuna  (210(;)  and  all  their  derivutivcM, 
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which  are  ialerior  to  the  final  derivatives  expressed  by  cquA* 
tiona  (210ai),  the  multiplior  of  the  reduced  equations  ii^  conae- 
quently,  ohtained  by  dividing  the  multiplier  odb  of  the  equation* 
(210^)  bj  the  fimettoa  G  given  by  the  expieaaion  (223,).  The 

functions  [to),  involved  in  the  value  of  G,  represent  the  first  mem- 
bers of  the  integral  equations  (  21  o^^)  And  their  denvativeo.  But  it 
foUows  Scorn  (22G4)  and  (226a)  ^<it 

Hie  equations  (210b)  mayt  now,  be  supposed  to  be  arranged  in 
an  order  oonfonnable  to  the  ordeis  of  the  derivatives^  by  which  they 
are  brought  to  the  form  (210b)i  so  that  those,  of  nrhich  the  higher 
ordeis  of  derivative  are  taken,  may  precede  the  equations  of  which 
lower  orders  are  tiiken.  Instead  ol"  reducing'  the  cquatii>ns,  by  a 
single  Hte]),  to  tiie  linal  system,  the  reduction  may  be  accompU»hcd 
by  successive  steps;  and,  at  each  step,  the  derivatives  of  the  equa- 
tions (210jt7),  which  are  admitted  into  the  group  of  integrals,  may  be 
diminished  by  unity,  while  the  number  of  accents  of  the  eliminated 
variables  is  also  diminished  by  unity.  At  the  step  denoted  by  4, 
therefore,  the  derivatives  of  those  equations  (210^^)  ere  added  to  the 
group  of  integrals  for  which  the  ordciH  uf  derivative  (J.)  arc  greater 
than  h.  At  this  step  a  factor  of  G  is  al?^o  obtained,  and  all  the 
derivatives  of  whu  li  it  is  composed  are  represented  by  the  functions 
(a'J*),  in  which  the  superior  limit  of  A:  is  the  same  with  that  of  i. 
Hence  if 

1h»  value  of  the  fiietor  of  (7  is 


—  228  — 

butiir 

fhifl  fiuitor  ia 

The  logarithm  of  the  complete  value  of  (7  ia^  therefor^ 
Iog<?=^.[(i,+i-X,)Iog»0. 


ranrcirui  or  tub  mjm  uwnrutm. 

428.  The  oonaideTatHm  <tf  the  caae  in  whidi  there  are  two 
variablet^  leads  to  a  valoable  principle  of  integration,  disoovend  hf 
Jacob],  and  which  he  called  t/ie  priiirii>k  of  (he  but  mwKipSet,  Tn  the 
case  of  two  variable^  the  equation  (215^)  becomes 

which  i^ves 

Henoe  it  ie  obnona  that 

Dfx  —  ^It  {XDx  —  XiDxi) 

m,  by  integration, 

BO  that  ivfieu  ike  muUipUer  is  known,  Otis  e^almi  dciernuitet  ike  iidegnU  of 
Uu  Ihw  iifenriial  eguaUnu  (19Qu)  of  1m  tWTMHw,  or  ike  mm* 
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gle  e^iMHut    mUaI  ibey  are  equivaM, 

429.  W/icH  all  ike  iidefralg  bid  one  of  a  (jivai  ssystem  of  dlfferaUial 
equaitom  (lOOu)  (ot  known,  nf  vhich  the  vnilliplicr  is  also  ffiveii,  /he  Utst 
inteffral  in  di'/eriiiinrd  Jnj  <j}uu!r<ih'i-i .i  m/  flir  process  of  Ihr  jircredinff  section; 
because  the  mulliplier  ui  thu  twu  dilR  rcntiul  eijuatiutu  with  two 
vuriablM^  to  irhich  the  given  qrstem  nmy,  in  this  caM^  be  reduced,  is 
detenmned  from  the  g^ven  multiplier  by  §41&   This  is  JACosfs 

430.  In  the  case  of  1 380,  in  u'hich  the  elanent  of  variaiion  (/)  is  one 
He  variaUa,  if  tine  fmetkm  (iQ)  <i9  wA  imobt     the  equation  (201«) 

giro* 

from  which  ^  can  be  detennined  by  quadratures,  when  sU  the  other 
integrals  of  the  given  eqaations  are  known,  even  if  tlic  multiplier  is 
not  known,  provided  that  JC^  is  reduoed  to  a  function  of  4%,  by  means 

of  the  known  integrals. 

//"  ike  muUijilur  in  uku  known,  and  if  it  does  wi  involve  t,  tlm  lad  of 
the  inlegrain  tchich  do  not  involve  t  can  be  determined  hy  the  prr^'css  of  tlu 
fneedmg  mUen,  and,  HureforCf  tk$  Am  iiut  inieffrals  of  tlu:  yiven  eguaHan 
aan,  m  /Aw  mmi^  U  deUmmed  lif  ^miMm^ 

Bid  if  (kg  f^tm  nad^fSet  (oftft)  mwAw*  a  nwAlynfiier  (^ot^),  uMA 
does  not  involve  t,  can  he  derived  from  all  the  iidfgrah  which  do  not  mvohfe 
t,  attd  the  quotimt  of  t/iese  two  tmUipliers  gives  by  §  40G,  an  integral  involv' 
iny  t,  and  n/u'ch  takes  the  place  of  (22'J,;) ;  so  that,  in  this  COSe,  the  last 
itU^ai  i»  determined  in  astute  form  wiiAout  integraiioa. 


—  230  — 


431.  This  proposition  woa  shown  by  Jacobi  to  admit  of  the 
following  generolisHtion.  ^aB  the /metioHs  (A',),  in  wAmA  i  lii  greater 
titt»  m,or«  free  from  ikm  tf  ih$  varioMei  (s^)  m  wUek  ii$  ne4  grmter 
ikm  tOf  and  ^ihe  rmamaijf  funeUoat  mdufg  tie  tjuatioH 

tm  itdegralmu  can  aiivai/s  be  jycrformed  lif  quadratures,  tv/tourrr  a  miiUi- 
fSer  w  known  v^deh  doe$  not  involve  the  variabUe  (2^,<«+i),  bid  te/tm  the 
gwen  muUipUer  thu  mmAw  mMm*  ^  Urn  variable  mm  mUjfration  eon  te 
perftrmd  ^  ^udniane,  and  anathgr  tnU^gral  w  given,  inmediat^f  le&k- 
Old  oi^fnteeu  ifwdegralion.  For  if  fhe  given  multiplier  vaAi  iuTolves 
only  the  variables  (:f,>,.),  it  not  only  »itisfiei  the  condiUon  (216|), 
but  also  on  account  of  the  eqnatiou  (230ie) 

and  Uf  therefore^  a  multiplier  of  the  portion  of  the  equations  (190h) 
in  whidi  t  is  greater  than  m.  This  portion  of  the  given  equations 

can,  tliei-eforc,  be  first  integrated,  independently  of  the  rcmmnder 
of  the  system,  and  the  last  integral  of  this  portion  will  be  obtained 
by  quadratures,  berausc  its  multiplier  is  given.  But  the  la.^t  inte- 
gral of  the  whole  ^vstem  may.  ul<o,  be  obtained  hy  quadratures, 
because  its  multiplier  is  known;  so  liiut  two  of  the  integrals  can  be 
obtained  by  quadratorea 

But  if  the  ^ven  multipliw  involves  any  of  the  vaiiahles 
(tt<m+iyt  the  separate  integration  of  that  portion  of  the  equations 
(199,2)  in  which  1  is  greater  than  ;n,  gives  a  multiplier  of  this  portion 
involving  only  the  variables  (t,  >„),  which  satisfies  the  equation  (230u); 
and  by  (23O4)  it  also  s;itisfies  the  equation  (21  5 J,  «o  tliat  it  is  a  new 
multiplier  of  the  given  equation.    The  quotieuta  of  these  two  mul- 
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tiplieis  give^  by  1 406,  an  integnl  iaTolviog  (:r,  <  „ + 1 ),  ond  which  takes 
the  place  of  the  first  of  the  two  mtegval^  which  are  obtained  by  quad- 
imturai  when  the  fpwa  multiplier  involvefl  only  the  variables 

PARTIAL  Ml'LTlrLIERS. 

4-'12.  Additional  to  llie  systi-ms  of  Kulcrian  and  Jarohian  mul- 
tiplitTs,  an<l  inclusive  of  tlieni,  are  tliose,  of  which  I  have  given  the 
invuHtijjation  in  Gould's  AMmiomtaU  Jotuwdy  and  which  I  have  cailled 
parHal  mvXipUert.  The  partial  multiplien  of  the  diflferential  equations 

(199ii)  are  represented  by  (^J^.,*,,*^  in  which  ifiukt, . . .  etc. 

are  any  diflferenfe  number^  or  by  in  which  I  and  K  denote 

groups  of  numbers ;  and  they  are  defined  by  the  equation 

in  which P  is  any  arbitrary  ihnctiott,iti,J^...l;,  are  numbers  not 
included  in  the  groups  ^  and  /i,  ft,  etc.  are  solutions  of  tho  equsc 

lion  (200,).  The  notation  (oLtC^))  may  also  be  used  to  denote  the 
multiplieri  with  the  definition  that  if 

.fi" denotes  tho  group  of  numbers  represented  by 

433.  The  system  of  multipliers  of  (lOl'ijV  evidently,  .'satisfies 
the  system  of  difl'ercntial  cr^uatiuns^  which  are  derived  from  (lb7u), 
and  represented  by 

in  which  /  includes  all  the  numbers  not  belonging'  to  the  irnmp  1 

434.  The  group  of  all  the  nunibcru  nul  included  iu  the  group 


—  232  — 


(/)  mth  the  exception  of  any  two,  wUch  may  be  selected  at  jdeos' 
nre,  may  be  dmoted  by  B.  The  elimination  of  Uie  conreiponding 

values  of  JTt  from  the  oquRtion-s,  obtnined  from  (200,)  by  the  mbsia? 
tution  of  tlie  various  values  of  (/i)  gives  the  equation^  which  are 
represented  by  . 

This  system  of  eqnati<His  combined  with  that  of  (231*)  definei^ 
analytically,  the  system  of  partial  multiplier 

435.  la  the  formation  of  the  inultiplicrs,  a  careful  regard  must 
be  hud  tu  tlieir  sign<«,  confurmably  to  the  rule  of  formation  of  deter- 
mimints^  su  that  in  general 

i36.  b  the  special  case,  in  -which  the  group  /)  of  §  433 
is  reduced  to  a  single  nnmber,  and  in  which  P  is  if,  the  preceding 
equations  become 

eu  that,  the  nniUqilier  is,  in  ihis  cnp'\  Ihr  Jiieolian  miil/ij>liiT. 

437.  In  the  caiK%  in  which  the  groups  {i,J)  of  §433  iucludc 
the  numbers  of  all  the  variables  but  one,  and  in  which  P  is  unity, 
the  equations  become 

-r,(a(t<"A'.)  =  0; 

Ko  that,  i/u  xi/ilnn  of  muUipUn-»  it,  m  ihis  case,  thai  of  the  Eukriuu  multi- 
pliers amplified  by  Lagiumok. 


—  283  — 


438.  The  partial  nndtipUecs  nuy  be  denoted  aa  finlf  mend, 
de^  to  ih»  lad  corresponding  to  the  degree  of  the  determinitnt  which 
ia  the  aeoond  mcinbcr  uf  the  cquutiun  (216,,).  With  this  (lesigna- 
tion,  the  last  multiplier  coincides  with  the  Jacobian  multiplier  and 
gives  a  last  integral  of  the  diflorential  or|iiation9,  while  the  first  mul- 
tipliers coincide  with  the  Eulerian,  uf  which  each  system  gives  a 
first  integral  of  those  equations.  This  proposition  mi\y  be  general' 
iied,  and  it  may  be  ahown  that  tach  sj/dem  of  muliijiliert  ddermiM 

Ml      tmk  ef  mMtt^Sen  unSuf  to  Oat  hdd  iff  He  mbijfralf  in  He  rank  ef 

vdegrals. 

The  investigation  of  the  relations  of  tlie  niultiplieit  of  dilfex^ 
ent  systems  will  bo  found  to  lead  immediately  to  this  propoaitioil) 
aAer  its  truth  has  been  establiisbed  in  the  cose  of  the  Eulerian  mut 
tipliera 

439.  Tlie  dedoetioii  of  an  integral  of  a  system  of  diflferential 
eqnatiaiw  (ld9u),  by  meaaa  of  qnadnture^  ftoat  a  given  ayatem  of 
Euleriaa  multipUeia^  ia  quite  a  aimple  jxwm.  For  the  definition  of 
iheae  multiplieca  in  1 437  ^vea 


If  the  quantities  represented  by  ( Qi)  are  defined  by  the  equft- 

tiott 


the  required  integral  ia 


For  the  defining  eqnatioin  of  givee 


30 
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Hence  it  is  found  by  diiferentiation  tiiat  ( Qi)  is  free  from  all 
the  Tariables  for  if  this  ia  supposed  to  be  proved  for  ( Q*<()  it 
it  seen,  by  (232n),  that 

= A,  sa*'*'  =  0. 
The  diiEBrential  of  (233,,)  is,  thereibxe, 

whidi  oonesponds  to  the  i^equiicd  difierentisl  (233i»). 

440.  When  the  di£krenti«l  equations  (199^)  are  transformed 
to  other  variables  in  the  manner  which  is  indicated  in  §41S»  any 
multiplier  of  the  new  system  is  obtained  by  the  following  formula 
whidi  eoneaponds  to  (231«)y 

P'cS'„=  -  +  /,  D  U 

then,  the  functions  (€f)  are  defined  by  the  equatim 
^^"  =  ^±^^1^^%  D^^z,^ 

= (s±D^w^i>^»t,  J>^^kjr\ 

the  proposition  <186a»)  gives  by  (231u) 

411.  If  any  of  the  solutions  (/,)  of  (200i)  arc  known,  they 
can  be  nssunit'd  as  new  variahh-s  to  take  the  place  of  either  of  the 
given  Yunuble.s,  aud  the  new  multipliers  must  be  determined  by 
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the  preceding  equation.  But  it  is  evident  that,  in  this  case,  the 
number  <if  elementi  which  compoM  each  o{  the  terms  of  (cN*!/) 
win  be  diminished  by  a  number  equal  to  that  of  the  aolu^na^  whidi 
are  intcodueed  as  'variables.  Henoe  rince  m  is  the  number  of  ele- 
ments whidi  compose  each  term  or  if  (nt  —  1)  is  that  of  the 
known  solutions,  the  numl)er  of  cleujents  of  (cV;,)  may  be  reduced 
to  one,  in  Avhicli  cnsc  the  multipliors  (f^",,)  become  Eulcrian  and 
give  tlie  ;«th  st)lutiun  of  (200;,)  or  tlio  wth  integral  of  (190,3),  by 
means  of  quadratures,  which  correspouds  to  the  proposition  of  §  -ioS. 


m, 

nrraoRALB  of  thb  vimnnmAi.  bqvatioiis  or  nonoir. 

442.  When  the  differential  equations  of  motion  arc  expressed 
in  their  utmost  generality,  there  is  no  known  integral  which  is  suf- 
ficiently comprehensive  to  embrace  tkcin.  But  the  equation  (103^) 
of  living  forces  is  an  integral,  which  ia  applicable  to  ell  the  great 
problems  of  jbymeB,  and  holds  the  most  important  pomtion  in  refer- 
ence to  investigations  into  the  phenomena  of  the  material  world. 
Tliero  are  other  integrals  of  great  generality,  which  might  be  inves- 
tigivtetl  in  this  ])la<'e,  if  tliey  were  not  dotlu'd  with  such  u  character 
of  speciality,  tliat  tlicy  properly  belong  to  some  of  the  following 
chapters.  The  application  of  Jacoiu's  principle  of  the  last  multi- 
pUer  to  dynamic  equations  gives  results  of  so  general  a  character, 
that  their  investigaUon  cannot  appropriately  be  reserved  fbr  any 
chapter  devoted  to  the  conndcration  of  special  pioblona 


—  236  — 


nm  APFLICATIOM  OP  JACOBl'l  FBIMCIPLB  OP  TIIK  LAST  MVLTIPLIKE  TO 
tAOBAMOS'*  OAKOmOAL  VOBIIS. 

443.  It  follows  froiu  the  homogeneous  nature  of  T  (166m), 
that  of  htauMmtB  equftttoiu  (164,,),  involTea  one  or  more  of 
the  quantities  repreoented  by  (ij'),  and  the  ajstem  of  these  equap 
Oxma  haa,  therefiire,  the  tarn  ve^vsented  bj  (SICbi)*  then,  (4'>) 
denotes  the  ooeffii^t  of  (ff^)  in  the  Tolue  of  (t»j)^  given  by  (16^), 
this  value  becomes 

•i,  =  r*(al'»i,;), 

and  that  ol"  T  is  by  (1G  ".„) 

so  that  tlie  tiuKtions  only  involve  the  quantities  represented  hy 
(ij)  and  the  time  (l),  and  satisfy  the  equations 

444.  Each  of  IiAQKAitai^s  equations  uiny  he  ex2)reM8ed  in  the 

9,  =  -  i  £^,{D,^ai'%7i',)  —  D^  n  =  0. 

Hence,  when  ii  is  only  a  function  of  (i^j)  and  /,  the  equa- 
tions (224^)  become 
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from  which  arc  aaaily  durived  the  eqaiitk>n8 

The  notation 
gives 

(^*)  =  -(*,,'), 

In  the  substitution  of  theao  values  in  (2243,),  evident  IVoni 
(180u),  (180u)>  and  (181,)  that  the  funcUcniB  {i,k)  disa2)pear,  and 
imee  D  takes  the  place  of (224||)  beomnes 

and,  therefor^  aince  the  arbitrary  conataat  may  be  aej^tcd, 

which  holdi),  even  if  the  equations  of  condition  involve  the  time. 

In  tM  tfjfnmieal  probkmtf  iherefore,  in  mlnnl  iht  fwta  art  indepoh 
dnd  if  ike  pebdHeB  tf  iht  mmng  MSet^  «  JaeObkn  maU^^ur  it  given 
iartc^     He  egua^  (237w),  »  tkat  tie  bd  inUgml  em  «jMiay«  h 

thtatned  hy  (piadraturet. 

445.  Hence,  hy  §430,  in  any  dynamical  problem,  in  which  the 
fnrrcst  and  rtfuahniis  of  coiiJiU'Oi  (irr  iinlrprinlnil  of  {he  time  aa  mil  as  of 
th'  vdm-xUei  of  ikt  Miee,  i/ie  two  lud  iiUeffrals  cm  be  obtaiued  quad- 
ratures. 

446.  The  rabstitution  of 


—  238  ^ 

in  (164»)  and  (162^)  gives 

J      t  % 

•»«7  =      +  £f  <+l  + 

Hraoe  if 
ihe  Tdue  oraif>  is  by  (23euX 

whid^  combined  with     346  and  348)  gives 

in  which  3^,*"  denotes  the  functional  determinant  of  a  group  (M)  of 
(n-j-  1)  of  the  functions  (£,)  relatively  to  tin-  variables  (1;^).  It  may 
be  observed  that  if  »,  is  thi'  number  of  bodies  of  the  system,  and  l% 
the  uuiuber  of  conditioual  equations,  the  value  of  n  ia 

fl  =  8ll]  1. 

■ill.    If  the  conditional  equatiuna  are  represented  by 

i]r=o, 

and  if 

their  derivatives  with  reference  to  (ij.)  are  represented  by 

If  then  (J?)  denotes  any  group  of  n  of  the  quantities  and 
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{IT,h)  denotes  a  group  of  ?i  -|-  1  of  the  same  quantities  in  which  the 
group  (ZT)  ia  included,  the  preceding  equations  give,  by  eliminatioD, 
between  all  iboM  in  whidt  i  ranaina  tmchangcd, 


Since  thou  the  group  (ffJi)  is  alsf)  denoted  hy  (^i^^),  if  the 
group  of  all  the  remaining  quantities  [l^)  ia  denoted  hy  (-^V),  if  Jf 
and  If*  are  oCher  groups  <it  tbe  aame  species,  and  if  ( Q^"  ')  denotes 
tiie  determinant  of  the  coneBpcaiding  values  of  the  preceding 
equations  give,  by  dimination. 


which,  it  i.H  eiusily  .sei-n,  miiy  l»o  extended  to  the  ciuse  of  any  groups 
whatever  (J/ and  M,),  in  wliidi  each  includes  («  +  1)  of  the  i|uan- 
tities  ({,).  If,  therefore,  wjme  one  group  in  arbitrarily  uelected  aud 
denoted  by  {M^),  the  equation  (238u)  becomes 


44&  If  the  derivatives  of  («;<)  relAtively  to  (C<)  are  denoted  by 


and  if 'i;,"'  denotes  the  detcnninant  of  the  values  of  (H;'),  which  cor- 
leqKMid  to  tiioae  (^;*')  in  ^  the  derivatives  of  (i^,)  may  first 
be  taken  with  reqieot  to  and  if  those  of  (||)  are  afterwards 
taken  with  respeot  to      they  pve  by  (186») 
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Hene^  if  oK  denotes  the  detefminaiit  of  all  the  quantatiei  (H^) 
and  (tfi)  with  reference  to  (|«),  the  equation  (239ii)  gives 

whidi,  flttbstitnted  in  (289^)  reduces  it  to 

^=*^. 

449.  If  there  arc  no  equations  of  condition}  the  value  of  «x.fl>  is 
reduced  to 

=  (I+Z>,{/>,{  D,(.f 

I  n 

=  i^±^in\vi  \i>r'- 

If  in  ihit  casCf  iherefort,  the  valuer  of  (r^^)  coincide  wilh  time  of  (|,), 

^.&^s  ds^a#Jim^MXMMV       A^sitflM^^wf  ^^fe  ^^^u^M^m 

45(K  If  the  equations  of  motion  were  given  in  the  sjsteni  of 
§  SIO^  in  which  the  finrees^  represented  by  the  equations  of  condition, 

are  included  in  those  ori2,  this  j^yMtom  might,  by  means  of  the  equsr 
tioDS  of  condition,  be  reduced  to  that  of  LAORAKaE's  canonical  forms. 
In  perfoniiing  this  reduction,  tlie  equations  of  condition  hold  the 
same  relation  to  the  differentiul  equations,  which  the  eqtmtions  (210„) 
hold  to  the  equations  (210^),  in  performing  the  reduction  of  |  §  395 
and  4&h.  It  is  also  obvious  that 

Hence  the  divisor  by  which  the  multiplier  of  the  first  of  these 
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eystems  is  reduced  to  that  of  the  last,  is  by  (228^),  (222-),  aud  the 
preceding  sections 

i£±Dsn  D^Ti,  D,j,,D^^nD^^n,  /?^//.  / = <;^i 

and,  therefore,  the  midtiplier  of  the  qntem,  previous  to  rediietion, 
»  by  (240b) 

401.  If  the  !<ystom  of  difliTciitial  cquutions  i»  given  in  Ham- 
iison'B  fonn,  ( lOG,),  the  equation  (215xi)  for  the  detemunution  of  the 
multiplier  becomes 

D  log  ^(t  +  ^.  iZ>,  Z>„  —  Z>„  D  )  i7,.„  =  Z) log      =  0, 
whence  the  multiplier  of  this  system  is  miity. 


CHAPTER  XI. 

MOTION  OF  TRANSLATION. 

452.  If  the  C(x'ir(]iiiat('<  of  tin-  ctMitre  of  gravity  of  a  .-y.-lem 
are  J-,,  and  if  those  of  any  other  point  are  j-, -|- ^n^* -Hyu 

the  -valoe  of  I'  become:^  by  and  (1G4,,)  and  the  ooa- 

ditions  of  the  centre  of  gravity  (ISSu), 

31 
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Hence  the  motion  of  the  centvt  of  gravity  ii  detennined  by 
the  equation,  derived  from  (164„), 

and  tbe  corresponding  equations  for  the  otiier  axes.  The  value  of 
X2  may  be  restricted  in  this  equation  to  the  external  forces  and  those 
which  correspond  to  the  external  equatioiiH  of  condition,  for  the 
internal  forces  and  equations  of  condition  being  dependent  solely 
upon  the  relative  positions  of  the  hodic■^;  of  tho  system,  arc  functions 
of  the  differencLs  of  the  corresponding  coiirdiuatea  of  the  bodies, 
from  which  3:^,1/^,  disappear. 

Tks  motien  «f  tkt  etnire  of  gmvUy  is,  t/ure/ore,  independent  of  the 
mahial  emmeeUoM  tf  Me  jNtrfo  «f  (ke  ^ilem,  and  u  tie  tame  atBihe 
forca  wtre  ttppUed  J&redljf  at  tkk  ceainfproviitdik^  an  vnduaigtd  in 
tmrnnt  ami  direction. 

453.  Since  the  second  member  of(242j)  expresses  the -whole 
amount  of  force,  actincc  upon  the  system  and  resolved  in  tlic  din  e- 
tion  of  the  axis  of  x.  this  equation  expresses  tliat  the  motion  of  the  cm- 
ire  of  yravUy  in  any  direction  depends  upon  the  tebole  mtmud  of  external 
force  aetuig  m  that  t&reelkn. 

I(  therefore,  Atf  tMofe  osioiiitf  tf  eaternal  forte  adh^  I'a  oiy  dSirti^ 
Inmi  MOMibt,  Out  vdoeSif  ef  the  eorfrtf  ^  gramfy  m  ikd  dbveUen  m  an^orm, 

MOnOK  OP  A  FOIMT. 

454.  When  the  system  is  reduced  to  a  single  point,  it  becomes 
a  mass  united  at  Its  centre  of  gravity,  and  the  only  po^^ible  motion 
ia  that  of  translation.  The  position  oi  the  point  is  detennined  by 
three  coordinates^  which,  comlxned  with  their  deriratiTea  and  with 
the  time,  constitute  a  system  of  seven  variables,  and  require,  in  gen- 
eral, six  integrals  for  tlie  complete  determination  of  the  motion  of 
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the  pdnt  The  diflferential  eqaations  beoomfl^  in  this  coa^  if  1h» 
mam  of  the  body  is  agsumed  to  be  the  unit  of  mass, 

with  the  ooneq^nding  equations  fbr  the  other  axes. 

A  POIXT  MOTIKG  CPON  A  FIXED  LINK. 

455i.  The  two  equations  by  which  the  line  u  defined  are  two 
equations  of  condition,  which  may  be  denoted  by 

n=  0,  Hi = 0. 

Together  with  their  (lorivativos,  they  take  tlic  pliice  of  four  of 
the  intoijjral.s  of  §4-54.  ((/'//!'•  ti""  n'lnnini.iii  in/r'/ni/.t.  ir/iai  i2  does  not 
involve  Uie  time,  both  can  be  ddcnnined  by  quadruiuri  H  bj  \  4  4  5. 

One  of  these  integtob  vty  indeed,  the  equation  of  living  foroes 
(163ii),  which  becomes  in  tins  case 

The  final  integral  is  obtained  ftom  this  integral  by  the  equation 

_  f  A,*  

466.  It  follows  from  (243„)  that  the  velocity  of  a  body  only 
depends  upon  its  initial  velocity  and  the  value  of  the  potential  at 
each  point  of  its  path ;  and  this  conclusion  coincides  with  the  propo- 
sition of  §  OS.  In  tvhdrrrr  jHdlu  tfur^mtf «  hodff  moves  from  one  point 
(o  moikert  the  unareate  wr  decrease  ^  the  sgmre     its  veheSf  mojf  ie  nuas- 
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vrtd  ikat  of  the  ^xjieidial^  HAm  ikt  BguaUuu  coNdUttM  md  He  font* 
vMA  aet  upon  ihe  tjfHm  or^  Site  He  fixed  foreee  tf  mrfiirrj  vukpendmi  tf 
Hetimemidthevekeifyifaeio^. 

457.  If  fhere  ia  any  point  upon  the  line,  l)e70nd  vhich  tbo 

decrease  of  the  potential  exceeds  one  half  of  the  square  of  the 
initial  velocity,  the  body  cnnnot  proceed  beyond  that  point.  J/  there 
is,  in  emit  diriftion  ffom  ihi'  inillal  jiosHion  of  lite  boJy  upon  the  line,  a  i'/H- 
tliiiff  jmnt  of  Uiis  dcscrijdion,  (he  molion  of  the  hodif  ii  restricted  tit  the  iiUer- 
tening  sjmce.  Since  the  body  can  only  have  the  directkm  of  ite 
motion  revensed  at  the  limiting  pointB  where  its  velodty  vamahei^  it 
must  oscillate  bade  and  forth  upon  the  whole  of  the  iniervenuig 
portion  of  the  line,  according  to  the  law  eacpreeaed  by  the  equation 
(243«,). 

Xt  is  evident  from  the  inspection  of  the  equation  (2-4323),  that 
the  time  which  llie  body  occupies  in  passing  from  any  point  {A)  of 
tlie  line  to  another  point  (/>),  inu^t  be  the  same  Avith  that  which  it 
occupied  in  the  Receding  oscillation  in  the  reverse  trannt  from  the 
point  (B)  to  the  point  (it) ;  and,  therefore^  the  entire  duraUen  ^  eecU- 
btim  mutt  he  nmariiAle. 

458.  If  the  line  returns  into  it.sel^  and  if  there  is  no  point 
upon  it  for  which  the  decrease  of  the  potential  is  as  great  as  the 
initial  power  of  the  Itody.  (Iw  l>"d'/  iriU  cmliimc  to  move  thruiii/h  tite 
whule  circuit  of  the  line,  and  will  alimijs  reltirn  to  the  same  poitU  with  the 
earn  veloeify,  to  Uud  the  pariod  ef  the  circuU  veili  be  cotisiutU. 

459.  When  the  forces  and  the  equations  of  conditiim  involve 
the  time,  the  multiplier  becomes  by  (238n) 

and  (he  lad  <f  the  urf^jirab,  tnUeA  are  re^pmtd  to  tofye  ike  jpr^km,  eon  ie 
eUaiued  fua^raturee. 
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TOS  MOnON  OF  A  BOOT  VrOM  A  LIMB,  WHO  THCSB  »  MO  BSTUMAL  FOBOC 

OBMTBmrOAL  rOBCB. 

460.  WimOeSHB  it /Kd,md  (km  if  m  external /«ne,Iivaih 
idkt  in  (243is),  and  ikt  velocitif  is,  (her^ote^  conslani. 

461.  In  this  case,  the  line  ma^'  be  regarded  as  the  locus  of  a 
rosisthig  forci',  which  arts  periipndiciil.irly  to  the  line.  Thu  [iltino  of 
X  and  t/  may  be  supposed  to  be,  for  each  instant,  that  of  the  curva- 
ture of  the  hiH-  at  thu  position  of  the  body,  It  may  be  tlic  resisting 
force  of  the  hue,  and  y  its  radius  of  curvature  ;  and  clcmeutary  con- 
ndeifttioiu^  combined  with  the  equation  (164^),  give 

=s  A' sin  ^  =  V  sin  m, 

wlienoe 


M>  that  ikt  prmure  agamd  Ihe  Une  i»  nrnmered  He  guoUenl  «f  the 
%fpmt  <f  (he  t/efoe^  ibnded  if     nuft'M  <f  ^tmutov,  whush  is  called  ike 

eenirifiigal  force  of  tke  boify. 

462.  If  there  are  external  force^i,  the  whole  pressure  upon  the  tine 
is  ohtaitted  hj  comUninrji  Ihr  nrfinn  (f  all  ih>'  external  fwett  rttolvtd  perpen- 
dicular l;j  to  llw  imi\  filh  th'-  cadrifiujal  force 

4G3.  The  centrifugal  force  cannot  be  used  as  a  motive  power 
in  machinery,  for  the  body  moves  perpondiculBrly  to  the  direo* 
tion  of  this  fiwoe ;  and,  therefore,  the  power  communicated  by  it 
vaniflhea^  because  it  is  measured  by  the  product  of  the  intensity  of 
the  force  multiplied  by  the  space  through  which  it  act& 

464.  If  the  line  is  not  fixed  in  position,  but  has  a  motion  of 
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ttandation,  the  nme  motion  of  tnnibtion  may  be  Attributed  to  the 
axes  of  oottrdinatea,  to  that  the  oo^rdinates  of  the  moving  origin  at 
any  time  may  be  i^,  a,, with  reference  to  the  Itxed  axes.  If  the 
coOrdinatea  of  the  body  with  reference  to  the  moving  axes  are  f f,, 
f the  value  of  2  7  (I64ii )  becomes 

=  />,4^  -\-2wD,8  COS  ^-\-u^, 

if  p>  denotes  the  velocity  of  the  laotiou  of  the  origin,  and  a  the 
length  of  tiie  line  paned  over  by  the  body.  Henoe  hAOMsmta 
equation  (164it)  gives 

J?t  («'  -\-  ur cos^)  —  A  {»'  H7  cos  ^)  =  t  wD^ cos ^. 

But»  since  the  angles  which  s  makes  with  the  axes  are  inde> 
pendent  of  the  time,  the  derivative  is 

A(»  cos ;)  =  A    ( >'\  cos  1)  =     {w\  cos  ;  + 
=        cos  i) + #'    \w  COS  :) , 

which  reduces  the  preceding  equation  to 

D,d  =  —         cos;)  =—  >f  cos  i,, 

if 

denotes  tlxe  acceleration  of  the  line  at  each  ittrtattt  Hence  it  is 
easy  to  see  that  if  the  acetUraUon  it  ptrpi  ii^citkw  io  ike  ttw,  tte  rddkfe 
vebeify  ^ihe  iod^  io  ihg  Une  t»  md  ekangtd;  Mtfike  eeeHwaUim  t*  m 
iheduredio»^^liHefU^dka^(fnliUi»epdmfyu  emutfy  egu^  to  ike 
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accekralion,  so  tlid  (Jure  is,  in  Hits  cme,  m  chattge  in  the  actual  vehciiif  of 
iit  iody  in  space. 

465.  It  Mkma,  from  the  preceding  inTestigatioDi  thai  ^  ike 
moHoH  «f  UhUm  U  m^amf  (ht  n^a^  vdoeify  ike  ioe^  md  Ibu 
rmimu  eensiant. 

466.  It  is  also  apparent  from  this  investigation  that  even  tatder 
the  action  of  exifrnal  forci  s,  the  rclnlirc  ni'-'tion  f<f  the  boih/  to  tlw  Hue  may 
be  comjndi  it,  ht/  ref/ardintf  the  acccU  ratiun  uf  the  tine  as  a  force  acting  upon 
ihe  t>ody  in  n  difeetiuu  opposite  to  its  adiaU  Jindion. 

467.  If  the  hue  rotates  about  a  fixed  axis,  which  is  oasumed  to 
befhe  ttdaof  V,  let 

u  be  the  projection  of  the  radius  vector  vipon  the  plane  of  ry, 
(f  the  angle  wliich  h  makes  with  the  rotating  axis  of  x,  and 
a  the  velocity  of  rotation, 

and  the  value  o£2T  becomes 

2 

2ua«'  coed  >|-  ifu*, 

in  wiiich  d  is  the  angle,  which  «  makes  with  the  eleiuentury  arc  udtp. 
Hence  the  derivatives  of  T  are 

A       /  A  (ua  COS  d)  4- «»«  cos  ;  J 
and  the  equation  (164^)  beoomes 

/>*«  =  —  ucos^a'  -{-a'ucosj. 
The  fonner  of  the  two  tenns  whidi  oompon  the  seoond  mem< 
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ber  of  this  equaUon,  is  the  negative  of  the  aeoelenition  of  the  rotaii 
tive  vdodty  resolved  in  the  direction  of  the  arc  of  the  rotating  line. 
The  latter  term  represents  the  centrifugal  force,  which  corresponds 

at  the  body  to  the  rotation  {a),  and  which  is  also  resolved  iu  the 
direction  of  the  moving  arc.  But  the  centrifugal  force  ia  purely 
relative  in  its  character,  and  arisos  from  the  resistance  of  the  body 
to  accompany  the  curve  in  lis  change  of  motion  occnsiuncd  by  rota- 
tion. These  terms  couibinod  show,  then,  that  in  thin  cjuse,  as  well  as 
in  that  of  tnuuktiou,  and,  consequently,  in  ctrry  case  the  rclulii'e 
maUm  if  (he  Mjf  io&e  Une  nufjf  he  tUamed  nMrHuliuj  to  the  body  tk» 
negtHoe  Ui»  aec^eniio»  tfikt  fii^tnUeft  oeeun  ike  poiifm  ef  fie 
io^t  m  ike  «M0  ef  external  feren,  ikeir  ndion  mail  he  tmHed  io  ikat 
e^deh  amcs  from  the  aecderatmi  of  the  Une. 

4(')8.  Id  the  case  of  an  nniibmi  rotation  about  a  fixed  axi%  the 
equation  (247a)  becomes 

Df  « s=  «■«  cos  ;  =s  e?uD,u. 

The  integral  of  the  product  of  thia  equation,  multiplied  by 
2  is 

in  which  ^  is  an  aibitnuy  constant  Hence  it  is  obvious  that 

469.  When  the  constant  (.1)  is  wgnlirc,  tlie  value  of  »  cnnnot 
be  less  than  y — ;  so  that  when  the  body  approaches  the  axia,  its 
velocity  upon  the  line  is  constantly  retarded,  and  vanishei^  when  its 
distance  from  the  axis  is  reduced  to  y — after  which  the  dueetion  of 
the  motion  is  reversed.  If  the  portion  of  the  Ime,  upon  which  the 
body  move%  extends  a.t  each  extremity,  so  as  to  be  at  as  smsU  a  dis- 
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tancc  as  ^  —  A  from  the  axis,  Uu  bod^  teUl  oiciUale  upon  it  tcUh  a  con- 
ttoKt  ptriod  of  oaeXatieiL 

470.  When  the  conatant  (^1)  is  positive,  or  when  it  ia  negtUivCt 
and  no  portiim  of  the  line  in  the  direction,  towards  which  the  body 
is  moving^  ia  at  lo  small  a  distanoe  as  ^—A  from  the  naa,  the 
motion  of  the  body  upon  the  line  will  constantly  retain  the  same 
direction.  If,  moreover,  the  curve  returns  into  itxelf,  ihe  bodg  mil 
4diBays  continue  to  move  around  it,  with  a  coiuilani  j)criod  of  revihttion. 

47L  When  the  constant  (^)  tmish/eif  the  c(^uation  (248^) 
gives 

If  the  curve,  also,  paasca  through  the  axis  of  rotation,  the  value 
otD,a  may  be  supposed  to  be  constant,  while  the  body  is  very  near 
the  tada,  and  may  be  represented  by  /9 ;  so  that  the  motion  of  the 
body  in  the  yiohiily  of  the  asos  is  giTen  by  the  equation 

at  =  (ilogu. 

The  second  member  of  this  eqnation  becomes  infinite  when  « 
vaniAec^  and,  therefore,  fls  rnaUm  rf  ike       6t  iki$ 

472.  When  tiie  rotating  line  is  tta^,  let 

p  be  the  distance  of  its  nearest  approach  to  the  axis  of  rotation,  and 
6  the  angle  which  it  makes  with  the  plane  of  z 

If  tlien  »  is  counted  from  the  foot  of  the  perpendicular,  which 
joins  the  nearert  points  of  the  line  and  the  axis  of  revolution,  the 

32 
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value  of    is  given  by  the  eqimtioii 


II*  =    -|- »*  oo^d ; 

-whence  (2^8,4)  becomcsi,  iu  tUis  case, 


in  which  the  arbitrary  constant  is  dctennined  eo  that  /  may  Taniah 
vrith  a,  and  this  cqn.ition  is  appHcable  whea  {f^-{-A)  ia  ponttve. 
In  this  caae,  the  substitution  of  the  notation 


fediMsea  the  preceding  e(;iuation  to 

tt^ooad  =  Iogcoilf . 

But  vhen  {j^-\^A)  ia  negative,  the  substitution  of  the  notation 

A 

Bin  y  =  i. 


and  the  determination  of  the  arbitrary  constant,  so  that^  may  vanish 
ifhen  a  haa  ita  leaat  poaaiUe  valoe  of  i^aeod,  reduce  the  eqwtioii 
(250b)  to 

a^oosd  =  iog  tan  i  y . 
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When  iji^-^-A)  vanuhcE^  the  equation  (250e)  is  reduced  to 

in  which  «o  is  the  initial  value  of  «.  When  p  also  vaniflhea,  the  sur- 
face dewribcfl  by  the  line  is  a  riglit  cone,  and  whcu  it  is  developed 
into  a  pluiic,  Ihe  p(ith,  dcscn'f'i-i/  h;/  ihe  I'kIii,  bi  comca  a  luyaritltiitir  apiral. 

473.  When  the  rotating  line  is  ilte  circutuference  (/  a  eirck  which 
it  situated  in  ihe  plane  of  rotation,  let 

R  denote  the  radius  of  the  circle, 

a  the  distance  of  the  centre  of  the  circle  from  the  origin, 

2y  the  angle,  which  the  radiu»  of  tlie  circle,  drawn  to  the  body, 

makes  with  that  which  ia  drawn  in  a  direction  opposite  to 

the  origin, 

and  the  equatkm  (248^)  beoomea 


When  A  -j-  (A'  —  of  is  positive,  which  corresponds  to  the  case  of 
§470,  let 

A»=^l  +  (7i  +  a)», 

and  by  the  notation  of  elliptic  integrals  of  §  169,  the  equation  (251|0) 
becomes 


When  •  is  ao  amaU  that  its  fonrth  power  may  be  ngectcd,  this 
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equation  give^  by  an  easy  reduction, 

= (1  + 1  airfi')  *^  —  ^  ax^{m2f. 

In  this  case,  therefore,  the  time  of  defloribing  the  Bemiciroum- 

Icronec,  (or  which  '2(f<  is  ^rontcr  tli:in  n  quodcint,  exceeds  the  time 
of  describing  that  for  which  2y  is  leas  than  a  quAdrant  by 

WheaA-\-{R — of  is  n^atiKf  whkli  oorreaponds  to  the  cue 
of  (469,  let 

amt ' 

and  the  equation  (251ii)  becraifls 


When  i  is  so  small  Uiat  its  square  may  be  r^ected,  the  dumtioii 
of  an  oscillation  becomes 


When  the  cireumferenoe  passes  tfanmgh  the  aads  of  rotation,  a 
is  equal  to  JH,  and  the  time  of  the  small  osdlhtiott  beoomea  identioal 
with  that  of  the  aemi-revolution  of  the  circle ;  but  the  time  of  a 
larger  oscillation  exoeeds  that  of  the  senu^evolution. 
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When       {R  —  a)'  vamies,  the  equation  (251]g)  becomes 

When  A-^{R  —  of  is  very  mall,  and  its  ratio  to  iaR  is 
denoted  by  (J.I,  the  equation  (251,,)  gives  throughout  the  greater 
portion  of  the  pnth,  in  which  (f  diflers  sensibly  Iroui  i  n,  thiit  is,  in 
which  tlie  body  is  not  near  its  point  of  closest  approach  to  the  axis 
of  rotation,  so  that  the  square  of  A  nuy  be  neglected, 

=  (1  —  id  A)  ^^logtan(i  Ji-|-  i<jp) — id-4^^tauy  secy. 

But  iu  the  vicinity  of  the  point  of  nearest  approach,  let 

y=:  in — 9 

be  so  small  that  its  square  is  of  the  same  order  with  dAf  and  the 
equation  (251^)  gives 

V-  f  Wj-jrrx=— \^-Sinfr-''  -^.whentfJ  is  positive. 

=  — ^-^Cos?~*'^~y2)>  when  dAis  negative. 

t^mder  «f  rmMm  1h$  tuk  it  He  tueU  tfrmMibm,  u  is  con- 

stant and  the  equation  (247«)  beoomee 

from  wfaicli  9  w  «  may  be  eUminated  by  the  given  equation  of  the 
curve. 


Digitized  by  Google 


—  264  — 

475.  When  the  velocity  of  rotation  is  coostant,  the  second 
member  of  (253^)  vanishes  and  the  velocity  of  llie  body  is  eoDie> 
qoently  taufotm. 

476.  When  fbe  eurve  is  a  heSt,  the  value  of  D^*  is  ooiutaiii» 
and  the  equation  (SSS^)  gives 

in.  which  il  is  an  erbitraiy  constant 

477.  Wlien  the  aoodentioa  is  umfonn,  b  eonstsn^  and  the 
integral  of  (263m)  gives 

(D.s)«=tt'«'(A-y), 
in  whidi  il  is  an  arbitnuy  constant 


KOnOK  or  A  BB&TY  BODY  UPOH  A  nZBO  UKB.    XUU  VmnU  WKMDVLVM. 

47S.  When  the  line  is  fixed,  and  the  force  which  acts  upon 
the  body  is  that  of  gravity  at  the  surface  of  the  earth,  represented 
by  ff,  and  the  axis  of  z  is  assumed  to  be  the  vertical^  directed  down< 
vrsrda^  the  ^uations  (243n-«)  give 

s^=2ys-|-2£r, 

479.  If  the  curve  is  contained  upon  the  surfiuse  of  a  cylinder 
of  vrhich  the  aida  is  vertical,  the  motion  of  the  body  is  the  same  as 
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it  would  be  upon  the  plane  curve,  obtained  by  the  development  of 
the  cjUndw  into  ft  Y«tie«l  plane ;  becanae  the  value  of  Djt  is  not 
changed  by  this  development 

480.  If  the  fixed  line  i«  atnught,  the  eqnaftion  (254b)  becomes 

C08      =         +      )  —        )  =  »  —  IV, 

if   is  the  initial  vdooity  of  the  body. 

48L  If  there  is  no  initial  vdocity»  &e  preceding  equations 
beeome 

008  i  ^<  =  (2y «  cos ;)  =5 

or 

,           r           It    f*   z 

482.  the  curve  is  the  oireumfoence  of  a  drdei,  tiie  centie 
of  tiie  circle  may  be  assumed  as  the  origin  of  courdinatea  If  then 
the  axis  of  is  the  inteiaecdon  of  the  plane  of  the  circle  with 
the  vertical  plane,  which  \n  drawn  pcrpendiculax  to  it  through  the 
origin,  and  if    ia  the  radius  of  the  circle,  and 

29=(;), 

the  equation  (254,8)  becomes 

2^  C  2i? 


If  then  JEt  is  greater  lSbaxkgE(soe\,  whidi  is  nnuiar  to  tiie  case 
of  $470,  let 

Affit  COS  1  =    siu^  I ; 
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and  the  preceding  equation  becomes 

When  I  is  quite  small,  this  equation  adniita  the  some  lednctUm 

with  that  given  (25I3, — 252,). 

UM  ia  smaller  thau^A'cos<i,  which  ia  similar  to  the  caae  of  §4G9, 
let 

and  the  equation  (255^),  becomes^  hy  the  same  reduction  with  that 
given  in  (252„), 

iviiich  "whm  i  ia  amSl  fgnm/or  fht  Urn  if  mUbUm  tf  ikt  Migvfo  foh 

If  J9r  ia  jfut  equal  to  ^J^ooaj;^  the  equation  (255^)  beoomea 

The  case  in  which  jETdtiTers  but  little  from  y/fcoR.',,  maybe 
enlyeoted  to  the  aame  treatment  with  that  adopted  in  (255k_«). 


uiyiii^od  by  Google 


Honotr  Or  a  iratt  boot  fpon  a  xotino  j.rm. 


483.  If  the  heavy  body  movo-f  upon  a  lino,  which  has  a 
motion  of  translation  in  spuot'.  tlie  equation  ol  inutiou  becomes,  by 
the  form  of  argument  and  notation  adopted  in  §  464, 

484.  If  tbo  motion  of  the  line  is  uniformly  accelerated  and 
inTamble  in  direction,  the  motion  of  the  liody  upon  the  lino  is  the 
seme  which  it  would  be  if  the  line  were  fixed,  and  the  faiee  a  000* 
Btant  force  which  coincided  in  amount  and  direction  with  the  re* 
ndtant  of  y  and  —  W.  Thus  if  the  line  moves  vertically  downwards 
with  an  acoeleiated  velocity,  eciuol  to  that  of  a  heavy  loUing  body, 
the  body  moves  upon  the  line  with  an  uniform  velocity. 

4S;").  If  the  line  i^  slni/'//U,  and  if  the  motion  of  translation 
follows  a  law,  dependent  exclusfiivcly  upon  the  time,  so  that  if 

Af  denotes  the  law,  by  which  the  line  moves  in  the  direction 
of  its  length,  the  oocelccation  in  the  direction  of  the  line  is 

>-irooe^=JPfJ.; 

and  the  value  of  s  becomes 

« = « + « +.  iy^oos: + iC, 

in  wliicli  ft  iiinl  f>  are  arliitrnrv  constants.  The  absolute  nioti«m  of 
the  point  in  any  direction  in  space,  a»  that  of  the  axis  of  a-i,  is  repre- 
sented by  the  equation 

«i  =  (»  —  A)  coei^-f jp  cos;^, 
30 


in  which  p  denotes  the  perpendicular  upon  the  line  from  the  origin. 
If  the  line  is  Teitica],  and  limited  in  its  motion  to  the  vertical  plane 
of  «i  «i,  and  if  the  axis  of  «i  is  vertical,  the  equations  which  deter- 
mine the  position  of  the  point  in  space  are 

When  p  increases  uniformly  so  that  ^  is  oonstanl^  these  ec[i]ft> 
tlons  give 

80  that  tiie  path  of  the  body  in  qpace  is  a  parabola,  of  which  the 

axiii  h  vertical. 

48(>.  If  the  Hae  mom  m  vn^orm  matim  m  a  tiraifkt  StUf 
the  equation  (257s)  gives 

Thu  integral  of  the  product  if  this  equation  multiplied  hy  2  D,a  ia 

(2>.  •)•  =  J  2  y  cos  :  A«  =  2  y  J  A  * = 2^  • + a, 

in  which  a  is  an  arbitrary  constant  Hence  if 

F  denotes  the  velocify  of  the  trandation  of  the  line, 

the  square  of  the  velocity  of  the  point  in  space  id 

=  [  v'(2y^ + «)  -  ^'oos  r]» + ( r'.sin  :y 

The  augmentation  of  the  power  of  the  moving  body  above  its 


initial  power  is,  then, 

If  the  body  had  moved  throogh  the  same  path  upon  a  fixed 
eurve,  the  increase  of  power  would  have  been 

It  PiB  greater  than  Q,  the  ezee«B  of  P  above     is  the  power 

acquired  by  the  body  fiom  the  aocelenituig  motion  of  the  line.  But 

if  Q  exceeds  P,  the  excess  of  Q  above  P  h  the  power  commune 
cated  by  the  bodv  to  the  line,  which  involves  the  theory  of  many 
machines-,  of  whicli  lieavy  bodies  are  the  moving  fonn-s.  If,  for  ex- 
ample, the  hue  movett  borizoatally,  the  power  communicated  by  the 
weight  is 

C — p = r(»  «w  r— i;"  cos ;;). 

moreover,  the  initial  velocity  of  the  body,  rdatively  to  the 
line,  voniahea^  the  escprearion  of  the  communicated  power  is  re- 
duced to 

g-P=Foos,V[2/(s-s')3; 

and  when  the  direction  of  the  line  at  its  extremity  coincides  with 
that  of  its  tiamdation,  this  expresMon  is  still  fiirther  reduced  to 

<?-P=FVL2i^  (*-»•)]. 

487.  ^  ike  Im  it  ihe  aremtfermet  <if  «  miuvrf  eirdty  of  whidli 
the  radius  is  and  if  f  is  the  angular  distance  of  the  body  from 
the  lowest  pomt  of  the  drcumference,  the  equation  of  motion  (257*) 
becomes 

i7Z]f  9        ITcos  sin 


When  the  motion  of  the  line  is  iu  a  vertical  direction  tliis 
equatioa  beoomes 

Jilf;if=:—{W-\-ff)  sin  if  i 
vhich,  when  9  is  very  small,  ia  reduced  to 

The  integral  of  thii  equation  ia 

,=Jmi(yj+*), 

in  which  A  and  b  may  be  determined  hy  the  equatiooa 
2  V  0^  70  A  log  .1  =  —  Wm  2  (<  y/'  i  +  a)  , 

which  give 

0  J?)  A  (il«n»)=  -  A  Wmn  {t  y/   +  ^  "i"  y/|) 

= I  il  >r[co8(2<y/|  4-    — coai] 

=7l  ir[8in»ii— 8in»(/y/|  +  4i]; 

V(5^Jf)A(iioo«»)=— il  ir«n(<y/|+*)oo8(fy/|) 

=—  i  ii  fF[8in(2/y/^4)4-  ain^] ; 

when  W  ia  veiy  maU  in  comparison  with  ff,  A  and  £  nuty  be  aa> 
mnned  to  be  constant  in  the  first  integration  of  the  second  memben 
of  these  equations. 

When  W  is  dependent  upon  the  position  of  the  hodj  in  snch 
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a  way,  that,  if  9  is  a  fonotioii  of  time, 

the  preceding  equations  give 

>J{gR)Awfih  =  —J  {3  cos  (/  y^l)) . 
for  example 

these  integrals  become 

V(#«)'f»'»=-sT7l'^(-'+Vi)-s::?Vi'^(-'-VD 

in  which  the  nrbitraiy  constants  are  detenmned  so  that  A  and  h 

vanish  with  the  time. 

488.  //"  llw  Hne  rotates  about  (he  rcHirnl  an'jt  of  z,  the  equation 
of  motion  bucumes,  by  the  analysis  and  iiututiun  of  §  467, 

2Jfs=  —  aoos^o'  -\-«?uco9'-\-gcoei 
— a  cos  dtf'  -|-  €?uD,u  4-^ 

W/ien  lite  roitUion  about  the  vertical  axis  it  unifomif  this 
equation  becomes 

Hie  integnl  of  the  produet  of  this  equation  multiplied  by 
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2/>,«i8 

in  which  a  is  an  arbitrary  constant. 

490.  W/iai  f/ie  rotaliny  line  is  slraiffhl  and  passes  at  a  distance 
p  from  the  nxin,  if  s  is  coimted  from  tlie  foot  of  the  perpeudicuhir 
(^)  upon  the  line,  the  equation  becomes 

(A«)'= a^«'nn':+2yff  cm: -(-ay 

= («» ain : + ?  cot  i)"+tf  4-oy  _  cot :)', 

of  which  the  integml  is  eamlj  fonnd  to  be 

er  j  rin  ;=  log      ai^; -|- 2y  cos; 2a  ain  j  A«)  4- 

in  which  h  is  an  arbitrary  constant. 

491.  Tlie  integral,  in  this  case,  can  be  just  as  readily  obtuiued 
fiom  the  equation  (261«)  which  becomes  a  linear  differential  equsp 
tion.  Ita  direct  integml  ia 

in  which  A  and  D  are  arbitrary  constants.  Tliis  form  is  identical 
with  that  given  by  Vieills  in  liia  solution  of  Uie  particular  case 
of  this  problem,  in  which  p  vuiiahe& 

492.  If  a<(|oot;y— oy 

the  value  of  s  must  be  such  as  to  render  the  aeoond  number  of 
(262,)  poiitive;  that  is^  the  limiting  values,  between  which  the 
body  cannot  be  contained,  are  deBned  bj  the  equation 

Jooti±y/[(jcot;)*— «y— o]. 
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The  velocity  of  the  body  uiiun  the  line  vanishes  at  these  liniitii. 
K  the  initial  direction  of  the  motion  of  tlie  body  is  towards  these 
limits,  it  will  approach  them  with  a  diminishing  velocity;  and 
when  it  arrives  at  the  nearest  limit,  the  direction  of  motion  will  be 
reversed,  and  it  will  theneeforth  continue  to  move  away  &am  the 
limit& 

If  a  =  —  t^j^ 

one  of  the  limits  is  at  the  foot  of  the  porpcndicdlar  (^),  and  the 
other  limit  is  above  this  foot,  at  the  point  for  which 

,=-?icot:. 

a  ■ 

If  «<  — 

one  of  the  limits  is  above  the  loot  of  the  perpeiitlicular,  while  the 
other  Ls  below  it.    But  if 

Avlnlc  it  satisfies  the  condition  (262^),  both  the  limits  are  above 
tho  foot  of  the  perpendicular. 

493.  If  «>(|oos;)'— 

the  motion  will  rilways  continue  in  the  Rnnio  tliroction  along  tho  lino, 
{a-\-a-jr)  will  express  the  square  of  the  vi  lucity  of  the  body  upon 
the  line  when  it  is  at  the  foot  of  the  perpendicular.  The  point  of 
least  velodly  vqpon  the  line  win  be  determined  by  the  equation 

yens;  , 

and  tlie  leju*t  velocity  will  be 

A.=v'[-+«v-(«r-OT 
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494.  If  a=(^cot;/-.ay 

llic  direction  of  the  motion  along  the  line  i^^  not  subject  to  reversal  j 
fur,  in  this  case,  the  eq^uation  (202,)  becomes 

Z>,»=«»"in:  +  ^coti; 
of  which  the  integral  is 

The  time  of  reaching  the  point,  at  which 

that  iSf  the  point,  at  which  fhe  veloeiiy  ▼oaishea^  heoomeR  infinite; 
or  in  other  wordi^  the  body  never  reaches  thta  pdnt,  at  iHiicfa  its 
direction  of  motion  is  to  be  reversed  j  or  if  the  body  is  plaoed  et  this 
point  without  any  initial  velocity  along  the  line,  it  will  renuun  sta* 
tionaiy  upon  the  line. 

495.  Ff  Ihe  rnhilhuj  line  is  (he  circwnf erencc  of  a  circle,  of  which 
tho  radius  is  R,  let  the  origin  he  assunicl  so  that  the  centre  of  the 
circle  may  he  upon  a  lovul  witli  tho  fof>t  of  the  perpendicular  (/>),  let 
fall  from  the  origin  upon  the  plane  of  tlic  circle.    Let  then 

k  denote  the  distance  of  the  centre  of  the  circle  from  the  fiwt 
of  the  perpendicular, 

y  the  angular  distance  upon  the  circumference  of  the  body 
from  the  lowest  point  of  the  circumference, 

and  tho  values  of  »  and  ir,  in  equation  (26%X  are  given  by  the 
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equation 

M=i  It  COB  ^einl-^-pcoa^f 

(A*  -}-  7?  sin  <{'Y  -f"  (/'•'*">  I  —  /f  cosy  cos  J)* 

whence  equetion  (26%)  becomes 

(2>,  9)»  =  «  4-    (/r  I-  yj^  +/  sin*  J)  +  2y/j  COS ;  -j-  2«** J?rin 9 
-|-2(^ — fl^/»oos;)i?an{fnn9— •c^JI'nn'^ooiF^. 

Tlie  points  of  inaxitmim  iitul  minitiaun  velocity  along  the  arc 
are,  therefore,  determined  by  the  eciuation 

a*k£cMifi'-'(jf — a*/iGO6;}i2Bin;anyi-|-a'iI*Bin*S8in9iCOft9}S=0, 

and  ar^  omuequentlj,  at  the  inteneetions  of  the  cifeumfemkoe  with 
the  equilateral  hypeihole,  whidi  ie  described  in  the  plane  and  peases 

through  the  centre  of  the  circle,  of  Avhich  one  of  the  asymptotes  is 
horizontal,  and  the  polar  coordinates  (rj,  (ft)  of  the  centre,  with 
reference  to  the  centre  of  the  circle^  are  given  by  the  equation^ 

sin  9»    — ;t  coae<^{, 

eosf^s  ^  oosec{  — j9  cot;. 

Thi.s  hyperbola  cannot  cut  the  circumferenre  in  less  than  two 
pointi^;  and  there  are  four  points  of  intersection  when  the  distance 
from  the  centre  of  the  circle  to  the  ueare-st  point  of  the  branch 
of  the  hyperbola,  which  does  not  pass  through  it,  is  less  than  the 
radius  of  the  drde.  The  polar  ooiJrdinates  (r,,  f,)  of  this  nearest 
point  of  the  seocmd  branch  cS  the  hyperbola  are  given  by  the 
eqoations 

tan  9a  =  y'  tan  <ft, 
Ti — fi  cos  9i  ee<i^  ^ . 
34 
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490.  When  the  body  is  originally  placed  at  one  of  the  points 
of  maximum  or  minimum.  Telocity,  without  any  initial  velocity 
along  the  circlei  it  remains  staUonary  upon  the  curve;  but  its 
poriUon  upon  the  carve  ia  one  of  stable  equiUbrium,  when  it  is 
placed  at  a  piMnt  of  maxunum  velocity,  and  a  pontion  of  nnstaUe 
equilihriuni,  when  it  Is  placed  at  a  point  of  minimum  velocity. 
When  the  body  is  originally  placed  upon  the  curve,  without  any 
initial  velocity  along  tlio  line,  at  a  point  different  from  these  points 
of  maximum  or  iniuiiuum  velocity,  it  oscillates  about  that  point 
of  greatest  velocity  from  whicli  it  is  not  separated  by  a  puiut  of 
least  velocity ;  its  oedllations  embraoe  both  the  points  of  great* 
est  velocity,  when  the  velodty  is  suffiknent  to  carry  it  thnnigh 
either  of  the  pomts  of  least  Telocity,  that  ii^  when  the  vdodty, 
which  corresponds  to  the  initial  point  in  the  general  equation 
(205;),  is  les.s  than  that  which  corresponds  to  one  of  the  points 
of  least  velocity.  When  the  initial  velocity  of  the  body  in  greiiter 
than  the  exoes^i,  which  is  given  by  equation  (205;)  of  tlie  velocity 
at  the  initial  point  above  the  least  of  the  minimum  velocities,  the 
body  constantly  moves,  in  the  same  direction,  through  the  entire 
drcumferaioe. 

497.  The  case  in  which  the  initial  velocity  of  the  body  is 
just  equal  to  the  ezcesi^  which  is  given  by  equation  (265t)  ^ 
velocity  at  the  initial  point  above  either  of  the  minimum  veloo> 
itie%  admits  of  integration.   In  this  case,  it  ia  easy  to  express  the 
equation  (205;)  in  the  form 

J?  (2?,  y)*  =  2  a*  A-  ( sin  9  —  sin  y  i )  —  a'Ji  sin*;  (co!?  9  —  00^  ^i) 
-|-2(y — (z*/)  cos:)  sin;  (cos  9 — oosfi), 

which  by  means  of  (265^)  assumes  the  form 

B{D,ff= «^8in*J  [2r,  cos  (y + y,) — 2r,  cos  (y^  -f  91,) 
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The  condition  for  the  determmation  of  the  point  of  min- 
imum Telocity  gives  also  the  equation 

2rs  sin  (jfi  -)-  ^t)     ^  ain  2  y^, 

whieh  mbiUtnted  in  {he  previoiiB  equatkn  irith  the  notation 

*=i(y  — yi) 

^_»in(y,— 

^vea 

(D,         |a«8in*t  an'  #  [oos2  (<»H-7i)  — ^  • 

If,  therefbte,  JJ  is  negative  and  absolutely  greator  tiiiui  uuity, 
that  i^  if  ^  is  not  in  the  nme  quadnuit  with  <ft,  the  toIuo  of 
^  is  unlimited ;  hut  it  ffia  len  than  unity,  the  limits  of  ^  are 
given  by  the  equation 

oo8  2(0  +  y,)  =  -'^- 
The  integral  of  the  equation  (267ii)  i> 
nnS  \^  ( i  cos  2  91  —  ^  J7) 

 J  +     \'  (cos         £V— *ijny[co8  2  (0  +  <r,)  —  IQ 

498.  ^  the  rUoHi^  Ime  it  a  pmAoktt  «f  D^dek  ike  Irtmnene 
axk  «r  verUe^  let 

q  be  the  distance  from  the  vertex  to  the  focus  of  the  parabola, 

nnci  let  the  origin  of  coordinates  be  assumed  to  be  upon  a  level 
with  the  vertex,  and  let 

k  denote  the  distance  of  the  vertex  from  the  foot  of  the  perpendicu- 
lar (p)  let  fiiU  from  the  origin  upon  the  plane  of  the  parabola. 
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If  the  axis  of  is  the  horiwmtal  lin^  which  l»  drawn  In  the 
plime  of  the  panibohi  tluough  its  vertex,  and  if  the  vertex  Is 
the  ori|pn  of     the  valnes  of  »  and  «  are  given  by  the  equations 

and  the  equation  (262|)  is  reduced  to 


The  integral  of  this  equation,  in  its  general  fonn,  ctin  Ije 
obtained  by  elliptic  fnnctiona.  The  point  of  least  velocity  along 
the  curve  is  determined  by  the  equation 

2«*(*+*t)+f*i=0; 

but  there  is  no  such  point,  when 

When  this  latter  condition  is  satisfied^^  and  olao 

the  velocity  of  the  body  along  the  curve  Is  constant 
When  k  vanidies  and 

the  equation  (268,,)  becomes 
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60  that,  iu  this  case,  the  horizontal  velocity  of  the  body  upon  the 
pkm  4^  iJie  panbok  is  eoutant 

499,  In  the  eopeoial  cue,  in  which  the  initial  velocity  is  that 
which  corresponds  to  the  vanishing  of  the  minimum  Telocity^  let 

a%  be  the  value  of  4^  &r  this  point  of  minimum  velocity, 

and  the  integral  of  the  equation  of  motion  is 

2  ?^  V' («' +  ^)  =   (*!  +  V)  4- ^.  log     -f       +  4 

600.  When  the  axis  {h)  of  rdatton  is  not  veriieal,  the  equation 
of  motion  is  aiWX  reduced  to  the  ibrm  {2&lu)i  andwAm  ike  ntaUim 
M  wttfwmt  it  becomes 

Df « = a*«  oos^  +y  cos*  s  I  o"2),i?  -^g  cost. 

501.  WJum  ihc  rotalinj  line  about  the  inclined  axis  is  siraiylU,  if 
the  point  of  tiic  axis  uf  rotation  which  is  nearest  to  the  rotating 
line  is  assumed  as  the  origin,  let 

jv  be  the  perpendicular  upon  the  line  firom  the  origin, 

let  s  be  counted  from  the  foot  of  the  perpendicular  {p),  and  the 
time  from  the  in.stant,  when  the  plane  of  the  directiona  of  the  axis 
and  the  rotating  line  is  verticaL  The  values  of  »  and  cos ;  are 
given  by  the  equaliona 

i^=j>^  +  «»8in»t, 
cos;  =s  cos*  cost -|- sin  t  an^  cos  (a /) ; 
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irhidi  nduee  the  eqitttion  (269^)  for  this  case  to 

XT? » = «*«  nu**  +yc(wtoiM*4-^aiiiiiiii2  om  (« t) . 
The  integral  of  this  eqimtion  is 

in  which  A  and  JB  are  arbitrary  eonstunta 

502.  1/  in  the  general  eoK  of  the  rotalion  of  a  plane  curve  about  the 
inclined  axis  the  time  is  computed  from  the  instant,  when  the  plane 
of  the  curve  is  vertical  the  expreaaon  of  (^)  is  given  h/  the 
formula 

cos;  =  oos^  co8«-|~Bin^  fiin^  coBo^. 


HOfMNI  or  A  BODY  DPOK  A  LINE  IN  ori  <istTl<M(  TO  FBICTKnt,  oa  TBBOOOa  A 

BESISTIXO  MEOIOM. 

608.  Hie  fi»ees  of  nature  whidi  renst  the  motioiM  of  bodies 
are  of  varioiis  kuids  and  subject  to  diflBsrent  laws.  WhOe  their 

philosophical  discussion  must  be  reserved  to  its  appropriate  pIaoe» 
it  is  sufficient  for  the  present  purpose,  to  recognize  them  as  forces, 
which  are  opposed  to  tlie  motion  of  bodies,  and  which  depend  in 
general  upon  the  relative  motions  of  the  body  and  of  the  origin 
of  the  resisUmce,  whether  this  origin  he  solid  or  tiuid. 

604.  If  either  of  the  resisting  forces  ia  denoted  by  Si,  and 
if  C^)  denotes  the  angle  which  the  direction  of  its  action  makes 
with  the  path  of  the  body,  the  resistance  to  the  motion  of  the 
body  in  its  path  will  be  expressed  by  j^cos!^,  which  may  be 
immediately  intraduoed  into  the  equation  <^  motion. 


505.  Jf  fhr  Wy  worn  u^n  a  fixed  UiUf  the  equation  of 
motiun  (^^^ib)  becomea 

=    i2  -f  J^i  (iSi  cos . 

y  Uun  i»t  Skemte,  m  maUm  i»  ike  mUb^  medbm,  aU  the 
forces  of  resistance  can  be  oombtned  in  oim»  which  ib  diiecUy 
opposed  to  the  motion  of  the  bodj,  end  the  pceoeding  equation 
asBumes  the  form 

606.  Jf  there  is  no  external  force,  these  equations  become 

607.  The  integral  of  the  latter  of  these  equations  is 

Lot  8  have  the  form 

in  wbioh  a  and  «  are  positive^  in  the  case  of  nature,  and 

because  S  is  always  positive  when  «'  is  positive.  The  corr^pond- 
ing  integral  of  (271  u)  is 

in  wfaidi  il  is  an  arbitniy  constant,  and  the  former  integral  cor* 
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responds  to  the  case  of  i^<;4a<',  while  the  latter  corresponds  to 
£'>4a«.  The  velocity  voiiUhes  after  the  time  1^  given  by  the 
equation 

These  velues  are  infinite  in  form,  when 
but,  in  this  cas^  the  integral  is 

SO  that  the  vdooity  Tanishei^  when 

These  valaes  heeome  infinite  in  form  when  both  i  and  « 
vanish,  but,  in  thu  case,  which  indodes  that  of  friction  upon  a 
straight  path,  the  integral  is 

t     A     -        a  ' 

and  the  instant,  at  which  the  velocity  vauiidieti  is  determined  by 
the  equation 

When  «  vanishes,  the  value  oii^h  actual]^  infinity  so  that 
the  velocity  of  the  body  can  never  be  wholly  destroyed  by  any 
such  form  of  resistance^  It  would  seem,  firom  the  preceding  equa- 
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tions,  that  the  diraetion  of  motion  would  be  reversed  aAer  the 
time  i^/u) .  But  this  ooadaaioii,  which  is  absurd,  because  it  would 
giye  a  resiataDce  the  power  of  creating  motion,  arises  from  the 
defective  forms  of  notation  whidi  do  not  ejqpress  tb»  solution  of 

continuity  corresponding  to  tlio  ahrupt  ceasing  of  the  iKction  at 

the  instant  of  the  suspension  of  motion. 

508.  Whm  ihe  resistance  is  simply  thai  of  friction  arising  from 
the  pressure  of  the  tmving  bodjf  ujion  Ute  Uuej  to  which  U»  uioUm  w 
rettrictcd,  let 

p  denote  the  direction  of  the  perpendicular  to  the  fixed  line, 
whicli  is  drawn  in  the  common  plane  of  the  direction  of 
the  external  force  and  of  that  of  tlie  line, 

dv  the  elementary  angle  made  by  two  successive  radii  of  cur- 
vature to  the  fixed  lin^  and 

a  the  coefficient  of  friction, 

and  the  equation  of  motion  becomes  by  (245^) 

509.  When  there  is  no  external  force,  tins  equation  becomes 
the  int^ral  of  whidi  is 

log*'  =  il  —  av, 
in  which  ^  is  an  arbitrary  constant  Another  integration  gives 

'=X'"-''=X(^.""-")=X(^-"'"') 

in  which  is  the  Naperian  base,  and  ^  the  radius  of  curvature  of 
the  fixed  line. 

35 
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510.  Jf  ik0  Jked  Um  i»  ik»  invohde  ^  the  drek,  and  if  its 
equation  is 

the  equation  (273^)  becomes 

*=|(.,_l)."-^+2». 

in  which  B  is  an  arbitrary  constant. 

Gil.  If  Ute  Jixcd  Une  is  i/ie  hyanUuiuc  tpirai,  aud  if  ita  equa- 
tion  is 

the  equation  (273^)  becomes 

in  wbich  ^  is  an  arbitrary  constant 

512.  ^  iksfiui  Jmkikt  qfebU,  and  if  its  equation  is 

the  equatiou  (273^)  becomes 

in  'which  1?  is  an  arbitrary  constant. 

513.  When  the  rmshmre  of  Ihf  line  ix  romfcinf,  ami  the  resistiitg 
mcdiuiii  u  uiotiiii/  irilh  an  uuijunn  vilorih/  in  un  iuvari(il>le  (lintfion,  and 
the  resistance  arising  fmn  it  is  i>nijMjrtional  to  llic  velucUy  in  iJic  medium,  let 

a  hi'  the  con.stiint  resistance  of  the  lin^ 

h  the  resistance  of  the  medium  for  the  unit  of  velocity,  and 

i  the  velocity  of  the  medium. 
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and  if  the  (liroction  of  the  motion  of  the  medium  is  nsaumed  for 
that  of  the  axis  of  x,  the  equation  of  motion  becomes 

/  s    i2    a — A /i  COS  • 

>BAi2  — a4-A(»cosi— Of 

in  wbick  it  in  carefully  to  be  observed  that  the  sign  of  a  muat  be 
xevmed  nmultaneoudj  with  the  direction  of  motion. 

614.  ike  fisei  tm  if  draiglit  end  Ukre  u  no  attind  force 

the  infa^pwl  of  the  equation  (27Sit)  becomes 

log  («' — & ooe  ;  +  ^  =  il — A  < 

in  which  il  is  an  aihttrary  oonstani  When 

a-<^Aco8^, 

the  Telocity  of  the  bodj  will  never  be  destroyed,  but  will  oomtantly 
approodmate  to 

Jcosi— J. 

But  when 

the  veloaty  will  vaniah  after  the  time    determined  by  the  equaUon 

log  ^ — i  C08  ;)  =  ^  A/,. 

If  the  imtiol  vdocity  of  the  body  had  been  negatiT^  the 
equation  of  motion  would  have  assumed  the  form 

log(— •'+*«»i  +  i)  =— ^  + 

so  that  the  velocity  would  have  vanished  after  the  time  to,  detei^ 
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mined  by  the  equation 

log(4«MiH-j)=— 

The  body  would  then  have  remained  at  reat  mil«M  the  oon> 
dition  (275m)  had  been  iatufied,  ia  whidi  case  its  safaBeqnent  motioti 
would  be  defined  by  the  equation  (276u)* 

61&  When  a  heary  body  moveg  upon  a  fixed  straigU  line,  and  ilie 
rfmfaticet  conskt  of  a  comtant  resistance,  arising  from  the  friction  along 
the  line,  and  ah')  (f  a  rcsistaitre  arising  from  a  resisting  nieditmt,  which 
has  a  unifunn  iiivtim  in  ilk-  direr/inn  of  the  fixed  line ;  and  when  the  re- 
tutance  of  the  medium  is  proportional  to  the  gquare  of  the  vehc  'dy  of  the 
hot^  M  tt«  imckKun,  let 

a  be  the  constnnt  of  friction. 

h  the  velocity  of  tlie  im  iliuni.  and 

h  the  resistance  of  the  medium  for  the  unit  of  velocity. 

The  line  may  be  assumed  to  be  vertical  without  diminishing 
the  generality  of  the  investigation  and  the  equation  of  motion 
will  be 

.in  which  the  dgne  of  e  and  A  must  be  reversed  nmultaneoody  with 
those  of**  and  (y  —  h)  rcHpeclively.  The  equation  of  motion  ha.s 
prccii<cly  the  same  Ibrm  with  that  of  §  507,  bo  that  the  forms  of 
the  integral  arc  the  same  which  are  there  given,  but  the  constants 
are  not  subject  to  the  restrictions  of  that  section. 

then,  the  initial  velocity  id  upward  and  exceeds  that  of 
the  medium,  when  the  medium  is  also  moving  upwards,  the  asoendp 
ing  velocity  decreases  by  the  law  expressed  in  the  equation 

,'-*=^4ftan[(<-T)v/(A(jr-|-«))], 


in  which  t  ls  an  arbitrary  constant.  This  law  of  ascent  continues 
until  the  hodj  it  bn>ii|^t  to  reet  when  the  medium  is  not  moving 
upwaidflL  But  when  the  medium  ia  moving  upwards^  it  continuee 
until  tiie  inataat  (r),  when  the  vdooity  of  the  body  is  the  same 
widi  that  of  the  medium.  After  this  instant,  the  vehwity  de- 
ereaies  by  the  bw 

*' -  * = V '"T^       -  ^)  V  (*  0^ + « )  J] ; 

which  oontinnes  fiirever  if  * 

and  the  velocity  constantly  approximates  to  that,  which  ia  deters 
mined  by  the  equation 

But  when 

the  body  is  brought  to  a  state  of  rest,  in  which  it  continues  per- 
manently if 

Bat  if  the  motion  of  the  medium  is  upward,  and 

the  liody  moves  from  the  state  of  rest  with  an  increasing  denoending 
velocity  of  which  the  law  is  expre^d  by  the  equation 

in  whieh  «i  must  be  detennined  so  that  the  instant  of  rest  coincides 
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with  that  given  by  the  equation  (277i,).  The  incre.i.sing  velocity 
continually  approximates  to  tliat  which  is  detenuined  by  the 
equation 

g  —  fl  =  A    —  Vf, 

The  state  of  rest  to  irhich  the  body  ia  brought  when  tfae> 
medium  ia  not  moving  opwarde^  ia  permanent  if 

But  i(  on  the  oontniyt 

the  hody  mfyvea  fiom  the  rtate  of  rest  with  an  incveaang  desoendbg 
Telocity,  of  which  the  lav  ia  expraned  by  the  equaUon 

=y       tan  V(A  (^-a))] , 

when 

^>«» 

in  wliich  must  be  determined  so  that  the  instrtnt  of  rest  coincidea 
with  tliiit  given  by  the  equation  ('JTHay).  Tliis  law  of  motion  con- 
tinues until  the  instant  r^,  wbcn  the  downward  velocity  of  the 
body  beoomei  the  same  with  that  of  the  medium;  and  after  thu 
instant  the  law  of  inereoatng  velocity  of  descent  is  expreaoed  by 
the  equation  (277s)  \  «>  the  velocity  conttnuany  approximates 
to  that  which  is  determined  by  the  equation  (278|). 

But  when  the  body  begins  to  desoend  from  the  state  of  rest^ 

and 
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the  law  uf  desccut  is  expressed  by  the  equation 

y/'-T^  ^       ^  (*(•-*))]. 

80  that  the  increasing  velocity  coiutantly  approidmatea  to  thnt 
which  is  determined  by  the  equation 

If  the  iiiitia]  velocity  is  downward,  iind  excoedn  that  doter- 
miued  by  the  equation  (2784),  the  decreasing  velocity  when 

is  expressed  by  the  eqtiatkm 

ir-*«y/tjf:!?Cot[{/-*)V(A(*'-«))l, 

in  which  t  is  an  arbitrary  constant  If,  therefore,  the  motion  of 
the  medium  is  downward,  or  if  it  is  upward  and  the  condition 
(27734)  IS  Batisfied,  the  docroasing  velocity  continually  approximates 
to  that  which  is  detenuined  by  the  equation  (277s»).  But  il"  the 
motion  of  the  medium  is  upward  and  the  oimdition  (2772i)  is 
ss^ed,  the  body  is  brooght  to  a  state  of  rest  whidi  is  permanent 
if  the  condition  (277]})  is  also  satisfied.  I(  however,  the  condition 
(277ii)  is  satisfied  by  the  upward  motion  of  the  medium,  the  body 
leaves  the  state  of  rest  and  ascends  with  an  inereaaing  velocity, 
wliich  is  defined  by  the  equation 

*' — * = V         ~  ^  li? + «))] ' 

in  which  «i  must  be  determined  so  that  the  instant  of  rest  ctnn* 
cides  with  that  which  is  given  by  the  equation  (279ii).  The 
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awjending  velocity  oontinoally  appiosinMitea  to  tbat  which  w 
determined  by  the  eqimtioii  (2TT»). 

If  the  initial  velocity  is  downward,  and  exceeds  that  of  the 
medium,  when  the  medium  is  also  moving  downwardly  the  d^- 
scending  velocity,  when 

decreases  by  the  law,  exprened  in  the  equati<m 

/_*=y/2^tan[(T-0V(A(«-y))], 

in  which  t  is  an  arbitrary  constant  This  law  of  descent  continues 
until  the  body  is  brought  to  rest,  when  the  medium  in  not  moving 
downwards;  but  when  the  medium  is  moving  ddwnwuidtv,  tiic 
law  continues  until  the  instant  r,  when  the  velocity  of  the  body 
is  the  same  vnth  that  of  the  medium.  After  this  instanly  Has  law 
of  deereaang  vdodty  becomes 

=  v/nr  Tan  [(c-<) 

which  continues  until  the  body  is  brought  to  rest,  when  the  condi* 
tion  (278,)  Ls  satisfied.  But  when,  on  the  contrary,  the  condition 
(2T8,j)  is  s.iti.sfif'd,  the  body  continiU's  to  move  forever  witli  the 
law  of  dccrcasitir,':  velocity  exjiresscd  in  (280n,),  and  the  velocity 
continually  approximates  to  that,  which  is  determined  by  the 
equation  (270,).  When  the  body  has  been  brought  to  the  state 
of  rest,  the  condition  and  laws  of  leaving  it  are  the  same  with 
those  defined  in  (270^i_ti),  wlien 
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51  fi.  l\7iru  the  nirrr  I'.t  f/ir  rircumfcraicc  of  a  vertical  circle,  the 
problem  is  thai  of  the  siiajtie  pendulum  in  a  resisling  medium.  If  tlte  are 
ff  tidroMM  it  M^npoted  U  ie  »»  mdU  tkii  iU  poaerBf  tehich  are  higiar 
/(Am  U»  lytMrv  nu^  ie  neglededt  and  if  ik*  rMolanee  arising  from  tie 
muSm  i»  aigipaaed  1o  U  froperSou^  io  tie  vekdfy,  and  to  he  eeaMud 
mGI  a  eeukmt  /rieUen,  let 

a  be  the  friction,  and 

e 

k  ihe  lesiBtanoe  of  the  medium  for  the  unit  of  yelocity, 

and  tite  equation  of  motion  becomes,  by  adopting  the  notation 
of  1 487, 

in  wiiicli  the  sign  which  precedes  a,  must  be  the  reverse  of  that  of 
I>,<f.   The  integral  of  this  equatiou  is 

in  which 

*=y'5coso, 
4*=y/  |B«n«» 

and  the  arbitrary  constants  have  been  determined  so  that  the  initial 
angular  velocity  (9',)  shall  be  the  maximum  velocity,  and,  therefore, 
the  initial  value  of  9  is 

-T' 

S6 
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617.  The  equation  (281a)  only  applies  to  the  first  vibration 
and  for  tLe  i^m  -f- 1)**  yibiiatian,  tbe  correct  equation  ii 

in  which  r„  is  the  instant  of  the  maximum  angular  velocity  ((f'J)  of 
that  vibration  and  the  doubtful  !<ign  is  alternately  potutive  and 
nej/a»ive  for  ihe  Huccessive  oscillations,  m  that  the  position  of 
max i mum  velocity  is  always  upon  the  descending  portion  of  the 
oscillation. 

618.  The  angular  Telocity  of  Tibration  b  expreaied  by  ihe 
equatimi 

and  it  vanishes  for  the  instants 

which  correspond  to  the  beginning  and  end  of  the  oadllation.  The 
whole  time  of  osdllation  ii^  therefore^ 

which  w  invarUAle,  alifmtgh  it  exceeds  the  time  of  vibraiion  in  a  vacuum^ 
m  €<nuefuatee    ihe  fadorf  see  a. 

519.  Hie  angidar  deviations  of  the  pendulum  fiom  the  verti> 
cal  at  the  beginning  and  end  of  the  osoillatioa  are  given  by  tbe 
equation 
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whence  the  whole  arc  of  the  {m  -\-  1)*'  vibration  ia 
= 2  y:.  y/ f  *  " "  Co.  (  U  tan  a ) . 

520.  The  angular  deviations  of  the  pendulum  from  the  vei> 
tioal  at  tlie  eoA  t)£  one  vibration  and  the  beginning  of  the  next  are 
identical)  but  the  deviation  from  the  point  of  maximum  velointy  i% 
on  account  of  the  diange  in  the  podtioa  of  this  pomt^  diminiahed 
by  the  quantity 

The  8ucco!uivc  values  of  the  maximoiu  velocity  are  therefore 
connected  by  the  equation 


or 


ISie  general  ezpremoo  finr  the  niaTfmimi  vehxdty  is  then 
found  to  be 

whidi,  on  account  of  the  amallneBS  of  a  and  a,  may  be  reduced  to 

9>m  =  9>oC  —  2»iay-. 

The  oorre^wndlng  value  of  tlie  are  of  vibration  is 

^        ^.    — mataaa      4aJ?  — |iftiui«/.  .       .ir-"ir«"o — l 

 —e   ■  Cos(iJitano)-^:r;5jj— ^. 


or 
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m  Im  ijf  ike  dbnimiHon  ^  He  an  ^  vOnHon  md  ^  th  masti- 
ffitm  ef  vdoe^  it,  iker^ort,  iuek  ihat  tUier  «f  iken  gtmHtiet  ecntuU 

of  im  term,  one     which  ta  dependad  upon  ihe  portion  of  the  resittaneef 

which  M  proporfiotial  to  the  velocity,  and  decreates  in  geometrical  ratio, 
ichilr  the  other  is  principaB/  dependent  upon  the  emisfaid  friction  and  de- 
creases, sTii,v7//i/,  in  arilhmtiical  ratio.  The  vibration  ceatet  when  the  tecoiui 
term  of  cii/ur  of  these  ipianlilics  gurpasses  the  first. 

521.  Jf  ihe  resistance  is  proportional  to  the  stpiare  of  (lie  vclucity, 
and  if  A  is  ita  Tiilae  for  the  unit  of  vekMsHy,  the  eqiutkm  of  the 
]noti<m  of  the  pendulnm  is 

If  one  of  tlio  first  intrirrals  of  this  equation  is  supposed  to  he 
(254.J,,),  in  which,  however,  11  is  not  constant  but  variable,  the 
difl'urentinl  of  (254ao)  gives,  by  means  of  ttiis  equation  and  (254„), 

=z  —  2hD,(f{gMw<f-\-JI), 

and  the  integral  of  this  hut  equation  if 

ton/*  =  2  A, 

u 

//  =  ^1  e'"'*'"'*  —  g  Rsinn  m\  (</  -j-  /i), 

in  which  A  la  an  arbitrary  constant.  The  equation  (254||)  is  then 

reduced  to 

JP(Z>,y)«=  2ilc~» '*"''4.2yiJoo8;k  ooe(f J 
of  which  the  int^ral  is 
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The  »ign8  which  precede  tiie  quuutitica  h  aud  ^  must  be  re- 
vened  in  the  alternate  08oillation& 

622.  The  «ngle  of  groitest  deviation  ftom  the  vertical  for 
the  (M'f'      oaeiUatioa  la  detenuined  by  the  equation 

If  J  ia  adopted  as  the  sign  of  finite  diflerencoR,  this  equation 
l^vei^  when    is  so  small  that  its  square  may  be  neglected, 

J  [cos 9«— (sin y„ — 00B9«)  ^]  :s  2  (sin  7« — 9m  «»f «) f*. 

When  the  oscillations  of  the  pendulum  are  so  small  that  the 
fourth  power  of  <f„  may  be  neglected,  and  also  the  product  of  /i 
by     J      thiji  equation  is  reduced  to 

of  which  the  appronmato  integral  is 

623.  The  sufastitutaon  of  (285.)  reduces  (2842,)  to  the  form 

^(A9)*=o«(9+M)-*-^*  +  ^"^'"'*«»(T--f»), 

which,  when  ^  ia  so  small  that  its  square  may  be  neglected,  becomes 

(X>,  y)' = cos  (y  +  ft  )  _  cos      —  ;i )  +  cos  if  „,  ( y  +     ) ." 

=  cos  y  —  cos  y„ — [sin  y  4-  sin  y«  —  (9  -j-  y„)  cos  y  J , 

When  the  oscillaUona  are  veiy  small,  this  equation  may  be 
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still  further  reduced  to 

wbidi  givet 

The  integral  of  thia  equation  is 

The  time  of  the  descending  acmioflciUataon,  deduced  from  tbui 
equatioa,  ia 

t.-4,=«»v'i(l+'S)- 

The  time  of  the  preceding  semioscillation  ia  obtained  by  re- 
vening  the  agn  of  ju,  which  gives 

C-4.-.=l»V|(l-'S). 

and  the  ii'me  of  the  irhok  oscillation  is,  i/iere/orr,  (he  same  as  if  the  pen- 
dulum vihratid  in  a  vacutatt.  The  preceding  formula^  iind  conclusioUB 
coincide,  substuntiuUy,  with  those  which  ore  given  by  PoisaoN. 

624.  ^rOe  law  ^Oe  rmdme*  io  Urn  maUrn  ^  tkt  foMm 
majf  he  txfrmti  at  a  fundiM  «f  ike  Ume,  let 

9^  denote  the  resistaucu, 

and  the  motion  of  the  pendulum  in  a  email  arc  is  expressed  by 
the  formula  (26(V)  and  (261,).  If  9"  is  a  periodic  function,  which 
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has  the  same  period  with  that  of  the  vibration  of  the  pendiilunii 
it  may  be  expressed  in  the  form 

^=*,-|-a4.[A,oo.(.yj4-/»«)lj 

and,  if  the  variable  portions  oC  Amub  and  ilcofii  are  denoted  by 
tS,  these  equations  give 

,*(il«n*)=A,(l-«»0y'|))-*.yj«n/ti-MiCos(2/y'|+/^ 
+  |A»OM/».+i:.[,4jOOB((.-l)yj+/!r,) 

-.^1  ((•■ + 1)  Vi+ '^•)  -"^^i 

+ A  «»((••+!)  V»+^')-ra  "^'J  J 

which  vanish  with  i. 

525.  ^  tie  vibratvm  of  the  pemhtkm  mm  ikt  mttfiiai  Meil> 
kte,  the  period  <fihe  mUlaHmi  efOe  nudim  i»  probaifg  0$  Mm  wOk 
Hat  «f  Iht  pmMmthAU»wteetuiot  fhuu <if  ^ malhinf  &g  inmUmmn 
an  Ue^  h  kg  wammOd  hkud  thm  ^  Oe  pmbikm.  Henoe  the 
rdative  velocity  of  the  pendulum  to  the  medium  may  be  ex* 
preaaed  by  the  equation  ^ 

in  which  A  and  h  may  be  regarded  aa  constant  for  a  angle  iribnir 
tion. 
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If,  then,  the  resistance  of  the  medium  is  proporlimtcU  to  the 
rdatwe  teloeify,  the  value  of  ?  BaBomei  the  Ibrm 

gr=2Ailo«i(yj+4+/?), 

and  the  equaUons  (287s_u)  g^ve 

^«J(^8in^)=-<y/jmn(*  +  /i) 

-ioo.(2yj4-*+il)+4ooe(*+i»), 

^tf  (ilOOB*)  =  - /y/^  cos  (4 

-  *  Bib  (2^  4+J +/t)  -I-  J  rin  (* 

whence 

|dlog4=— y|ocw/J--4«n(2yj4-2*+/j)-|-|Mn(24-f 

|J4  =  — /y/|»iiiji— ico8(2y|+24  +  /j)-|-lco8(24  +  /J). 

If  r  IB  the  time  of  vilnmUon  of  the  pendulmn,  the  changes 
of  A  end  (  in  a  angle  vihmtion  eve  giv«i  bj  the  fonnub 

^  logil = - Jcoe/J  =  -  «  iooi  |l, 

Jh^ — ^  tJ ^onHzsz — n*8infl. 

g    y  X      '  g  ' 

If  Oie  rmitame  is  proparUBmal  U  He  tjpum  qf  ikg  vdbd^,  the 
value  of  9*  aBsumeB  the  fonn 

9*=  2/t  Ji*  +  2/t/l^  cos(2/y/'-|+ 2i  +  2i^), 

in  which  the  agn  of  k  must  he  reveieed,  v^en  die  direetioa  of  the 
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relative  motion  of  the  body  to  the  nicdiiim  ia  reversed.  This 
value  of  5^  gives 

^  d  ( .1  siu  i )  =  2  -  2  00*  (/  y  /     +  CO.  (/  y  /    +  2  i  +  2  ) 

—  looe(3yj  +  24  +  2f»)  — 1008(24  +  2/*), 

00*4)  =—28111  (y  ^ —fflii(y  1+2*+ 2|J) 

-*8m  (3/y/_|  +  2i  +  2/)  +  ^  «in  (2^  +  2^-^); 

whence 

^  =  2  mn  4  —  2  sin   y/'^  +  a)  +  sin  (/y/ J  +  4  +  2 /t) 

— 48m(3yj+8*+2|))+j8in(S4+2/J)-ain(*+2/J)^ 

=  2  00i*-2co9  (/y/£  +  4)  +  cos  (/y^£  +  i  +  2 
—1  coe(a/y/^+3i+2/»)+l  ooe(3l+2/9)— ooB(4+24). 

Tlie  olianfTCs  of  A  and  i  in  a  vibration  are  found,  by  having 
regiinl  tu  the  reveriMvl  of  the  t»igu  of  i  which  corresponds  to  that 
of  K,  to  be 

gJh  =  —  ^kAm(t, 

If  tlie  law  of  the  resittemcc  w  minilar  to  tlud  of  f rid  ion  so  as  to 
be  eotuiaiU  if  the  meilium  u  tU  rest,  it  must,  when  the  medium  is  in 
moUon,  be  proporUanal  to  the  quotient  of  the  relative  motion  of 
the  body  through  -the  medium  divided  by  the  velocity  of  the 

37 
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body.   The  furni  of  ^  it*,  then, 

„    «eo.(<Vt  +  *-fi?) 

in  which  thu  Higii  of  a  muHt  be  reversed,  when  the  direction  of  the 
reliittVD  motion  of  die  body  to  ^  medium  is  ravened.  Tth  value 
of  9*  gives 

fa(iliiii»4)  =  — coe(/y/J+/»)— rfB|!reoB*loglM(i 

|d  (il  oos  *)  = — sin  I + Z') +«n/!f  log  tan(i  » + ^-3^*)  i 
irhenoe 

d^=_?«u(/y/j  +  *-|-/*)» 

d  i  =  -  ^        y/ J  4- A  + )  -  ^  « n /<  log  t  au  ( i  «  +  (ii±i) . 
The  chongua  of  ^1  and  b  m  u  vibnilion  tire 

JA — 'f. 

Jtss  2^i*in/(  logtftn  l/if. 

The  combination  of  these  values  give 
^  ^  =  —  ^'  —  ;i  /I  -  cos   —  V-  -  A*  cos  /i , 
^  *  =     «n /^  log  tan  I   —  n  -  mn —     ^  ^  sin /r . 

The  change  of  ^  ib  exhibited  in  the  motion  of  (he  pendulum 
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hy  A  chango  in  the  time  of  vibration,  which  diiTvro  i'roin  that  which 
it  would  be  in  ft  VMUuia.  The  dUTereoM  k 


526.  The  vibration  of  the  pendulum  may  be  regarded  as 
affected  by  the  medium  nol  only  in  con^quence  of  Hm  direct  action 
tt  reautMMe,  but  alio  indireoUy,  beoame  a  portion  of  the  medium 
may  be  regarded  as  oonqKMing  a  part  of  tbe  moving  body,  and  its 
motion  ia  Mutained  bjr  the  actkm  of  gcavitatioii  upon  the  body. 
If,  then» 

f  denotes  tbe  ratio  of  the  mam  of  that  portion  of  the  medium 
whieh  movea  with  the  body  to  the  mam  <rfthe  body, 

tilt'  motion  of  g  mixy  be  n.s»utnc<l  to  have  a  period  identiod  with 
that  of  tlie  body,  and  un  amplitude  of  excursion  proportional  to 
that  of  the  body,  so  that  its  velocity  may  be  of  the  form 


The  resistance,  then,  arising  from  the  preservation  of  the 
motion  of  g  may  be  expressed  in  ^  by  the  form 


The  rimtlority  of  this  fimn  to  thai  of  (288«)  shows  that  the 
corre<<ponding  influmoe  upon  A  and  i  may  be  eqwcssed  by  the 

equations 


r=Jirily^}eoe(<y/j+»-|J'). 


sin(/y/|-h*-/»'). 


^  log -4 = — ^  an  (f, 
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'  The  imporiABoe  of  this  form  of  reasbmce  wu  fini  noticed 
by  DoBDAT  and  has  been  mvestigated  eacperiraenteny  by  DmuAT, 
BwsKL,  and  Bmlt.  The  focmuln  (290^)  end  (291«)  may  be  adopted 

•8  a  guide  in  the-  conduct  of  these  and  similar  invcstigntiona. 

527.  In  the  application  of  the  preceding  formuUo  to  the  re- 
duction of  cxperimentt,  the  qnantitie.'^  a,  It,  k,  and  q  are  in\or}?ely 
proportional  to  the  density  of  the  body,  and  directly  pro[ioitional 
to  the  density  uf  tlie  medium,  and  for  bodies  of  similar  forms  they 
are  nearly  in  an  invene  rallo  to  their  linear  dimemionfl.  Fm 
pendulunu  of  dilferent  lengthi^  i  ia  proportional  to  the  length  of 
the  pendalum,  and  A  to  the  time  of  libration.  If  ffi  denotes  the 
reaietance  of  the  medium  which  is  proportional  to  the  velocity  for 
the  unit  of  weight  and  the  unit  uf  surface,  and  if  denotes  the 
resistance  which  is  proportional  to  the  square  of  the  velocity  for 
the  same  unit  of  wei<;iit  and  surface,  the  values  of  /<  and  k,  fur  the 
units  of  weight  and  surface,  are 

528.  The  best  experiments  which  have  been  made  with  the 
pendulum  are  almcet  wholly  free  from  any  constant  term  of  renat- 
ance,  so  that,  in  their  diacoanon,  this  term  may  be  neglected  which 
reduces  the  formula  (290b)  to  the  form 

^A  =  —  ^TIIi  A  C08  ii  —  i  Ji  Hi    con  fly 

of  which  the  approximate  integral  is 

( 1  +  -  log  ( 1  +  =  i,uTir,costf. 

529.  In  order  to  illuHlrate  thc!*e  formula',  they  may  be  ap- 
plied to  some  of  the  experiments  which  have  been  actually  made, 


and  in  which  the  diminution  of  the  arc  of  vibration  liiuj  been  ob- 
served. For  this  purpote  the  olMKrvatioim  <if  NnmVi  DimoATf 
BoBDA,  BEBBII9  and  Baut  are  aeleeted,  and  the  finrmula  (202^)  u 
ibuttd  to  be  appUcable  to  all  these  experimenter  al^ough  the  values 
of  Hi  and  are  difierent  for  the  different  expeiimentft  The  unit 
of  length  which  ie  hoe  adopted  h  the  meter,  the  unit  of  weight 
is  the  chiliogrnmme,  and  that  of  time  is  the  mean  solar  second. 
The  mo(u<ures  and  weights  arc,  however,  given  in  the  form  in 
which  they  were  actually  observed. 

530.  In  JS'jb'WTO.N's  first  series  of  experiments  upon  the  dimi- 
nution of  the  oaeinatkntt  of  a  pendulum,  a  wooden  q^Mre  ^ 
61  Engliflh  inches  in  diameter,  weighing  67A  ounces^  <^  about 
0.56  Bpecific  gravity,  and  suspended  by  a  fine  wire  so  as  to  give 
101  feet  for  the  length  of  the  pendulum,  was  vlbmted  until  the  arc 
of  descent  was  diminished  one  fourth  or  one  eight!)  of  itB  initial 
extent,  and  the  number  of  vibrations  was  recorded.  From  the  re- 
duction of  these  observation^  I  liave  obtained  for  the  values  of 
Hi  and  H, 

0.0223  sec  i*, 
j%=  0.4473  sec 

Tn  Nkwton's  second  series  of  experimenti^,  a  leaden  sphere  of 

2  inches  in  diameter,  weighing  2Gi  pound.s,  and  suspended  so  as  to 
give  lOi  k'c.i  for  the  length  of  the  pendulum,  was  vibrated  in  the 
Biuno  way  iis  in  the  former  series.  From  the  reduction  of  these 
obc^crvations^  I  have  obtained 

//,  =  0.2044  sec 
J9^=s  0.701  sec 

To  test  the  accuracy  of  these  reduetion(^  and  their  conformity 
with  the  given  obsenratiow^  I  have  eon:^oted  the  lengths  of  the 


observed  arcs  of  vibration,  aiid  bavc  placed  Uiem  in  tbu  iuiluwing 
table  fiir  oompariaon. 
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With  thew  values  of  ffi  and  Bt,  a  minute  arc  of  vibration 
of  the  woodi'ii  sjilu  rc  would  be  reduced  one  eighth  part  in  446 
vihrations,  and  one  fourth  part  in  !*01  vibrations,  and  a  minute 
arc  of  vibration  uf  the  leaden  sphere  would  be  reduced  one  eighth 
part  ni  290  vibntUMi^  and  one  fbnrtli  part  in  625  vibratioiia 

581.  VuBaa  vibrated  m  water  a  ipliere  of  2.645  Frem^ 
indiea  in  diameter,  weighing  in  air  40068  gnuw^  and  in  water 
S6448  giwn%  and  suqiended  to  tliat  tlie  leqgth  of  the  pendnkun 


was  36.714  tnchen ;  ho  ob.scrvcd  the  arc  of  descent  at  each  succes- 
sive <Mcillatiou.  Jb'ix>tn  them:  ubaurvntiuiii*,  I  have  obtained  a  result 
which  oonwpmidi  with  his  own  in  respect  to  tlie  law  of  diminntim 
of  ow»lhttio%  and  which  gives  fbr  the  values  of  ^  and  1(  in  water 

//,  =  o, 

//,=  378.7  sec/*. 

DuBVAT  also  vifamtod  k  au*  a  paper  sphere  of  4.0416  inches  in 
diameter,  weighing  in  air  155  grains,  with  a  denHity  11.33  times  as 
great  as  that  of  air,  nnd  sii*i]>ended  by  a  fine  tlirend  so  that  the 
length  of  the  pendulum  was  36.714  incheai  From  these  observa- 
tioDB^  1  have  deduced 

11,=.  0, 

IIt  =  0.^7  e6C(t. 

The  following  taUe  contains  the  comparison  of  0080.^1*8  experi- 
ments with  the  computatiotts  derived  firom  the  values  of  £1^  and  i4* 


COiVABISOll  or  t>i  Til  \t'8  r.xPERlMKNT<t  ri-ON  TMR  niMiM  Tlox  OV  nt  ARC  or 

VUIK.VTIO.N  OK  A  rKNOI M  M   WITH  COMI'CTATIOK. 
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632.  BoRDA  vibrated  a  platinum  sphere  of  16i  lines  in  diameter, 
weighing  with  the  wire  and  screw  9963  gnuni^  and  su^ended  by  n 
wire  ao  that  the  length  of  the  pendulum  was  S.96497  metres.  These 
observations  give  fi>r  the  values  of  ffi  and  J9^  in  air 

JTiss  0.10722  see/}, 
irt  =  0.6267  see  |9. 

In  hu  observations  fi»  determining  the  length  of  the  seconds 
pendnlum,  this  same  pendulum  was  vibrated  bj  Boida,  and  the 

lengths  of  its  arcs  of  vibration  were  observed.  From  the  mean  of 
these  observatUuu^  I  have  obtained  the  values  of  ^  and  B^, 

=  0.11214  sec /f, 
i4=  0.6564  sec/}. 

BoBOA  vibrated  the  .^ame  sphere  with  a  smaller  wire,  oo  that 
the  weight  was  reduced  to  9958  grains,  and  the  length  increased  to 
3.95597  metres.  From  these  observations  I  have  derived 

'      '  J?i  =  0.1134  sec 

//,  =  0.590  sec /i. 

The  comparison  of  Boroa's  experiments  with  tiie  compntAtione 
based  upon  these  values  of  Si  and  2^  is  contained  in  the  following 
tables. 


COWAKISOII  0»  aoitHA's  nn^rnvATiKV-i  vf^s  tiik  DtMiNtSttSD  TlBBAIlOXt  0» 

THE  I'E.MlfLlM   WITH  CUMI'tTATION'. 
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Exyrrimtnli  fir  iiliri'Wiiy  Utt  Length  ^  lit  SKsmT*  PtMm  wA  lb  PtmMtm  tmi  m  tit  Alt 
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538.  In  Bnm^B  nperinnnb  made  for  the  determiiiation  of 
tiie  length  of  the  veooa^B  pmdalum  of  ESmaanOf  a  hnm  sphere 
of  24J.64  lines  in  diameter,  yrm^mg  0*.606S64  wee  snqfiended  ao 
that  the  length  of  the  pendulum  was  1305.3  lines.  From  his  ob- 
scrvationa  with  this  pendulum,  I  have  found  theae  values  of  Bi 
and 

1^=0106698  see /f, 
.a^ssa6298ee/9. 

The  same  sphere  was  also  vibrated  with  a  length  of  pendulum 
of  441.8  line%  from  the  observations  of  which  I  have  deduced 

J3^  =  a0452see/9, 
ii^= 0.587  see  |9. 

BaMU  also  vibrated  an  ivory  sphere,  weighing  0^.15112,  and 

having  a  (liamt>t»T  of  21.094  line.%  with  each  of  the  preceding 
lengths  uf  pendulum.  From  hU  oiKsorvations  with  this  sphere  and 
the  long  pendulum,  I  have  obtained 

il^  =  0.05517  see /9, 
Ji^  =  a512aeei!r; 

and  from  his  observations  with  the  short  pendulum, 

jB^ssa0609seo/},  ' 
Ji;=  0282  see /). 

In  Bessel's  experiments  for  the  determination  of  the  length  of 
the  second's  pendulum  at  Bbiui^  a  hollow  eylindor  was  vibrated, 
of  whioh  the  diameter  of  the  baae  was  16.805  Imei^  and  the  altitude 


.  J  ^  .d  by  Google 


15.290  lines,  weighing,  with  its  append.ij^a's,  when  it  was  filled  with 
lead,  0*.67920,  and  when  it  was  empty,  0^22595.  It  was  suspended 
in  two  different  modea^  in  one  of  which  the  length  of  the  pen- 
dulum w»B  1304.8  linei^  when  the  eylmder  was  filled,  and  1303.8 
linei^  when  it  wu  «aptj ;  and,  in  the  other  mode  of  aoBpenntm 
the  length  wee  440.0  lines  when  the  cylinder  was  filled,  and 
440.7  lines  when  it  was  empty.  From  hh  observations  with  tlua 
pendulum,  I  have  obtained  the  following  values  of  Si  and  lit. 

When  the  cylinder  waa  full,  and  the  auBpenaon  waa  long,  the 
values  were 

JSrt=a085448ec/I, 
£i;= 0.733  aeo/f; 

.  when  it  was  full,  and  the  suspension  short,  they  were 

JSIi  =  a070268ee/t, 
£^=a724aee/9. 

When  the  cylinder  was  empty,  and  the  sui^naion  lon^^  the 
▼aloeawere 

//=  0.09578  sec  1^, 

wlmn  it  waa  empty,  and  the  anapenaion  dior^  they  were 

77,  =  0.07003  fiec(i, 
i4=  0.270  sec /f. 

In  order  to  compare  the  theory  of  thcae  valnea  with  ex- 
periment, all  the  Talnee  of  observation  have  been  recorapoted, 
and  the  oomparisona  are  contained  in  the  following  tables. 
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In  the  computation  of  these  value.**,  there  has  been  no  regard 
lo  the  rcsif^taiK  O  uri.xing  from  the  wires  of  susj)ension.  The  dif- 
ference between  the  values  of  i/j  may  be  attributed  to  the  uncer- 
tainty of  the  obaervations,  and  those  of  Hi  may,  perhaps,  be  ao- 
counted  for,  in  the  «amo  way.  The  value  of  J%  is  nearly  ten 
times  as  great  as  that  which  is.  given  by  the  observations  of  Bobda 
upon  the  resistance  of  the  atmosphere.  It  most,  therefim,  b« 
doubtful,  whether  the  observed  diminution  of  the  arcs  of  vibration 


of  the  pemlulnm  is,  wholly  or  principiil!y,  due  to  the  mediuiu  in 
which  it  vibiutos,  or  to  hume  iiioro  hiteiit  cuii.se.  This  doubt  in 
much  increased  by  tlic  discuiisiuu  uf  the  observutioiui  of  Baily. 

634.  In  610.1*8  experiment^  "nuriow  pendiduniB,  which  were 
moeAy  Bpheree  and  eylinden^  were  vibnted  in  the  reedver  of  an 
aiibpump,  with  the  «r  either  at  its  ordinary  pressure^  or  at  the 
small  density  of  about  one  thirtieth  of  an  atmosphere.  For  the 
full  and  exact  description  of  the  pendulumii  the  original  memoir 
must  he  consulted,  but  the  following  brief  description  i.*?  sufficient 
for  the  present  purpose.  Numbers  1,  2,  3,  nnd  4  are  spheres  of 
platina,  lead,  hrmn,  and  ivory,  all  of  the  sjune  diameter,  which  is 
somewhat  Ivhh  than  li  inche.'^,  and  olwhicli  the  weight.s  with  their 
vibrating  appendages  arc,  respectivoly  9050,  4G48,  3217,  and  7761 
graina  Noa.  6^  %  and  7  are  spheres  of  lead,  hraaa^  and  ivory,  all 
of  the  same  diameter,  which 'is  2.06  inches  and  of  which  the 
weights  are  respectively,  13019,  9302,  and  20661  gnuna.  Nos.  8 
and  9  are  the  same  spherea  of  lead  and  ivory  with  those  of  No.«.  5 
nnd  7,  but  susjiended  from  a  wire  paissing  over  a  small  cylinder 
instead  of  from  a  kuifo  edge.  In  Nos.  10,  11,  12,  and  1.3  the 
vibrating  nuis.s  was  a  brass  cylinder,  of  which  the  diameter  of  the 
base  is  2.0G  inches,  the  altitude  2.0G  inches,  and  the  weight  14190 
grains ;  in  Nos.  10  and  IS  the  axis  of  the  cylinder  coincides  with 
that  of  the  pendulum  rod,  but  the  rod  of  No.  IS,' which  was  also 
adopted  in  Nosl  11  and  12,  was  a  thidc  brass  wire  0.186  inch  in 
diameter,  371  inches  long,  and  weighing  2050  grains;  in  Nos.  11 
and  12  the  nxi.s  of  the  cylinder  was  horizontal,  in  No.  11  it  WBB 
perpeniliculai-  to  the  plane  of  vibration,  and  in  No.  12  it  was  in  the 
plane  of  vibration.  No.  14  is  a  cylinder  of  lead,  of  which  the 
Uiuiiieter  of  the  base  is  2.0G  inche.-*,  the  altitude  4  inchcf^,  the  weight 
34500  grains,  and  the  axis  coincident  with  the  rod  of  the  pendulum. 
In  Nos.  15, 10,  17, 18,  and  19  the  vibrating  mass  was  »  hdlow  cyl- 
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indcr  of  tlio  mmc  position  and  cxtcrnnl  (linu-iiHions  with  No.  14  ; 
in  No.  l-j  both  ends  wore  open;  in  No.  l(i  tlu'  top  was  ojh'u  and 
the  hottum  closed;  in  No.  17  the  top  was  closed  and  the  l>uttom 
open ;  in  No.  18  both  ends  were  closed ;  in  No.  Id  an  inner  sliding 
tube  was  removed  so  as  to  reduce  the  weight;  and  the  weightiv 
with  the  inclosed  air,  were»  respectively,  8497,  8922,  8622,  9048, 
and  7250  grain.^.  No.  20  is  a  lens  of  lead  2.0G  inches  in  diameter, 
an  incli  thick  in  the  middle,  with  A  flat  circumferenGe  of  about  a 
qnarti>r  of  an  inch  wide,  and  a  weight  of  (I'ldn  »p:Tiin3.  No.  21  is  ,a 
solid  co])per  oylimlrioal  rod  of  0.11  inch  in  diameter,  58.8  inrlies 
long,  and  wcigliing  lti810  grains.  In  Nos.  25,  2G,  27,  28,  29,  30,  31, 
32,  33,  and  34,  the  vibrating  unuises  were  convertible  pendulums, 
formed  of  plane  bars,  and  they  are  vibrated  anooessively  with  each 
•of  their  points  of  sospension,  which  were  knife  edges;  in  Nos.  25 
and  26  the  bar  was  bras^  two  inches  wide,  three  eighths  of  an  inch 
thick,  62.2  inches  long,  and  weighing  121400  grains;  in  No.s,  27 
and  28  it  wa.s  copper  of  the  same  width  with  the  brass  bar,  half 
an  inch  thick.  02.5  inchos  long,  and  weighed  155750  grains;  in 
Nos.  20  and  .30,  it  wa.s  iron  of  tlic  same  width  and  thickness  with  the 
copper  bar,  02.1  inches  long,  and  weighed  140547  grains;  in  Nos.  31, 
32, 33,  and  34  it  was  a  doubly  convertible  brass  bar,  three  quarters  of 
an  inch  thick,  62  inches  long,  and  weighed  231437  graina  Jn  Nob.  85^ 
36, 37,  and  38,  a  doubly  convertible  pendulum,  made  of  a  brass  cylin- 
drical tube  of  1ft  inches  in  diameter,  56  inches  long,  and  weighing 
81047  grains  was  vibrated  upon  a  knife  edge  with  all  four  of  its 
planes  of  Mi^jionsion.  No.  39  is  n  mercurial  pendulum.  Nos.  40  and 
41  arc  clock  pendulums  in  which  the  vibrating  ma.s.s  was  a  leaden 
cylinder  l.S  iudicH  in  diameter,  13.5  inches  long,  and  weighing 
1)3844  grains;  in  No.  40  it  wa.s  Kusi)ended  from  a  spring,  by  a  cyUn- 
drical  rod  of  deal  of  three  eighths  of  an  inch  in  diameter,  and  in 
No.  41  by  a  flat  rod  of  deal  one  inch  wide,  0.14  inch  thick  in  the 
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middle  of  its  iridth  and  bevelled  on  each  side  to  a  thin  edge,  which 
was  opposed  to  tlie  direction  of  its  motion. 

In  the  discusisiou  of  Baily's  experiments,  the  value  of  7/,  is 
neglected,  because  it  is  of  small  influence,  and  the  arcs  of  vibration, 
hong  usually  given  only  for  the  beginning  and  end  of  the  experi- 
ment^  are  ju>t  suffident  to  deteimine  one  of  the  qttantUies  JBTi 
end  J% ;  end  the  values  of  are  not  reduced  to  the  same  density 
of  air.  The  ratio  of  the  value  of  £^  for  the  ordinary  state  of  the 
Mr  to  its  value  in  the  exhausted  u  rcivcr,  vurits  from  1.9  to  4.2,  in- 
stead of  being  about  30,  which  it  should  be  if  it  were  proportional 
to  the  density  of  the  air;  the  value  of  this  ratio  in  the  fullowiug 
table  Is  expressed  by  J.  The  total  resistance  to  the  mutioii  of  the 
pcudulum,  supposed  to  be  proportional  to  the  velocity  i^  for  the 
unit  of  velocity,  expressed  by  Bl'  in  the  table;  and  this  same  Te> 
sistance^  reduced  to  the  unit  of  weight,  is  esqweased  by  IT/. 

The  observation  of  the  arcs  of  vibratimi  in  Bucr's  experiments 
is  limited  to  the  initial  and  final  arc^  and  the  direct  comparison  of 
the  computed  and  observed  arcs  is,  consequently,  quite  unneceaaaryy 
and  cannot  contribute  to  verify  the  accuracy  of  the  hypothesis  upon 
which  the  cumputatioti  is  based.  Tlu*  only  two  cases  in  which  an 
intermediate  arc  was  observed  with  2suk.  ti  and  14  seem  to  sustain 
the  bypotheris ;  for  they  £ller  from  it  slightly,  but  ui  oj^onte  direct 
tions. 

The  diversity  of  the  values  of  fft  indicates  that  the  resisting 
force  of  the  motion  to  the  pendulum  demands  a  new  experimental 

investigation,  conducted  with  a  direct  object  to  its  determination ; 
and  that,  until  mv\i  ;iti  investigation  luuj  been  made,  the  length  of 
the  seconds  pendulum  must  be  regarded  as  liable  to  an  unknown 
error. 

40 
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63&  Tho  ooluidemtioil  of  tbe  pendulum  lead%  dixeoUy,  to 
the  iityeitigation  of  that  curve,  upon  which  tbe  duntion  of  the 
vibration  is  independent  of  the  length  of  the  are  of  oscillation. 
Such  a  cun  c  is  called  a  iauiocArone,  and  ia  readily  determined  when 

the  body  is  only  subject  to  tlic  action  of  fixed  forces. 

oSn.  If  the  fiin'o  which  acts  in  the  direction  of  tlio  motion 
of  the  body  is  denoted  by  /S',  tbe  equatioa  of  ita  motioa  is 

Jn  the  caw  in  which  iS^  is  a  function  of  s,  let  doiote  the 
poin^  at  which  the  velocity  vanidiei^  or  the  extremity  of  the  are 
of  vUmtiofi.  Hence 


•'=2j^^s2(i2— i2«);* 


and  if  f  lie  origin  of  coordinates  is  at  the  point  of  maximum  velocity^ 
the  time  of  vibration  is  determined  by  the  etj^uatiou 

«. 


If  A—-, 


«0 

if  i2  is  n  function  of  s  expressed  by  Si,,  and  if  •  is  written  instead 
of  t,f  tbe  value  of  T  becomes 

In  order  that  the  special  value  of  the  are  may  disappear  ftom 
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thu  integral,  it  is  obvious  thai  S2,  has  the  form 
which  reduces  the  value  of  T  to 

The  taugential  foroe  along  the  curve  ia,  therefbn^ 

537.  If  F  denotes  the  actual  force,  which  acts  upm  the  botly 
in  t}ie  direction  of/,  the  preceding  equation  gives  for  <m  ejuation  qf 
ike  iauioehnm 

or 

A^B^=J^F. 

6S8w  A  Iks  MM  HI  mAmsA  As        is  ratrieUd  to  mom  igMM  a 

Mnw  tt^AicA  rotaies  unifonnli/  ahmd  a  Joed  asm,  the  equations  and 
notation  of  §4f;S  combined  with  the  previous  sectioi^  give  Sat 
tie  ejuaium  ^  the  tautocknne 

which  may  assume  the  form 

in  which  a  and  b  are  constants 

539.  W/irn  Ihe  revolviuff  curve  is  a  phtne  curve,  and  eUuated  M 
iAe  tame  plane  wUh  the  euae  of  revehUim,  the  notation 

i  =  acoti, 

«  =:  aflin4= anny  nnt. 
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and  that  of  ellipUo  fbnetioiu  give 

u=ib  cos  6, 

X  =  ^f<9~i  0081 9<  9 ; 

iiiid  il  T  U  tint  inuliuatiou  of  the  curve  tu  the  axis  uf  rotation,  its 
value  ia 

on  T  =  —  cot  t  tan  6, 
The  maadmum  of « is    but  its  least  valae^  eonree|MHidiiig  to 

r  =  ±l  71, 

or  ^  =  -p '  > 

IM  u  =  i  ooaii 

and  the  oomaponding  value  of  t  ia 

Tke  curve  comiats  of  several  hranehet,  tvltieh  form  cmps  hy  ihnr 
mutual  coniaei  at  their  eziremiHet,  and  U  rtiembla  ike  qfcloid  in  iit  generai 
eharac/cr. 

540.  In  the  case  of  a  heanf  body  moi'intf  upon  a  j'lan''  vrrdral  curve, 
let  y  denote  the  angle  wliicli  the  radius  of  curvature  makes  with 
its  horiiontal  projection,  and  the  equation  (317u)  gives 

»=— g^OOSV, 

V  =  ^»in»'j 

^rhich  is  the  equation  of  tiie  eytixAi  referred  to  its  radius  of  eurva- 

ture  and  angle  of  dtreotiiHi,  SO  that  the  qfMi  «l  ^  iaxdot^ronc  of  a 
/tee  keaxji  bodff  m  a  mkwmn.'    The  mme  wrve,  dram  f^mi  the 
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vehped  stafau,  w  the  Uudoehnm  ^  a  hemjf  ho4jf,  movii^  itpoii  •  vaiieal 

cylinder. 

541.  Every  curve  may  be  regarded  as  l)eing  upon  the  surface 
of  its  vertical  cylinder  of  projection ;  an(3,  therefore,  (he  tauhchrone 
ef  a  heavy  body  momig  in  a  vacuum  upon  a»y  surface  wluttever,  it  the 
wienedion  «f  the  twfaec  wSh  »uch  a  vertical  cylinder,  that  ike  Mlentclkn 
M  «  qftiaid  upon  Uu  devdoped  miieel  tifUnier,  The  deteimination  of 
the  tauiodirone  upon  any  snrfiuse  ia  thiu  reduced  to  a  prablem  of 
pure  geometry.  If  the  axis  of  ar  is  the  upward  vertical,  and  if  is 
tlic  height  of  the  lowest  point  of  the  curve  above  the  origin^  the 
equation  (SlTu)  becomes,  in  the  present  case, 

542.  ^  a  kea^  ko^  is  fttlridei  to  mow       a  ^Uitier  ^ 
ihe  eoM  u  komoutalf  and  of  which  the  equation  of  the  faaae  is 

{fi=zHa  cos  Vi  siu ■  ~ ' 

in  which  I'l  ]a  the  angle,  Mrhich  the  radius  of  curvature,  denoted  by 
^»,,  makes  with  the  upward  vertical ;  and  when  the  cylinder  is  devel- 
oped into  a  verticil]  plane,  if  _y  is  the  height  of  tlic  moving  Ixidy 
above  the  hoiiznntnl  line,  which  corresponds  to  the  lowest  side  of 
the  undeveloped  cylinder,  the  value  of  y  is 

y  =  a8in"yi. 

The  force  of  gravity,  resolved  in  a  direction  tangential  to  the 

cylinder,  is 

so  that     pmtid  pnilm  eeiretpoait  to  Ogt  tf  a       mmng  tii  a  twr- 


iicai  plane,  and  subject  to  a  force  which  is  Jixed  in  direction,  and  propov' 
Uenat  to  miu  powr  ^  iht  height  otoiw  a  gwm  kwL  The  equation 
(319)|)  gives  /or  tke  equation  cf  tie  Umlodirom 

543.  If  V  denote"  the  aiij^lo  uhich  the  nuliiw  of  cun-aturc  (n) 
of  the  tautochrune  iiiakoH  with  tlic  upward  vertical  in  the  developed 
cylinder,  the  equation  (317u)  gives 

which,  uibetituted  in  (320!|),  reduces  ike  egmiioH  «/*  tkt  UusMarom  to 

544.  When  s^  Tomahee  in  the  pvoUem  of  IJie  preceding  see- 
tion,  the  efMlkm  <if  ih»  UaiMirmtt  Uemm 


or 

in  which 


#«*sin'.-v=Y/^ 
Q  =  jj^j  •  «ui«=» »  cos  r ; 


BO  that  the  tnufochrone  on  the  de/rl',jial  ri/h'ndrr  of  w  of  I  hi-  mme 

irigouomelric  c/axa  of  cunrn  irith  thf  ha^c  rf  (he  ci/linder,  vhni  it  pftsxrs 
through  the  lowed  siik  if  the  nndci  eloped  cylinder.  Tliis  case  is  impos- 
sible, when  n  is  included  between  positive  and  negative  unity;  for 
when  II  ia  negative  and,  independently  of  its  sign,  less  than  unity,  9 
heooniee  infinite  when  jf  vaaishei^  bat  when  n  ia  pontiTe  and  less 
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than  unity,  the  derivative  of  (320js),  which  iB 

2>,«  =  co«c  »  =  *  Y/^g)Tr, 

gives  the  impoenble  result  that  oosecv  Tanicihea  with  y. 

o4.j.    7'/ie  Jljrrrentinl  egtiatum  ef  the  iatif'x  fir'w.     ///,•        ef  | 

542,  rifrrnil  io  rrtfitni/ttfur  coordiim/rs  tijmi  the  i]>rih>jnil  ctflmdetf  is 

readily  obtaiucd  froui  the  cquatiouB  of  §  u42,  which  give 
in  which 

and  flie  axis  of  x  Is  horizontal. 

In  the  cose  of  §  544,  in  which  2,  Tanishcs,  this  equation  becomes 


i>,»'+i=-p(*)*-'- 


540.    In  the  case  in  which  n  is  unity,  that  i%M  the  base 

^  the  ri/liitder  is  a  ejfeioidf  ike  e^puUim  i/iie  iaaiochrwe  on  ike  dewhped 
^Umlerf  beeomet 

When  ?o  vanishes,  this  curve  is  rediu  oil  to  a  straight  line,  but 
in  all  other  ra=c's.  \t<  i\mn.  if  it  i*  iiitinitrly  extfinlcd  in  the  ])l;iiie 
■of  the       I  1      1  <  \  Imdcr,  rcscuiblea  the  hyperbola.    liy  the  adop- 
tion ut  the  nutiitiun 

9 

tf=z  y' (2  a  To)  secy, 
41 
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and  iihat  <it  elliptic  functioni^  its  equation  may  be  expressed  in  the 
fonna 

s  =  Y  '5'  (^°^  ^  tan  y  -f  3^,  y  —    <f  ). 

547.  If  a  heart/  hotli/  is  reslndcd  to  move  upon  a  surface  of  revo- 
hili"ii  alout  a  vntical  axis,  of  which  the  equation  of  the  inoridian 
curve  is  that  of  i  .nO.  V  Tf //  is  the  diftance  of  the  body  on  the 
meridian  curve  Iruui  tlie  hj\vest  jiuint  of  the  surface,  the  vahie  of 
y  is  given  hy  the  equation  {oVd^^),  and  the  force  of  gravity,  resolved 
in  a  direction  tangential  to  the  meridian  curvo  is  expresnd  by 
(Sl^nX  80  that  the  present  problem  lesembleB  that  of  a  body 
moving  in  a  plane,  and  sulgect  to  a  force,  vhieh  is  directed 
towards  a  fixed  point  in  the  plaaa^  and  is  ]Hroportional  to  8onie 
power  of  the  difltanoe  firom  that  point.  Tht  fjnafiaa  (dl7u)  ^  ^ 
imdoehrom,  gives 

in  which  m  is  tlic  reciprocal  of  II,  and  y«  the  value  of  ^  at  the  lowest 
point  of  tlie  laut  M  Iirone. 

548.  When  m  vanishes,  the  s n  l  ice  of  revolution  is  a  right 
ante,  and  the  equation  (322^)  becouies 

By  means  of  the  notation  * 
«in*<=^^(|f-y.), 

sec   =  1 4-  -j^; 
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tilc  angle  {(f)  which  makes  with  y«  in  the  developed  cone  is  given 
by  the  formula 

ton[(4  +  |»)tan*/*]  =  j;^j 

60  that  (he  j>olar  effualioti  of  iftis  (aufwlu  unc  vjxm  Uic  developed  cone  is 
expreaed  bi/  the  eoiiMmlmi  of  (322.jg)  and  (323,). 

549.  When  vantdiei^  ^  aim  vaniahe^  and  the  equation 
(S2^)  becemea 

+  }y +  <»t<=0. 

510.  When  vi  h  unity,  the  surface  of  revolution  is  cydoidol 
and  the  equation  (322^),  becomes 

which  becomes  the  meridian  curve  itself,  when  vauislics. 

55L  In  the  case  given  in  (322i|),  of  a  iotfy  mm'nff  in  a  plane 
.  and  u^'eet  io  a  foretf  wAmA  m  direded  iowardg  9  Jlxed  poinl  in  the  pbmef 
tmd  u  properHmal  io  torn  pmer  (m)  ^  ^  tU^anee  from  that  point, 
fl«  egmdioH     tie  tmdoeinne  mag  he  given  »  the  form 

in  which  tlic  nttractint^  jiolnt  is  the  origin  of  polar  ooGrdinates. 
The  pokur  di^eradial  eqiuUion  it 

552.  J^tke  aUraeHtm  or  rtjudeioH  (^tHe  pomf  had  Uen  a^  ftmetion 
tthaiever  of  ike  distauec  from  the  ar^n,  t^pMiio»  ^  the  tautodiroHe 
tomdd  have  aetumed  the  form 
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in  which  F  denotes  the  function  of  which  the  derivative  expresses 
the  given  law  of  attraction.  Tbivi  c(juation  may  therefore  assume 
the  form 

in  which  *Sj  is  a  I'lmclion  of  S.  If  then  v  is  the  aii^-^lo  which  the 
railiuii  of  curvature  makes  with  the  axis  of  ar,  the  derivatives  of 
ihta  equation  are 

2 X  .sin  V  —  2t/  coi<  v  =  <S',', 
(24?  COS  V  +  2^  sin  v)  D,v  —  S^'—  2 ; 

whence 

2»  D.  V  =  61  sin  »'  A »  +  (  S  —  2)  cos  K, 
2^D,v  =  —  A% COS  vD,v-^      —  2)  sin  V, 

wiiich  i.4  i/ie  cqwill<ui  of  ike  iatdochnm  expreased  i»  term  <^  iUe  radiut 

^  curi'dlurc  and  llir  nrr. 

503.  JVie  jMiiar  diJ'craUial  equulion  of  Uu  taiUoc/iroite  in  tlte  case 
ef  the  preeetUiig  »edion  i» 

vrhich  is  the  Hame  equation         ihat  \slarh  is  given  by  Pllselx. 
654.  The  derivative  of  ( 32't„)  rehitively  to  y  is 

80  that  tho  elimination  of  «  between  (324^)  and  (324b)  gives  ihc 
diferenUal  egw^on  /Am  (adodinm  tn  Urm  tie  radiui  ^  aanabm 
and  (he        ^  Ut  tSreUm. 
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555.  In  the  caae  of  §  652,  'when 
the  value  of  is 

The  equation  (324|,)  beoomea  therefore 

And  ilk  egueiioH  tf  U»  iemtoehrme  w 

nhich  is  that  of  ihc  iuvobite  of  the  circle.-  This  case  corresponds  to 
tbat  in  which  the  law  of  the  central  force  is  of  the  form 

556.  In  the  case  of  §  552;,  when 
the  value  of  is 

^=  (.  +  *)•, 

in  which  =  > 

80  that  a  must  be  podtive  and  less  than  unity.  TAg  eguation  tf 
the  tauiochroM  Men, 

wiiiwii  u  Old  «f  the  loffttritkme  ^intl  This  case  corresponds  to  that 
in  which  the  law  of  the  central  attraction  is  of  the  form 


326  — 

• 

ibatiSfhid&k  thefoneit  fraperHonal  to  ikt  didBOtn  «f  Ike  lo^  from 
(he  cbtvufereiiee  the  mek  deterged  firm  tks  at  ike  eeaire  wUk 
a  radius  njuai  to  that  «f  ike  inMicU  potHioH  ef  ike  60^.  This  caae  ia 
diflCUHsed  by  PciSEUX. 

-557.  In  tlic  case  of  §  552.  v/wn  ihr  force  w  proportional  to 
the  dittance  from  the  origin.  Tha  equation  (323|i)  assumes  the 
form 


which,  with  the  value  of*  m  in  (32c)^,  reduces  Si  and  8%  to 

The  equation  of  Ute  tatUoc/woiie  w,  i/urc/orc, 
of  which  th«  integral  is 

in  wluob  the  arbitrary  constant  is  determined  so  that  y  may  vanish 
with  9, 

The  H«coiul  derivative  of  this  equation  gtve%  for  the  radios  ni 
curvature  of  the  second  evolute  of  the  tautochrone 

so  that  f/a'  srcoiid  cvolidf  is  similar  io  ihc  inidorJironc  ifnc!/. 

Jii  i/ic  caae  in  w/uch  m  ut  /•«</,  wiiich  conx'sponda  to  that  in 
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which  a  is  positive  and  loi^  than  xmity.  this  curvo  nin.s  olV  to 
iurmity  ia  each  directiuu^  witli  a  coiistautly  iucruoi^ing  radius  of 
curvature. 

Jk  ike  cate  in  iMUsft  m  if  im^kmyf  the  subetitutioii  of 

reduces  the  equation  of  the  tautochrone  to  the  foria 

p=j^cai(ay), 

wkieh  it  ike  eguaiion  of  an  cptetfchiid.  1%$  efkycVM  i»  formed  hy  the 
extermi  retatim  if  ime  eMe  njm  enoAUr,  teien  n  i$  len  tka»  m 
wiiUsll  0BM  a  w  nega^  and  tte  fcne  tit  rtpubive;  hd  the  ^M^febid  it 
formed  lif  vdwwd  rvU^oHfH^  n  it  greater  than  ua^,  whtek  eerre^endt 

to  the  ease  ir/ieit  a  is  /lOM'/ire  and  greater  than  mulij.  In  cither  of  tlies0 
casc-s  the  initial  velocity  must  not  be  more  than  sufficient  to  cany 
the  body  to  cither  of  tlie  cusp^. 

Tn  iJie  eaee  in  tc/uch  a  ia  iiifiiiUe,  the  iautockrpne  is  reduced  io  a 
itraitfhl  Uite. 

Tb«  example  of  this  section  is  discussed  by  Podbdz. 

558.  TIm  example  of  the  preceding  section  embraces  the  case 
of  any  fiiree,  which  is  a  function  of  a  distance  from  the  ori^n,  in  the 
immediate  vicinity  of  the  point  of  greatest  velocity.    The  form  of 

the  fiiiit'x/irone,  near  ilie  pond  of  (/realest  velocilij,  in  the  example  (jf 
§  552,  is  tyfifiedf  iher^ore,  6y  the  q/icyeioidf  or  i>jf  the  etotw  ef  egmh 
Hon  (32Cj,). 

559.  The  investigation  of  the  tautochrone  in  a  resisting 
medium  is  postponed  to  the  general  case  of  the  chronic  curves. 


THB  MUOBnTOOBROin. 


r»(')0.  Tlio  cnrvo  ujioii  which  a  Ijody  moves  in  (lio  least  pos- 
.«ihlu  time  iVom  onu  givuu  point  to  auuther,  is  culled  the  bruchi/s- 
ioehrone. 

661.  Hie  investigatioii  of  the  general  case  of  a  brachjatiK 
cluone  which  is  confined  to  anj  surface  or  limited  by  anj  condition, 
may  be  conducted  by  means  of  rectanguhir  ooSrdinates.  The  time 
of  transit  from  the  first  to  the  last  of  the  given  paints  may  be  ex> 
preaaed  by  the  equation 

which  is  to  be  a>  minimom.  This  condition  givei^  ibr  each  of  the 
other  axea^  the  equation 

2»,(i^)-i>,i),(^)=(l 

502.  When  the  body  is  only  subject  to  the  action  of  fixed 
forces,  V  does  not  involve  eitlicr  or  z,  and  the  preceding  equation 
becomes 

i."+2,,(?=?)=0, 

or  by  (SlCjj), 

563.  If  tlie  plane  of  is  as-iinned,  at  each  instant,  to  be 
that  in  which  the  body  moves^  and  if  tUo  axis  of  ^  is  token  normal 
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to  the  pnth  of  the  ImjiI;  .  tlio  preceding  equation  becomes,  li  y  ex- 
pi'cssc:!  the  radius  of  curvature  of  tlie  path 

(»     '  ' 

BO  that  lAe  ceHirifuffal  force  of  ilie  knit/  i»  equal  h  the  mnnal  jnrssure, 
end  the  whie  prmnre  tjpra  ike  braekydoeknm  it  dmble  ik»  ceidrifvyal 
Tliis  proposition  was  discovered  by  Evleb. 

664.    When  tie  normal  premn  vanMett  the  mMm  amalure 
»  iaj^ty  which  ccwreeponda  in  general  to  a  jy-ini  of  cmlmry  jh  ntre. 
])7/r«  Ihtre  if  no  fore  acfhi/;  vpon  fhe  iotfy  ikrouffAout.  Us  path,  the 
6rac/tJ/»ioc/irwii*  is  mliiciii  to  a  ^traiifhl  line. 

5G5.  Any  couditioii.s  to  whirli  the  pnth  must  he  .suijjert, 
whotlicr  elomentiiry  such  as  thut  it  is  confinetl  to  a  given  sur- 
fuec,  or  integral  »uch  sm  that  it8  whole  length  hi  given,  must  be 
combined  with  the  geneml  condition  of  brachystochronity  by  the 
usual  methods  of  the  cfdeulus  of  variationa 

566.  ]fthe  oaljf  fane  t^iek  aett  «pm  the  hody  it  t&reeted  to  a  ^een 
fointf  and  if  the  path  i-f  .svhjed  to  no  cmdi/ioiu,  let  the  plane  of  j'  z  bo 
assumed  to  l)e  that  which  passes  throu^'h  the  centre  of  action  and 
the  initial  element  of  the  path.   In  this  cose  the  equation 
gives 

co.s!=0,  !  =  j7r, 

or  the  hrachysiochrme  it  conlMtied  in  a  plane  tMdk  pastet  thrwgh  the 

centre  of  action. 

607.  TIio  proceding  case  includes  that  in  which  the  centre 
of  action  is  removed  to  an  infiiute  distance,  m>  that,  in  thr  ca.sr  (f 
jMwaliel  forces,  (he  free  brachystoclirune  i«  cuntaiiml  in  a  plane,  uliich  is 
parnttd  to  the  direction  ef  the  foreet, 

568.  When  the  iodg  i*  acted  upon  no  foreeSf  or  sn^  those 
isAwA  are  normal  to  tite  p(Uh  and  do  not  tend  to  He  vdocUg,  the 

42 
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egtutlum  (328|))  thurs  thtt  the  bracht/tiodaime  it  ike  ihorteal  Sne  teUeh 
em  he  drami  under  tlic  jicm  eoadttimt. 

669.  When  tlie  force  »  directed  towards  a  fixed  centra  the 
equation  (3299),  combined  with  (316t«)  gives,  if  the  centre  ib  adopt- 
ed aa  tUe  origin 


It  p  i»  the  perpcndtculnr  let  fall  fVom  the  origin  upon  the 
tangent  to  the  curve,  this  equation  becomes 

Sl—itt      r*in;        f  * 
of  which  the  integral  is 


which  is  the  eqttatkm  of  the  hrach^ttoekroue  r^etred  io  tke  radau  vector 
and  tie  prrpeadieufar  ffem  the  origm  ttjm  the  tauffe^  a»  tie  eoSrdimtee. 
This  form  is  given  by  Edler. 

570.  Whiii  (he  fon-v  in  the  precfliii'/  row,  a  froporiimal  to  tie 
dUtauee  from  tie  oriffiu  m  that  Si  has  the  form 


of  which  tlic  derivative  gives 


If  K  is  the  angle  which  q  makes  with  the  fixed  axis^  the  de- 


A/2 


J2 — ii,  tisiii; 


the  c(|uatiou  (330m)  bccoraes 
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rivative  of  this  last  cqiintion  givc!*,  by  nteaiiH  of  ihi;  pii'cciling 
equutiuii 

« i>!  i>,  9  =  r  COB :  =  V  ["7'U  1  -  "    )    +  '3 » 
which  becomes 

if 

The  iulcgral  of  this  equation  is 

BO  that  its  xiciiud  trolule  is  Ki'mi/tir  fo  ih-  hrufhii^l'irlinnir  ihrlf. 

When  )ii  is  real,  which  rom's]u)ii(ls  to  tlie  Cii.sc  of  a  repulsive 
force,  and  « i\  less  than  unity,  ihia  bruchi/siuvlu-uite  is  a  »jnral  icJuv/i  Ims 
a  ctttp  «i  ike  point  at  which  v  remhet. 

When  m  is  imaginary,  the  substitution  of  (SSTg)  rednceft  (331,|) 
to  the  real  form 

i»=        sin  (ii »') 

so  that  i/i  fhls  case,  the  hmchi/ifoclirone  is  an  ifu'r'/r/niif  vhich  in  fonurd  hy 
intfnutl  roldtimi  tchrn  (hr  force  iit  altrneliri\  nnd  h/f  exieruoi  rotaiiou  wIku 
the  force  is  repukirc.    This  cast?  is  givoii  by  Ki  i.i:it. 

571.  ^VIle)l  Ihe  force9  are  pitntllcl,  {\\q  t'(|uatioii  f  'l'iOa)  gives,  if 
the  nxis  of  z  Ui  supposed  to  be  in  the  direction  of  the  forces 

Si—ii^    (>*iiii  • 
of  which  the  integral  is 

i2— i2»=a8in>*, 
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in  vhidi  a  is  on  ftrbitnury  eonrtan^  md  (Mt  it  ihe  egmiim  ^  Ui» 
hradijftio^rane  r^erred  io  ii$  eo&rdmat^  tMek  an  z  md  He  ine&uh 
iio»  tie  curve  io  tlu-  axis  of  z ;  ami  the  e^na/ioii,  nf  erred  to  {> 
ami at  eoSrdiaates,  w  obiaiued  hg  eUmimAmg  z  bdween  (331^)  mi 

(3313,). 

572.  //)  ihc  ease  oj  a  eomtoiU  /orcBf  the  preceding  equation 
assumes  tlie  funua 

^      2a  .  . 

so  thut,  in  tlds  case,  the  Irach^itoeiirone  in  a  ci/cloid. 

573.  Wkm  ihe  parallel  foreet  are  proportional  to  the  distance  from 
a  s^sctn  Um^  which  uia^  be  adopted  for  the  azb  of  the  Tolue  of 
H  has  the  fom 

whence  the  egualion  <^  the  hrack^tiotkrom  it 

II  Aw  \ 

When  ikg  /0ve  it  rejnilme,  or  mlai  U  it  altraetufe,  hut 

this  ciiri'c  eontisi$  of  hnturhtp,  vhlrh  are  mlled  !>'/  cusps,  and  resemble 
tJte  cycloid  in  c/eneral  form  ;  ijul  le/un  ilie  force  is  aliraclii'(,  and 

tlu'it  clufc  comkh  if  h-it:i  vhich  art  tOU  mated  by  external  euspt; 
hd  the  middle  pmnt  <^  each  hrawsh  it  igMH  tie  am         ami  it  a  poiid 


of  iiifcjrlon,  ami  llw  interval  hdwccu  iioo  guccemve  jwiuls  of  injkxion,  ex- 
fnBted     tilijdie  itiieffrab,  is 

V(-l)[«<(i«)-2^*(*«)], 

in  which 

the  equation  of  ih»  hrackjftiochrone  heeoma 

tehlrh  nvimts  of  two  in^oUe  ^toimsSm  j'oaud  l^f  m  extmuU  etap,  and  ike 
axis  of  X  is  an  asj/mpfote  to  each  of  the  brawiei. 

574.  When  the  body  is  siibjotti  i]  to  move  upon  a  given  snr- 
facc.  tlie  force  hy  wliicli  it  is  retaincii  iijion  the  f^infiice  is  perpon- 
dicular  to  its  path,  and  must  be  united  willi  tlie  second  lueiuber  ot" 
equation  (329,).  Hence  it  follows  ihal  the  c€ulrifi'<jitl  force  of  the 
hudg  w  0»  tSreetion  the  tangent  j»laae  io  the  turf  ace,  ujxm  vkkh  U  it 
w^fiaedf  it  epial  to  Ou  mrnsi  force  v^ieh  adt  in  (kit  pkme  mrmal  to 
the  hraehjftloehrone. 

At  the  beginning  of  the  motion  when  the  velocity  is  zero, 
there  is  no  centrifugal  force,  po  that  the  initiai  direction  </  the 
brachi/iiochroue  tywn  the  mfaee  eoimtkt  with  that  <^  tkt  iangeidial 
force. 

575.  ll  tiio  lirst  nud  last  points  of  the  brachystoehrone  are 
80  tttoAted  upon  the  given  surface,  thut  a  line  cun  be  drawn 
ihrotigh  them,  which  comcidee  throtighout  with  the  direction, 
of  the  tangential  force  to  the  surface,  /Aw       w  Ikt  fcw^ifo* 


Hence,  iAe  brae^tio^nme  vpm  ike  mfaee  ef  rmMim  i»  ike 
vunikn  Uatt  when  Mh  Ua  ex(rm&le$  are  upon  the  earn  fMerwfiiiit  fiw, 
and  the  force  it  tUreeted  h  a  poud  upm  the  am  retolutioiif  or  it  paroBd 
to  this  axie. 

576.  In  the  general  com  of  a  surface  of  revuhition  and 
a  force  which  ia  directed  to  a  point  upon  the  axis  of  revo> 

lution,  let 

a  tlenote  the  arc  of  the  meridian  curve  Tnctisnrcd  from  the  pole^ 
H  the  perpendicular  IVom  the  Mirlhcc  n|)c)ii  the  axis. 

the  radius  of  curvature  ol'  the  [jrujeciioii  of  the  bracli^'stochrone 
upon  the  tangent  phuie  tu  the  surliice, 

and  the  proposition  (333»)  is  expressed  hy  the  equation 


which  gives 

Bat  the  eqtuitiona 


-  =  2>,i2tan« 


Si—Si,—  ^  "  er  ' 


D.ii  =  cos  ; = cos  *  cos 

1  Btn^emf 


D  "  = 


give 


and  if  il  is  an  arhitraiy  constant^ 

J),  log  V  =  />,log  (»  sin  ",) 
Apsautinisstf  D,l 
A  f*=  n 9 sin •=  v^D,% 

su  that  lite  area  deaeribed       Ute  pr<y'cction  of  the  radius  vcclur  upon 
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the  jfiuiie  of  \y  in  projmiiomU  to  Uie  gfjtiarc  of  the  t'cloci/jf  tf  (hi 
body. 

577.  The  equaUon  (334^8)  gives 


X/,  *  —  wc ,  _  ^  (•!*— ^ V>  —  yl[,f—iJf{Si—Si.)y 

J    ._lnm7_  Av  _A    I  2(/2  — /i.)  


678.  If  4  ifl  the  angle  which  the  rAdiits  rector  mokes  with  the 
axis,  the  preceding  values  give 


1)  -•['»+<lVr)*] 

*  ~  \  >  A'  (il  —  /i,)' 


When  the  forces  arc  pnniUcl  these  equations  give 


570.  U(>un  the  surfucu  uf  rcvulutiua  which  is  Ublcnuiued  by 
Ihu  vquatiuM 

ill  whicli  7?  is  nn  arbitrary  cnnstant,  the  value  of  "J  is  by 
constant,  f^o  tliut  ii/mi  ihi/s  nui-Jacc  (he  hravlii/sliH-hi-'tHc  makes  a  cvustaiU 
aiit/le  iciih  i/w  iiuridiau  curve.    In  the  case  in  which 

A  —  B 

the  brachystochrone  becomes  perpendicular  to  the  meridian,  and  is 
a  small  circle,  of  wliich  the  plane  is  hot  izontal. 

Whatever  is  the  value  of      the  point  at  which  v  vauislics, 
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coincKles  with  that  at  which  u  vani:^hc^  so  that  at  the  pole  of  thia 
miftce  the  wfa%  ramhei, 

Vpm  w^f  dho'  mrfaee  ^  TewMkm.  about  ih  mme  exk,  the  im^ 
itaEoR  tf  ih»  Irae^dodirow  U  the  meruSan  are  t»  tie  tame  mlk  tke 
eoireymt&fff  mc^mm/mm  upon  Ike  emfaee  ef  eguation  (335^),  id  the  em- 
1UOII  rirrk  of  uUenectton  of  these  {iro  surfaces.  JIcucc  the  Viiiit  of  the 
hracht/f^liK-hnmc  tipmi  a  f/itrn  surface  ef  recoUUim  i»  Ue  circle  <^  udertecUon 
with  Ihe  turf  ace  of  a^uutiun 

Av  —  Uf 

and  the  brachffstoehtme  erteade  over  ikd  foeUan  ef  ike  fiwm  eurfaee, 
witch  is  exierinr  to  the  girm  svrfarr.  J,//  irhirh  the  limits  are  thus  denned. 

e5S0.  In  tlic  niso  of  a  heavy  body,  the  surface  of  equation 
(33r>i«.)  is  a  pnr:il>o]()i(l  of  rovohition.  ]Vhen  the  i  i  toctfi/  of  n  he'in/  body 
vpon  (till/  jmralxtliiid  of  revoltitioii,  of  ithkh  the  axis  in  vertical  and  directed 
dowHwardSf  is  Just  suffieietd  to  carry  ii  to  ihe  vertex,  the  bracliifuloeliroite 
maia  a  eomtant  angle  tvUh  ike  meridian  curve  f  but  mA«»  He  velocity  i^ 
too  maU  1o  eany  tie  boefy  to  tie  vertex,  the  braei^etoehroae  w  a  curve 
an  ina-eauuff  angle  with  the  meridiaa  as  U  deeeendtf  and  maff 
tometunet  become  jwrpaidicukir  to  the  meridian ;  and  irhen  the  refurify  is 
tnore  than  sufficietd  to  carry  the  body  to  tlte  vertex  ef  the  jHiralotoid,  ifie 
IraeJiifstochrone  iit  an  iitfuute  curve,  vlueh  is  h<'ri::>ui!iil  at  ite  higheet  foitd, 
and  diiiiiiiixlie$  its  auylc  vith  tlte  iin  ridinii  us  ii  dcicvuds. 

If  the  ec^uatiuu  of  the  puraboioui  U 

in  which  the  oxk  of  0  ia  the  downward  vertical,  the  equation  (334ii) 
becomes 

~i=^v/L^(i-r)i- 

If  ii^  10  pontive  and 
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the  substitution  of 


gives 

*  =  i  sec  c  (/?  —     (<f  +  Sin 

in  which  the  upper  signs  corrospond  to  the  case  in  which  p 
greater  fhiiii  y.  and  the  Iowit  to  (hat  in  mIiuIi  p  i.s  h's.s  than 
In  the  ciUHi  iu  wliich    is  greater  than     the  substitution  of 

gives 


When  f  is  Binallcr  than  ; ,  the  substitution  of 

dn'i^''-'^, 

gives 

;  =  tan  u  y  1^ "  ^  [^f ,  u'  — ^  Iff  cot  If  —  sin^i  sin'  if) 
When 

43 


—  »38  — 

the  arc  u 

9  =  f>eca(g — g^), 

so  that  ifs  tuclinuUon  io  the  aji's  is  comtanifg  egnal  to  and  tlie  brachy^ 
tochrone  is  defined  hy  the  equations 


P 


When 

the  arc,  measured  from  Us  cusp,  is 


and  if 


the  brachystochrone  is  defined  by  the  equations 
when 

in  whidi  easd  the  brachystochrone  has  a  lower  limit  at  which  it  Is 
horisotttal,  the  substttutton  of 
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gives,  at  tho  lowest  poiot  of  the  curve,  where  y  vonuhca 
and  for  the  value  of  »,  measured  from  the  lowest  point, 
The  aubBtttution  of 

gives 


When  is  noirative,  in  uliich  0!U?e  the  coiulitioii  (3o(»a))  is 
satisfietl,  the  suLstitiilion  of  tlie  c'<iuatioiis  (337;_r,)  with  tho  lower 
sign  gives  tlic  corresponding  value  of  (3o7;)  for  the  arc  mciuured 
frtHn  its  upper  limit,  which  cocresponda  to  the  vanuhiiig  of  9. 

When 

the  aubetitution  of 

P—9 

ffvea 


tan  or  ^i^)[hH> — 9f<  y +cob  V  V  + 
When 


uiyiii^cj  by  Google 
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the  substitution  of 
gives 

*=  tan tt Y  (~^~') . V  —  cos V' v' (cos* I/' -|- co^ t) 

When 

the  brnch^'stochronc  is  dofiiR'd  by  the  eiiiuition 

IV  V  ;>  /~  \  y      V  (-  +  '/)4-v'/l 

581.  /yi  r'/.w'  tif  ///(■  lu  arji  fmhf  tijmt  (he  jninibulold  of  rd'olu' 
tioii  hi  ichich  i/n-  axis  in  irr/ivul  uial  liinr/td  vjtmirJs,  the  l/r<ic/ii/&/i>i/ijiiiie 
forms  Oil  increusiug  auyle  mih  the  vuriJiun  as  tt  (hwiidx  and  w  jM-rjjat- 
dkukr  io  the  vmvUm  at  Ut  Imett  point.  In  this  co^e,  the  incllnaticm 
to  the  meridian  is  determbed  by  the  equation 

""!=^vLi;C-+i)]. 

if  (336h)  is  the  equation  of  the  pArabolotd.  By  the  substitution  of 

<f  vanuliuti  at  the  lowest  pohit  where 
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ami  the  value  ol'  the  nrc,  inoa.surL'd  Iruni  the  lowest  puint,  is 

t=i{p-\-g)Beett{y-\;-  Sin  if). 
The  sulMtitution  of 


gives 

682.  Ih  the  am  ef  a  hemy  My  vjxm  a  veHieai  HgH  ame,  if  the 
vertex  of  the  cone  is  assumed  as  the  origin,  and  if 


«e  is  the  angle  whieh  the  aide  of  the  cone  makes  with  the  axie^ 

A^ff  cos  « 


C  =  the  angle  which  r  makes  with  the  axis  ujion  the  developed 


cooe. 


the  inclination  to  the  meridian,  die  derivative  of  the  arc  and  of  ^  are 
«n;=«^^i  sLf 


U   r  

VC'*-2r,{r-r,>i» 

DA-  _vt«ri(!:^!£)]_ 


When 

the  substitntton  of 

«n«.'=A, 
tuny>=  - — , 


—  342  ~ 


gives 

eo0?=cost  sec(^ — t), 

9  =    sin'  I  (coficc  1/'  —  cosec  2  / )  — 1\  log  (tan  k  y  cot  i ), 
6  B  — sin^'*'  (eiu  t  lun  y )  -)-  sin  t  i^tf, 

in  iriudi  the  aro  is  measured  from  the  cosps,  at  which  point 

brut  III/ -  f<ifhr''iir  rrfi'iiih  (o  iitfinUi/  from  the  cttnp  wUJmtt  ever  becomuig 
pfriM-iiilicniiir  ii)  Ilic  si'ii-  < if  the  coiii'.  The  grt'ato:>it  iinj^le  whicli  it  makes 
with  thu  side  is    auU  ut  this  puint  of  luuijt  iucltuation  to  the  side 

V  =  i,  r=2ro,  9  =  M, 
d  =  _«4-8ini9r,(^a). 

When 

2ro=r„ 

■ 

/fo  hrM^dodiFme  u  defined  ^  /Ae  egmdtM 

and  the  length  of  tlio  arc,  meojiured  from  the  point  of  leust  iaclina- 
ti(m  to  the  iide,  is 

,  =  r — 2  To + ro  log  (j^^— l)*. 
When  r«  is  pontive  and 

2ro<rt, 

the  snbstitutiott  of 


Tan  V  =  +  -J  
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gives 

«  =  ri  Tan  li  Coscc  tf  —  i\  log  Tan  i  i/' , 

in  which  the  arc  is  measured  upon  each  branch  from  the  point  at 
whiuli  it  is:  horizontal  and  the  upper  sign  belongs  to  the  lower 
branch  and  tlie  reverse.  T/w  ifpjH-r  branch  is  finite,  while  the  hirer 
brumh  is  iufiitih;  and  the  value  of  exteuUii  on  the  upper  branch 
from  2j9  to  infinity,  and  on  the  lower  branch  fimn  inilmt^  to  zero. 
For  the  upper  branch  the  subfltitution  of 

sin/^t'-'.', 

gives 

6  =  2(1-1-  sin  i)  [  J,  (f  —  ^,  (Hin  i,  fp)] . 
Upon  the  lower  branch  the  substitution  of 

gives 

fl=2(l  +  sin0  ?i*.(sinj,v')- 

When  rg  muu/tet,  the  eguaiwa  of  the  bmclt^doekram  ujton  tite  <h- 
vclopeii  COU0  u 

and  the  length  of  the  arc  is 

«  =  2ritan  id8ecid4-2riIogtan(lic  +  H). 

When    i»  negative,  the  substitution  of 
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gives 

«  =s  ri  Cot  ft  Cosec rt  logTbn  4 1^, 

in  wliicli  the  onltT  of  the  signs  and  of  the  value  of  »/'  is  the  Knnie  ns 
in  (o4o|)  with  refeieticc  to  the  bruuchea.  77ie  rpjitr  aiid  JuiUe  branch 
tf  the  hraehytioehrme  Un  in  iiit  caw  vjiou  the  njtjwr  and  iuveried  portion 
^  the  eone.  The  formulso  (343ii,  d43i»_tt),  apply  to  ibis  case,  ia 
which  it  must,  however,  be  noticed  that  the  sin  t  b  negative. 

583.  When  flic  mUil  of  irroMioii  vpen  wUicA  the  kttttg  ho^  nwwOf 
is  the  dS^md  of  which  the  equation  is 

the  iaclination  to  the  meridian  is  determined  by  the  equation 

The  problem  naturally  divides  itself  into  two  cases.  In  the  fint  aue 
the  rebedjf  w  mon  tiait  mffiaad  to  cany  the  boify  to  the  h^heti  pahd  of 

ilf  t  lHitmdy  the  hraehysioeht'oue  it  a  v<i)illni!oitn  curre  ivhich  t'-t  horizoHfal  at 
U»  hiffheit  and  hiirsf  /I'mih,  n.nl  whichy  iitivayi  nnouHff  round  the  elSjuoidf 
ia  ami  iueluted  lo  the  tueridiaa  curve  at  the  point 

In  the  temid  ea$e,  the  vdoe&jf  is  not  swficient  to  eany  the  hotli/  up  to 
the  higher  point  ef  the  ^peoid,  ai^  the  hntehff^oehnme  ie  hmzoufal  at 
He  hmst  pointf  hid  has  enepe  for  Us  upper  points.  In  each  of  these 
cii^vs  the  ]cn<^th  uf  the  arc  can  be  found  by  means  of  elliptic 
functions.  If  iu  the  first  case  — ^^  and  %  ore  the  coonlinatcs  of  the 
upper  ami  lower  limits,  or  of  llio  eomuioii  intiM'si'ctioiis  of  the 
cUipsuid  with  the  paraboluiU  of  revulutiuu  of  which  the  uquutiuu  ia 
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and  if  in  the  second  case  s-j  refers  to  the  intersection  of  the  ellipsoid 
witii  the  paraboloid,  wliile  — Zi  is  thp  coordinate  of  tlio  intersection 
of  this  parubuloid,  invurtod  at  tht-  horizontal  plane  of  ux,  with 
the  hypcrboloid  of  revolution,  of  which  the  equation  ia 

(i)'-a)=i. 

the  derivativ«  of  the  arc  u 

Itt  (he  fad  emCf  tekm  ike  dl^wid  upftUe,  and 

the  aabstitution  of 
gives 

W/tm  the  eUipteid  M  a  sphere,  of  which  the  radius  is  R,  the 
hjperbola  (345e)  bcconics  equihitcrnl,  and  the  length  of  the  arc^ 
measured  firom  the  lowest  point,  is  detennined  hy  the  equation 

In  the  first  cose  (34  in) ,  the  substitution  of 


44 


COBI  =  -r-^» 
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^vc^,  for  the  sphere, 
 4  WW*  |r  »i     /co3    -I-  cos  y.,    t\     c<MV>i— CM^CT  /•  «  \ 

In  the  second  ca«e  (344^))  the  substitution  of 
gtveti^  for  Uie  ^here, 

,  ,,,        1',  — pogtft,    \  g|  — /?  Tp  /cwy,  — COSH.,  \ 

■     7f»ini|rj    '  \    1  —  tiw       '  '  /      li  sill  «'j '  '  \   1  ~|-      V'l    '  ' 

In  the  case  in  whidi 

the  brachystochrone  is  defined  by  the  equation 

•= tan  4  v'a  Tant-"sin         tan'-^Jiil^A  • 

584.  In  the  case  of  a  heavy  body  upon  auy  surfiice  whatever, 
it  follows  from  (329,)  that 
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then,  ^V^  is  the  normal  to  the  luaclnstorlirono  dr.iwn  in  tlie 
tangeut  plane,  and  extcndoU  to  uic-ut  the  horizontal  planu  lioni 
whidi  the  body  must  fall  to  acquire  its  velocity,  the  preceding 
equation  givea 

or  tangndial  radius  of  curvtUure  of  the  hrach^/slochmne  is  iwiee  the 
iangadial  normal  vhich  extemh  io  the  horizoiUal  ploM  of  ecaaetcent 
vdoeilff.    This  jjropo'^ition  i«  crivfii  by  .Tki.lktt. 

585.  Whdi  flic  force  is  parulUl  iu  the  axis  and  proportioml  to  the 
dutanee  from  a  plane  which  w  perpendicular  to  tlte  ari«,  the  surface  of 
rmMm  of  ejuaiion  (335b)  **  tlKjaoid  inAm  ike  fam  it  aUradm 
iomarib  ike  ]^me,  and  U  u  m  1^/perMoid  ^  two  ikeeis  wlm  ihe  /om 
fti  rqMibwe  from  the  plme. 

686.  When  ihe  farce  it  i&reded  Umarda  a  fix^  jxAd  and  prepop' 
Oonal  io  ihe  tUsUmce  from  the  point,  the  wrfaee  of  equatiim  (335a)  <m 
ellipsoid  if  the  force  is  attractive,  hit  if  the  force  is  repukivCf  the  eurfaee 
mojf  be  an  rllipKoid  or  it  iiutf/  he  an  h/pfrlvkiid  if  ivo  s/ici  fii. 

587.  When  the  lorcc  is  directed  towards  a  fixed  point,  and 
inversely  propurtiunal  to  the  square  of  the  distance  from  the  point, 
the  smfiice  of  revolution  of  equation  (v>35a)  is  defined  by  an  equa- 
tion of  the  form 

•■=<-i)- 

688.  Other  conditions  might  be  oombined  with  that  of  the 
biadiyBtochrone.  Thm  ^  the  Mai  tei^  ef  the  are  is  gwen,  the  nomat 
preuure  to  the  jmc%itesjb«w  m 

X>,i2  =  i:l±^=^(lH-ir). 

in  which  i  is  an  arbitrary  constant,  and  is  dependrati  for  its  value, 


upon  the  given  lengtii  of  the  arc  Thia  conatant  ia  genenlly  mfinitej 
vhen  the  bnchyRtocbrone  is  a  atraigfat  line. 

589.  Under  the  condition  of  the  preceding  section,  ike  tjuaUen 
ike  itadljfdoeiteiief  m  He  eaee  cf  §569, r^erred  i»  fife  eeorXnalee  tf 

In  the  case  of  §  570,  this  equation  gives 

500.  AikemecfOe panOa/oreet ^  §571, (347.)^ 

When  the  force  is  constant,  this  equation  gives 

«  =  

so  that  when 

*«>1, 

the  curve  luis  points  of  contrary  flexure. 

691.  A  tte  COM  ^  §  576,  and  wSk  Ike  eondiHoH  of  §  589,  the 
equation    ike  brad^tioekrone  ka»  ihe  form 

j^=«sin'=««A:. 

The  inclination  of  the  curve  to  the  meridian  arc  is  therefore  con> 
stent  upon  the  surfiMse  of  revolution,  which  is  defined  by  the  equation 

md  Hie  wrfaee  kae  tie  none  rebOou  io  elket  mfaeee     reeetidkn  ut 
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retpecl  lo  the  hrachyiiochrom  fgrnml  under  iJte  j>re3e»l  condiiioiis  with 
thm  wAwA  are  mSeaUd  for  the  eur/acc  o/*  §  579, 

In  the  case  of  a  heavy  bodj,  the  equation  of  this  defining 
sorfkce  of  revolution  is 

592.  If  the  condition  is  a  mechanical  one,  such  that  ///'■  fofal 
expenditure  of  udiun,  tkjint  d  as  in  §  308,  siutU  be  given,  iJic  wniuU  jireit- 
sure  lo  ihe  bradiyUoclirom  in 

in  which  ft  Is  an  arlntnury  oonslanl^  and  is  dependent,  for  its  valuei, 
npon  the  (pven  expenditure  of  action.  When  this  constant  is  in> 
finite,  the  normal  pressure  is  equal  and  oppoeed  to  the  cmtrifugal 
force. 

It  is  apparent,  from  the  preceding  equation,  that  under  the 
action  of  finite  forces,  this  bracliy^tnclirone  cannot  be  a  continuous 
curve,  in  one  portion  of  wliich  thf  (lircction  of  the  noriuiil  pifssure 
coincides  with  tiiat  of  the  centrifugal  iurce,  and  is  opposed  to  it  iu 
another  portion. 

693.  Under  the  condition  of  the  preceding  section,  ike  eguaiion 
tie  hrae^fttoekroae,  m  ihe  ctue  ^  1 569,  r^erred  io  ihe  eoart&ndee  ef 
(330^,) » 

In  the  case  of  §070,  this  equation  gives 

594.    In  Hie  case  of  thr  pamUcl  forces  nf  §  071,  (349ja)  gilts 
 L=Bin" 
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When  the  force  is  consUun^  this  equation  gives 

,=2vi>(.-^)]C^;:i:ai 

rm.  Ill  Vie  cmc  of  \  57li  and  icith  He  amdition  ^  §592,  tht 
eqmttton  ^  the  braehffUoebroM  ha»  He  form 


The  inclination  of  the  curve  to  the  meridian  are  ia,  therefore, 
constant  upon  the  surfiioe  of  reTottttion,  which  is  defined  by  the 
equation 

md  tk»  Wffeee  iia^eff  fmr  ike  pretent  ease,  ilie  properties  of  Uu;  lirfuiing 
mf/oM^  §579. 

In  the  ease  of  a  heavy  body,  the  equation  of  this  defining 
surface  of  revolution  is 

2L^g    — 2b)  =    [1  +  2     (.^  -  ^o)]« 

59fi.  Thr  hi-i:v^h>/^l'«'hronf  in  a  Jiicrliiiin  of  rn-K^lunt  ri  -i'luiirc  is 
entitled  to  spii  ial  coiijiulenition.  In  this  caso,  it  is  convenient  to 
introduce  the  length  of  the  arc  as  the  iudeptindeut  vnriable.  The 
equation  of  motion  along  the  curve  is 

v^  =  2i2  — 2ifrs, 

m  which  i  is  the  constant  of  remstanoe.  This  equation  must  be 
combined  with  the  equation 

If  I  Hi  and  i  ^  are  the  req>eetive  multipliers  of  these  equations  in 
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tlio  iiii'tliud  of  voi'iatioiU}  the  OmchifiUoeiu'oue  U  Jtjiucd  Uy  Vte  Uijf'arqttial 

ctptatium 

1 

^»i  =  ?» 

and  by  the  fullowiiig  oxprosMon  of  the  normal  pressure  directed  in 
the  opposito  way  to  the  centrifugal  force 

Whcu  k  vaniahca,  the  value  of /i  is 

and,  therefore,  the  Vdhtp  nf  a  »>  f/ie  ncfjulii'c  of  (he  i-cci/imrai  of  thr  cx^ 
pnmoH  tchic/i  is  vblaiiied  fur  v  irhvn  there  w  no  rexustiitf/  malium,  and 
mlUsft  i»  iadqpeitdad  of  tke  magtdUwte  of  the  fixed  force, 

597.  Wkm  ike  force  it  e&reded  fyuwxb  a  Jbced  cai^  the  nota- 
tion of  1 569  ipvoB  by  (S30,|)  for  tho  iralue  of  f», 

698.  WAe»  ike  farm  mt  jtaraM,  the  equation  (331||)  gives 
ft  in  the  form 

599.  From  the  preceding  equationi^  tke  egmUion  tf  ike  inadffe- 
iedbvae  ^  a  keavg  kedff  m  a  medaim  ^  emUaut  red^anee  kue  ike  fmu 

  Jtaaw 

in  which  S,  A,  and  i^o  ore  arbitrary  constants. 


—  3S2  — 


tiOU.  In  a  Dicilii'oi  of  fhivh  (he  law  of  re>^l.^t(inre  if  crprefntd 
a»  a  given  fundiun  0/  Uie  velutii>/,  tlie  dfiivative  etjujitiou  oi"  um>- 
tum  is 

in  wLich  V  i.s  a  given  function  of  r.  Hie  diiffrential  or|uatioas,  by 
which  the  bracbystochrunc  is  defined,  become,  if  j/«  and  ff^  are  tho 
multiplicni  of  (3oUa,)  aud  (3o2|) , 

— 2>,(;»«ni')  =  A-^^  Afi, 
The  rcductiun  of  thc!$c  equations  gives 

and  the  expression  of  the  normal  pressure  to  the  brachystochrone 
becomes 

601.   IFXen  an  paraBA  to  the  axis  of  9,  ih»  eqtuktions 

(352.)  and  (352„)  give 
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C02.  These  cquntiona  give  for  the  brucli^stochtom  0/  a  heatff 
iotfif  in  a  rttulity  mediuut, 

ff^— — acoty+i=  "  

by  which  v  is  determined  in  terms  of  y.  The  substitution  of  this 
value  of  9  in  the  equation 


— -i-=  —  ocosy — I, 


gives  (he  eqttoHm  (f  ikt  hrat^jfrim^roiw  w  Umu  ^  Q  and  v.  The  pr»> 
ceding  funmita^  include  the  results  obtained  by  Jsllbr  in  hu  inves- 

tigatiuti  of  this  particular  cn«e. 

When  V  is  inversely  pntixtrtioiial  to  the  velocity,  the  equation 
of  the  brachystochrone  may  assume  the  form 

 ih[f,  PO?  '2  (r  —  rt)  -L  /-f  sin  2  (i- —  n) 

TVlion  V  ia  proportional  to  the  square  of  the  velocity  and  has 
the  form 

the  equation  of  the  brachystocfarone  u  derived  from  the  elimination 
of  V  between  the  equations 

«'»('-°)=TP  SI?' 

F:;.r;;('-^'-0=[^<^'-s«-('-«)](^+*)- 

603.  In  these  cases  of  tlie  hracliystochrone  in  a  rcfisting 
medium,  it  in  apparent  that  the  condition  ( ol^O, is  tiiSTmlly  violated, 
and  that  lli  i  tu.  con«'ciiu'ntly.  erred  in  extending  thia  propwiitiou  to 
the  ciusc  of  tiie  ret>i.sting  ntediuiii. 

45 
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604.  Tlip  df  toniiination  of  the  form  of  the  curve  constitutes 
the  pi in(  i[)iil  ll-iiturt'  oi'tlie  ^eiioral  prol)]cm  of  the  brachyptochrone. 
But  tlio  uuturu  of  the  curve  may  be  given,  and  the  problem  is  then 
reduced  to  one  of  maxima  and  minima,  in  which  the  various  param- 
eters  of  the  curve  are  to  be  determined.  Eoun  has  shown  that 
there  is  a  peculiar  analjr'tio  difficulty  in  some  problems  of  this  clasai 
A  single  example  will  illustrate  tiiis  species  of  inquiry. 

Let  the  given  curve  l>e  the  circumrerenee  of  a  circle,  of  which 
the  plane  i»  vertical,  nnil  let  the  ball  »tart  from  a  state  of  rest  at  the 
upper  p()int.  If,  then,  2  «  is  the  angle  which  the  line,  joininir  the 
two  points,  makes  with  the  horizontal  line,  aiul  if  2i  is  the  angle 
Avhich  the  radius  drawn  tu  thu  upper  puiut  makcH  with  the  vertical, 
the  equation  for  dclurmining  i  is 


605l  a  curve,  in  which  the  time  of  descent  along  a  given  arc, 
is  a  given  function  of  the  arc,  or  of  its  defining  elements  may  be 
called  nkohehnme. 

GOG.  The  problem  of  the  bolochrone  becomes  simple,  wkm  tk$ 

faren  are  Jtcedf  and  Ihe  time  of  de»eent  ia  propoHioml  h  a  ^vm  jxmer  vf 
the  are.   TbxOf  if  the  time  of  descent  is  expressed  by 


sec  i  [«<  (  J    —    (2  « — I)]  —  [cot  2  (i — «)  H-  008  i] 


«)- SF.(2«  -0]  +  ^^^^^  =  0. 


TOB  UOLOCnaOHB. 


in  which  «  is  the  length  uf  the  arc.  Let 
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in  whijli  the  upper  sign  corresponds  to  the  case,  in  whicli  n  is  less 
than  unity,  nud  the  lower  to  that  in  which  n  exceed*  unity.  The 
finroe  along  the  curve  is 

iS'=— 2? 

When 

the  force  along  the  curve  is 

«_  

607.  When  the  force  U  that  of  gravity,  the  equation  of  the 
holochrone  of  the  preceding  problem  assuines  the  form 

yrincs — B^~*\ 

608.  1/  the  time  of  dexceiil  admitt  of  heintj  dir eloped  acronliiig  to 
integral  ancetuUug  potvets  of  8,  the  developed  expreasionB  of  S  and 
11,  are  obtained  firotn  the  formuhe 

in  which  the  raoocmive  terms  of  P,  are  obtained  from  the  equations 
represented  by 

f,z^?;.o=J^coHy,:(p-jj]. 

The  second  member  of  this  equation  is  to  be  developed  in 
form  precisely  as  if  F  were  the  symbol  of  derivation,  and  in  tiie 
residt  there  must  be  substituted  for  P,^  and  f^P,^tt  the  values 


—  366  — 


COO.  Whrn  the  forces  arc  fixed,  and  the  lime  of  (lexcent  is  a 
j^tm /uueium  iAe  iiiiiial  value  of  I  he  jto/eiih'n/,  the  problem  of  the 
holochrone  can  be  solved  by  tbe  method  applied  by  Asgt.  to  the 
cose  of  A  heavy  body.  If  il  is  the  final  value  of  the  potential,  in 
which  the  arbitrary  conatant  ia  determined  ao  that  tiie  potential 
may  vanish  with  the  velocity,  the  time  of  tnumt  exprened  as  » 
fonottoa  of  A,  aaaumes  the  form 

The  integral,  relatively  to  A  of  the  product  of  this  expression, 
multiplied  by 

1 

ia 

But  the  notation 

ivith  the  familiar  equation 

r  y-'  _r<»r(1— w) 

gives,  by  a  ready  reduction 

0  0 


XoTK.  —  Tin-  nolalion  (300,)  is  Rubslilulvd  for  timl  of  which  wm  unwiscJj 

inirodtii'vd  iiiBtead  of  tbo  inual  fenn,  wbioh  ia  ben  mtOftJ. 
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If  the  product  of  this  oiiuntiori  imiltipliofl  by  (((((a)  is  in- 
to^rnted  ivluttvely  to  a,  and  if  the  functiun  o£  x  ia  deiiued  hy 
the  e(^uatiun 

fio  that 

tlie  integral  gives 
vhidi,  when 

»  =  i, 

gives  by  (356j,) 

u 

0 

Tlic  general  relntions  between and  ii  coiii[)lete  tlie  solution, 
and  indicate  the  form  of  coiirdiuates  in  which  the  solution  should 
be  finiUIy  exhibited. 

010.  If  the  forces  are  parallel  to  the  axis  of  i2  is  a  function 
of  8,  and  the  elimination  of  0  between  (357i»)  and  the  equati<m 

cos;  = 

gives  this  holochrone  espressed  in  tenns  of  the  length  and  direction 

of  the  arc, 

Gil.  If  the  Ibrccs  are  tlirected  ttnvnrd><  a  fixcil  point,  which  is 
ni<sumed  to  be  the  origiu  of  coordinate the  elimination  of  r  be- 
tween (307u)  and 

cos;  = 

give?!  thin  holochrone  expressed  in  terms  of  the  length  of  the  arc 
and  iin  inclination  to  the  radius  vector. 


•     —  358  — 

G12.   If  1\,  developed  according  to  powers  of  ^1,  in  expressed 

by 

it  i.s  evident  that 


G13.  An  inlirf^liiij  ciise  of  Hun  jx/leii/iitl  holoclwone  U  ohfaiiicdy 
wftm  hod^  ix  .siij>i^>s,d  I;  iijipriHueh  ike  jmiU  of  tmaammu  poiei^ial 
ahiig  a  given  eurre,  and  ike  required  enure  i$  fo  ie  sweh  that  ike  whole 
time  tf  omlhtiim  ekoB  be  a  givm  fmdim  ^  ike  mammum  potentiai.  If 
*i  denotes  the  giveii  arc,  the  time  of  oaciUation  haa  the  fonn 

80  that,  hy  the  process  of  §  609, 

In  order  that  the  two  curves  may  be  continuous,  the  direction 
of  the  given  curve  must  coincide  with  that  of  the  level  mrfiice  at 
the  point  of  maximum  potential  But  this  direction  may  be  given 
by  an  infinitesimal  bend  at  the  extremity  of  the  curve,  so  that  this 

is  not  a  practical  limitation  of  the  prul'h  in. 

614.  If  the  given  time  of  oscillation  is  constant,  the  equation 
(358u)  assumes  the  form 

and  Ihc  ininjmind  cttrrc  becomes  a  jjccidioi'  .sjucics  of  lavtwlwone^  which 
was  investigated  by  Edleb  in  the  case  of  heavy  bodies. 

615.  Wkeu  ike  foreee  are  mt  wk^  fited       imyr  dqxHtl  vpon 
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ilic  velucttif,  t/w  pn,l,/nn  of  tlie  Iiuluclu'one  bccomeSf  to  a  certain  extciUf 
uiddermutale.    Fur,  il 

ir=o, 

is  an  n&siiiiied  cquntion  between     /  and  r.  mc\\  tliat  /  and  f  vanish, 
tof^etlier,  but  whi-ii  v  vaiiisbcs,  tlie  iTsulting  eijiiation  betwi  t  ii  v  and 
/  UHsumes  a  given  foiui  coiffsponding  to  the  given  condition  of  the 
holoclirono,  the  derita/tve  of  Um  fquatum  ffives,  for  the  exjjremon  of  the 
fonc  ah^  the  emve, 

/rom  iMek  fie  tim  if  U  it  ^mmaled  iff  meim  tf  Sie  ammed  efuaUoik 
616.  In  most  problem^  in  which  tho  forces  ore  dependent 
upon  the  veloeitjy  ike  fwm  ^  "SL  it  mi  UHBmUedt  iut  it  ut^ut^|f  90  re- 
tiridtd  thai 

M  iMek  "R,  u  a  fmcHm  tf  9  and  itprtml*  tke  action  tf  (he  faced 
fweee,  wAnfe  B,  tii  «  /tmetion  of  t  and  rtptte^  the  rm^aneett  to  whitk 
the  hodg  ie  m^JeeL  In  this  form  of  the  problem,  geometers  have  not 

made  much  progress  townrdfl  its  Bolntion,  altliough  the  case  of  the 
tautochrone,  e\liil)itod  in  this  aspect,  Xiaa  been  the  occonon  of  much 
discussion  and  many  ditTioidt  mcnioiri^. 

()17.  If  the  t'cjuiitiou  (359|)  solved  with  reference  to  /,  ac- 
quires the  lorui 


the  expression  for  li  is 


i=.T 


n      1  —  p  A  T^, 

—    TTt  * 


which  is  essentially  identical  with  Luvubanue's  moil  general  formvln 
in  the  eate  ef  the  (aatoehrone. 
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618.  If  the  equation  (3i>0j,),  solved  with  reference  to  r,  no- 
quires  the  form 

jlbc  exprcijfiiou  for  is 

which  fbrmtda  oompriaea  LaplacrTs  gmoiAfam  tf  wftw^  fht  tmdO' 
ehrtme, 

CI 9.  If  the  eqaAttoo  (359t),  Bolved  with  reference  to  eo> 
quires  the  form 

the  expreaaion  for    is  , 

C20.   When  the  equation  (399a)  is  presented  in  the  form 

in  which  T,  Sf  and  V  ore  respectively  functiona  of  i,  x,  and  v,  the 
value  of  J2  is 

I),  r-\-  r  I),  s 


Ii  =  — 


Bui  A  2*  is  a  function  of  i  and,  therefore,  of  j^-f-  it  may, 
indeed,  be  any  arbitnuy  function  of  -|-  K,  so  that  if  ^  denotes 
this  arbitrary  fiinctton,  R  becomes 

621.  When,  in  the  preceding  section,  8  is  changed  into 
—log  8  and 

r=Iogp, 
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the  value  oi'  Ji  may  be  presented  in  the  form 

which  is  the  same  with  a  famUiar  fomith  tf  IiAaRANeB /or  ike  «mt 

tf  the  /aiifoc/irone, 

G'22.  The  caseti,  in  wliich  the  funnula  (3Cla)  lunumes  the  form 
(3&9u)  are  easily  inveBtignted  For  this  purpose  let 

^  =  5'  • 
and  the  derivaUves  of  (361,)  give 

A A  a:  +  2 1;  i?,  log -S'= />, 

whence 

in  which  u  h  any  constant  Hence 

Z  =  «»'+*«  +  «» 

in  wludi  k  and  «  are  constants  introduced  hy  iutcgrution.  The 
value  of  12  tha^ 

so  that,  if/*  and  J/ are  constants,  the  final  values  of  /S'  and  Jl  are 

46 
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and  tills  ronmilii  of  L.vqranoe  m  re^rktcd  to  the  rcsistiJig  uietinuii,  in 
teiiek  tks  retiglaaeg  has  ihe  form 

a  -\-l>v-\-  h 

which  Wits  fust  remarked  by  Fontaine. 

The  furiu  of  1\  in  i\m  case,  may  be  derived  iroiu  the  ec[uatiotis 

which  give 

V  (2c«)  cos  [(T-0  V  (5i.a-A«)]  =  ''S^^^^^^^ 

Wlien  V  vanishes  this  equation  becomes 

(2«a)  cos  C(r  — V(2  ««— ^)] = 

to  that  the  interval  t — /is  independent  of  the  lei^h  of  the  arc^ 
and  the  curve  is  a  tantochronc  if  t  is  also  independent  of  which 
is  the  case  when  8  vanishes  with    that  i^  when 

This  condition  is  always  observed,  if  the  direction  of  the  curve 
coincides  with  thnt  of  the  level  surface  nt  its  termination,  so  that  in 
every  case,  fhix  hol'ichniiiP  ix  tsxi  nlitilh/  taitlochrottOtUm 
G23.   1^  instead  of  (3d9»)  we  suppose 

and  if  1;'  denotes  mi  arbitrary  function,  the  value  of  J?  hoe  the  Ibrm 
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When 

in  which  .S'  and  >S',  are  functions*  of  and  F  is  a  function  of  r,  the 
value  of  Ji  becomes 

which  indiides  XuMnxsn^a  formuln.  Forms  of  thi«  kind  mny  he 
indeBnitely  multiplied,  witliuut  diminishing  the  difficulty  of  ohtain- 
ing  such  as  nre  new  and  not  inchided  in  the  inverftigations  of  §  022. 

024.  A  curious  case  of  the  holochrone  is  introduced,  when  the 
form  of  .fi  is 

,    J?  =  i?.  +  i?.+  p»^, 

in  which  <St  is  a  function  of  ».  The  only  case  of  (36]«)»  which  can 
assume  this  form  is  eoaily  proved  to  be  that  of  (361o)  when  S 

is  left  undetermined.  then,  the  factor  of  i^,  duninished  by  a 
constant,  is  inveix-ly  proportional  to  the  radius  <jf  curvature,  i/te 

/<um  of  ///'■  rt >-i-fiuire,  by  includinjx  in  it  part  of  the  term  f  S.  !» 
that  cf  (302,)  iitcreated  by  a  Ima  jii-oportioaai  to  tite  J'ridivH  tiju/it  the 
cvrre. 

If  tlic  fi.xed  force,  in  thia  mxix,  \»  that  of  gravity,  and  the  axia 
of  s  is  vertical,  and  if  v  is  the  inclination  of  the  radius  of  curvature 
to  the  axis  of  s,  the  first  and  last  terms  of  R  give,  if  ib  u  the  con- 
stant of  fiicUoiiy 

a  —   , 

1      ae — iff  fin  r — kigm* 

9  <i-iOir«-r 
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go  llud  the  cuire  deicrmincil  hy  (SGlj.,)  i»  indiuied  iii  t/u'g  form.  This 
is  a  generaliattion  of  BsBriAKD's  simil«w  investigation  with  regard 
to  the  cycloid. 

TIIK  TACUTTUOrS. 

625.  A  curve  in  which  the  Iaw  of  the  velocity  is  given  may 

be  called  a  /<ie/r//roj)i: 

626.  Wheu  the  hue  nf  the  trtm-it//  iV  ffirtn  in  an  equation  Ittirem 
the  reh>c!fy,  the  Hfxwe,  iiwl  the  time,  fhf  farmula'  of  |015  arc  tJirfrth/ 
apjiliriihle  to  the  ctiiitjileie  nuliilinu  of  (lo:  pn>hl,'>,t  ;  Ui/il  nil  thr  suhscijutid 
truufjonuttliihix  of  these  foniiiihe  ma//  lie  tijtjilirii  to  the  praseiU  cai^e. 

627.  When  the  time  is  not  involved  in  the  equation  (359,), 
but  the  portion  J?,  of  the  force  R  is  given,  the  other  portion  R,  is 
detennined  by  the  eqiution 

from  which  v  is  to  be  eliminated  by  the  given  equation  (351)^). 
EuLKR  has  solved  various  coses  of  this  tnchytropc. 

628.  One  of  the  simple  examplei<,  solved  by  Eouti^  is  when, 
in  the  case  of  a  heavy  body, 

and  the  velocity  is  to  depend  upon  the  arc  in  the  same  form  as 
if  the  body  descended  in  a  vacuum  upon  an  inclined  straight  line, 
so  that  the  equation  (350s)  acquires  tlie  form 

whence 

y  sin  y= I  A+i( 
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When 

this  equaUoD  becomes 

g  sin  V  —  ^h-\-kh9i 

or  the  required  lachi/trope  is  a  ct/cloiil. 

029.  Another  simple  and  interesting  exninple  of  thi.*'  proldem 
was  proposed  by  Klint.stikuna  uad  solved  by  (.'lamiaut.  It  is  that 
of  u  heavy  body  in  u  medium,  of"  which  tlie  resistance  is  propor- 
tional to  the  square  of  the  velocity,  approaching  the  origin  with  a 
vdocity  equal  to  that  which  it  would  have  acquired  by  fiilling 
in  the  Hune  medium  through  a  height  equal  to  the  distance  of 
the  body  from  the  origin  measured  upon  the  curve.  In  thb  case 

whemse  the  equation  of  the  tachy  trope  is 

/;.«  =  2c-"'— 1, 


of  which  the  integral  is 


630.  A  simple  <»Eample  of  the  problem  of  1 627  is  that  in 
whidi  the  vdoeity  is  uniform.  In  this  case 

J?,  =  —  /?,  =  a  constant  =  />,  » 

so  that  in  the  case  of  a  hcitnf  boJi/  ihi*  fitch'/tivpe  is  a  tslraigld  line; 
in  Hint  of  a  conslunt  force  lUrvdnl  loirurds  a  Jixtd  jtoint,  il  is  a  logo- 
ritlmiic  xpiiul ;  ami  in  emy/  cafe  fhc  xiue  of  the  (imjlf.  al  tchich  il  infer- 
secla  etwh  level  siu/uee,  m  iiiverifr///  j/roj»r/iuiial  to  /Ac  Jixed  force  which 
adt  id  the  point  iaierurtiou. 
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63L  When  tli«  given  foroe8''are  parallel  to  the  tttb  of  m,  nnd 
the  given  equation  (359a)  is  exprened  in  ternii  of  v  and  g,  the 
equation  of  the  tachytrope  is 

( A     ^in  r  +  /?,)  D,  ir-f-  A  T^r  sin  »-  =  0, 

from  which  v  is  eliminated  by  monns  uf  the  given  equation.  Eom 

has  solved  several  ca<e?J  of  tlils  tucliytrope. 

G32.  If.  in  this  rasi-.  flu*  curve  i«  to  be  such,  that  the  velocity 
AiaW  huvc  a  eonstant  ratio  to  that  wliich  it  would  have  acquired  in 
a  vacuum,  the  equation  (366^)  assumes  the  form 

If  the  resistance  is  proportional  to  the  square  of  the  velocity, 
so  that  Jtf  has  the  form 

R,=—ki^=—2i4i{Si-{-ff), 

the  equation  of  the  tachytrope  is 

633.  When  ike  ffivtn  fwt^  art  dirtied  iominb  the  ontftUf  and 
iks  ffltm  eguaUon  (359^)  m  ea^nued  tn  itrm  if  v  mid  r,  tht  eguatioH 
^  ike  tad^jflrojKf  i»  a  fuedium  ^  gi»e»  retuUmee  i» 

(DJ2  cos ;  +  L\  )  A  »'+  A  H>  cos;  =  0 

from  which  v  is  eliminated  by  moans  of  tlie  given  equation. 

(im.  If,  in  this  case,  the  curve  is  to  he  such  that  the  velocity 
shall  have  a  constant  ratio  t(»  that  which  it  would  have  acquired  iu 
a  vacuum,  the  equation  (SOO;;,)  assumes  the  form 

Aii  009:=—=^. 
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If  the  resistance  has  the  form  (366^),  tlie  equation  of  the 
tnch^  trojic  is 

co8:i>,iog(i2  4-i]r)=i^. 

635.  WJim  U$  Im  of  ihe  veheitgf  t»  a  medium  tf  known  rtad' 
meey  is  given  m  a  ^uvn  ^Urediimf  tmdk  far  matanee  a»  that  ef  ike  €ai» 
ef  X,  mid  $0  given  ikat 

9000'.=  H^., 

in  which  W,^  is  a  given  functiun  of  s  and  the  equation  of  the 
tachv trope  is  derived  from  the  equation 

fironi  Avlnf  li  ?•  is  oliiniiiutcd  l)y  the  given  equation. 

G3G.  When  the  velocity  in  the  given  direction  is  uniform, 
thcMC  equations  become 

rcosi  =  a, 

637.  WAen  the  given  fore*  it  tkd  «f  ffrtwSgf  and  (t  i*  tie  in- 
^mdim  ef  ike  ghen  Mae  io  tke  veriiealf  tke  eguatim  tf  iku  taekginpe 
becomet 

This  problem  is  solved  by  Edlkr  in  the  case  in  which  the  ^ven 

direction  is  horizontal  und  in  that  in  which  it  is  vertic4il.  A  special 
8ohition  i.s  obtained  upon  tlie  hypothesis  of  a  constant  velocity;  in 
tiiis  ease,  the  tavliytrope  is  a  straight  line  determined  by  the  con- 
dition 

g  cos     — Ji,=  0. 
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038.  IV7/^H  (lure  is  m  resvsliuif  medium,  the  eqvalii/a  ^-^OTji)  of 
Vie  taclitftrope  becomes 

a*  tsin 

'  When  the  line  is  horizontal 
and  the  equation  beoomea 

M>  that      tacht/trope  of  (hiJt  rate  tt  a  parabola. 
When  the  line  w  vertical 

/*  =  0, 

aud  the  equation  becomes 

80  that  Iht  tae^trope     £Uli  mm  w  /Atf  ^emAi/'tf  »/*  tlic  paraMa. 
With  the  notation 

^  f^p 

the  equation  (3CS«)y  expressed  in  rectangular  ooucdinates  is 
2  i  V  (« +y     Z') — ^  « = 2  cot log  [eot /}  H- ^  ^  (« cot /?)] . 
6S9i    If  the  ru»i»tuuce  is  proportiunal  to  tlie  velocity,  so  that 

and  if  the  direction  of  the  line  in  which  the  velocity  is  given  is 
such  that 

the  elation  ^  the  laeb^Uvpe  <^  a  heaty  botfy  it 
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THE  TACIIYSTUTBOt'E. 


G40.   The  curve  on  vhidb  Uie  final  velocity  in  ft  given  redst" 

ing  medium  is  a  maximom,  may  be  called  a  tach/sfi^rope. 

r)41.  ///  a  mif/i'iim  t'li  irhlrh  (he  law  of  reaisfftnre  ix  crpns.snl  as 
U  is  in  §f'>(i(i.  the  notiition  of  that  section  gives  fur  the  diflerential 
equations  ul  tiic  tacliy  slot  rope 

The  leddGtum  of  these  equations  gives 

j).^  =  D.nD,iH  =  A  (/ii  n» 
^ = /*!  r, 

and  the  expression  of  the  normal  pressure  to  the  tachystotrope  be> 
conies 


^.  M  smy  —  p  A/.,    e  A  i«gi»    eft  A 


V* 


642.  In  the  case  in  whieh  the  hiw  of  Uie  renstanoe  is  ex- 
pressed by  the  fonuula 

the  nomal  pressure  becomes 

80  liiat  {he  normal  presmire  has  a  constani  ratio  h  the  ee$Urif»gal  force, 
which  result  was  obtained  by  Eoleb  in  the  case  of  a  heavy 
body. 

47 
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643.  nTiat  the  resinlance  it  amianif  the  tac^ttoirope  u  a  ttnagM 

Sue. 

644.  When  the  form  are  jHtruliel  /o  the  axia  of  z,  the  equa- 
tions (oGOg)  and  (ojOie)  give 

645.  The  e^«diott  (he  iae^fttdrope  of  a  heav^  body  it  eh- 
Umedf  ihertfmtf     ike  W&vikrfMR  ^  v  Mwem  Hie  tfmitiam 


rULv  an 

— ffCMV  1-5 — 

o  *  ssior  —  a 


64  n.  T)  Mi  V  /„is  tie  form  (369^),  ihe  <^o/«m  ^  /Ae  iaeiff- 
^olrope     a  hetw^  bodg  it 

Ti      "  V,  =    ill'  a  i>  »i»  »')"• 


Tint  BAITTBOPB  AWD  TBB  TAUTOMBTIk 

647.  The  curvo,  in  wliich  t!in  law  of  pio-surc  if  irfvcn,  may 
be  culled  a  bari/trojie,  and  tiiat  Liiir^>  tropo,  in  wliiuli  tlie  pressure  is 
everywhere  the  mine,  may  be  colled  a  imioba/yd. 

048.  When  the  prenure  is  a  given  function  of  the  arc,  which 
may  be  denoted  by  its  equivalent  expreBHton,  if  J*  is  the  fixed 
fonse  which  acts  in  the  direction  /,  is 

and  (he  differmUal  egfrnHmi  «f  ike  iofft/tpe  it 

2 J?=  A[v('^'H-^t-'*>»(')]  =  2i'8in^-f  2  /.*,. 
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G49.    In  the  ca)<c  of  a  hcunj  hnlif^  if  the  arui  of  z  is  vertical,  the 


(iS+g  cos  y)      =— ?  A 'S'^-  3^  sin  »  +  2 II, 
from  which  «  may  be  eliminated  by  means  of  the  eqwition 


£i  ihit  ea»t  tt»  d^ertidial  eguatim  if  the  Uudobar^d  it 


Jk  the  cote  tf  the  kemy  ho^,  this  equation  becomes 

/S'/>„  a  4- y  cos  »'        =  2y  2  -j-  2  U 2  *  A*. ; 
and  that  ^  the  iatdobaiyd  i* 

(«  +  y  cos  v)* +•  Q  =  i4     -f-  rt  COS  y  +  sin  »  ^  (y* — a')]*, 
if  ^  is  an  arbitrary  constant| 


diffemdial  efjmfion  of  ild»  laiyti  ope  heetmn 


and 


But  if 


the  eywrfwa  ^  tie  tmMarfd  is 


log[5(a+^eoBy)«]  = 


—  372  — 

Wim  Here  i$  no  retutaaee,  iht  iaatobaryd  ^  U»  Anny  ii 
d^fhud  iff  the  equaHam 

_  A 

051.  AVhen  S  vuni.-ljfs,  tlit-re  is  no  pressure  again.st  tlie  liary- 
ttx)pe,  uuU  this  curve  its  that  on  which  the  boily  moves  freely. 
Thufl  the  equation  of  the  bftrytrupe  of  the  heavy  Ludy  becomes, 
under  this  oonditioni 

  A 

inUeA  M  (hat  of  a  pmAokt, 

0-52.  When  the  citrrc  rtf  ihe  han/iropr  is  ffiren,  the  c«futfliiiix  (■^TOn) 
and  ("70^,1.  (htcrmiue  the  law  of  (he  fixed  force  ichm  thai  ff  the  rr- 
si'j>((iiice  i.s  lintfii,  or,  reciprocatl^f  tiuU  if  t/w  remttutce,  $c/utt  the  fixed 
force  M  hmm. 

658.  When  the  forcet  are  paraUei  to  the  axis  of  z,  the  equation 
(370u)  becomes 

mAksI  It  a^pSeoNe  when  the  curve  is  given. 

When  there  is  no  resistance,  this  equation  gives 

,  Jrpcorf»i.=-/[oos'.ri).(^9)]==_.^[cos»yi?,(-Srj)]. 

654.  In  the  case  "f  jutniiUi  forces,  when  the  tautoburyd  is  a 
circle,  and  there  is  no  re.stistuuce,  tlie  fixed  force  has  the  form 

in  which  h  and  F  must  vanish,  if  y  can  become  a  right  angle. 
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When  the  fixed  force  is  that  of  gravity,  and  the  tautobaryd 
is  a  circle,  the  expression  of  the  resistance  ia 

fi.jo.  Ill  the  case  of  parallel  forces,  when  the  taiitobarjd  is  a 
cycloid  of  which  the  base  makes  an  angle  «  with  tlie  ilircrtioii  of 
the  parallel  furce.s,  and  when  there  is  no  resistance,  the  equation  of 
tlic  cyuloid  being 

Q  =  2^Bin  (v— «), 
llie  expresaon  of  tiie  force  w 

j_  ■  lin        ) + i  a  .in  (8  >  ~    -t-  ^  g  «a  (t+^i) 

When  }  Taiiuhes  and  «  is  a  right  an^^ei  this  expresiioii  is  r»> 
dncedto 

i'ssslaooeeey, 
which  coltundes  with  Eoub's  solution  of  this  example. 

TQB  STNCIIROXE. 

C")fi.  The  Kurfiice  or  curve  which  is  the  locus,  at  any  instant, 
of  all  the  bociie.i  wliich  start  .«iiiiuItaneou»ly  from  a  given  i>oint 
with  a  given  velocity,  and  move  upon  paths  which  are  related  by 
a  given  law,  is  culled  a  s^whrone,  and  the  given  starting  point  may 
he  called  iU  <^na»ue  pole.  This  class  of  loci  was  first  discussed  by 
John  Berkoiiul 

G57.  If  an  integral  of  the  motion  of  the  hody  along  one  of 
the  paths  to  the  synchrone  is  obtuned  in  the  font 


—  S74  — 


in  which  W  is  a  function  of  the  time,  of  the  arc  of  the  path,  ami  of 
the  parameters  by  which  the  rehttiun8hip  of  the  paths  is  expre^>d ; 
iUt  tgnatimt  it  ikt  regmred  ejuatim  ^  ih»  ^fn^rone,  ihe  Um  i»  «»• 
wmtd  h  he  cmitudj  and  H  w  rtftrred  h  the  i^dm  ^coSrdmateB,  mm- 
Mdmff  (/  tie  deaerAed  an  and  the  guta  parame^re, 

COS.  If  the  only  force  is  that  of  a  resisting  meilium,  and  if 
the  ftirni  of  tlic  palli  is  given,  and  also  the  position  of  the  dynamic 
pole  upon  it,  but  not  its  direction  in  space,  ///»'  s>/iir/ir">ie  w  obirumtfy 
iJte  mrfuvc  of  a  sjilari\  nf  I'lu'cli  iln'  di/Ufiinie  fujlr  is  Ike  venire. 

G-jO.  If  the  body  moves,  without  external  force  and  without 
resistance,  upon  a  straight  line,  which  rotate;:)  uuiforuily  about  u 
given  axis  pawing  tbrou^  the  dynamic  pole,  lite  sijnehnm  w  « 
emrfaee  ^  revobMm  aboat  ike  iome  axu,  and  U  it  d^fiud  ike  felar 
eymtim  (250^)  or  (251«)  when  p  twmAn  eitd  t  i»  emutaaL 

660.  Wm  Ue  Jbeed  fwvet  are  du^eded  ieuarde  a  paud,  er  when 
ihtgf  are  parallel,  tie  eynchrone  of  btnli,  ^  moving  ujm  stmiylj  Im'fty  u  a 
ftiirface  of  revobiUon,  ef  vMtk  He  oaw  M  ike  &»  ^  action  which  pome 
ihrouifh  ihc  th/namic  jmk. 

Jn  flir  rrrdliurtir  iii'-limt  if  a  heavy  hoili/,  it  is  obvious  from 
(250j«j,  Uiat  the  polar  equation  of  the  sifiwlirone  Im  ili£  form 

which  hecomee  a  spherCf  when  b  vaiwtlteSf  that  is,  when  the  iuUial  velocity 
vaiushes. 

6G2.  la  the  rectilmeeur  motion  of  a  heart/  hody  through  a  niefliinn, 
cf  nJUffft  ike  r^teUmee  it  prcportimail  fo  ike  tqmre  of  ihe  velocilg,  the 
pobr  egualim  ^  ihe  eyaehroae  hat  ihe  /orm, 

ilc'=Co8(^co*»;). 
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(iito.  Tlie  surface  or  curve  which  is  the  locus  of  all  the  points, 
at  which  hodies  have  the  same  velocity,  v*-hcn  they  move  from  a 
given  point,  with  a  given  velocity,  upon  paths  which  are  rehited  by 
ft  ^ven  law,  may  be  called  a  sffrUaehgd, 

664.  If  an  integral  of  the  motion  of  a  body  along  one  of  the 
paths  which  proceed  to  the  syntachyd  is  obtained  in  the  fi>nn 

W=  0, 

in  which  W  is  a  function  of  the  velocity,  of  the  closcriljod  arc,  and 
of  the  ])nralnoter^<,  this  equation  is  tluit  of  the  f^yntiichyd  in  the 
sikuii;  lurm  of  coiirdiuatcs  with  those  iu  which  the  ttynchiouc  of 

\  657  is  expressed. 

665.  Jit  Uit  «a§e  «f  §  658,  Ike  ^fuUidigfd  eomeida  wUk  ike  mtk- 
eJ&oM. 

666.  JSi  (he  earn  ^  %  659  md  660,  ike  ^ftdaeiffd  it  a  tnrfoee  ef 
mwAlAbn  al»ivl  (he  same  axis  with  the  s>/>ichnmc. 

667.  W/ieii  ihe  uclim  ia  txdumelg  ikU  ^  filed  /ereOf  tie  9m- 
iaehffd  ia  a  In-t-l  .vir/nre. 

GG8.  When  a  hear//  bodi/  moves  t(jmi  a  siruighl  liiir,  on  fhuh  thn-e 
in  a  comfunl  fiivtiuit,  and  through  a  mcdiiiiii  of  irhich  the  irsidance  is 
proporiioiial  to  ihe  square  of  the  ve/ocitf/,  (he  eijuatiou  of  tlie  gydadit/d  in 

A  =  ^  008  (; -f  «), 

in  which  the  notation  of  §  515  is  adopted,  A  and  B  are  constants 
and 

arsj^tana. 

609.  When  a  heart/  M//  motes  iijum  a  straigiti  Hue,  oh  which 
ike  frk&en  it  eemiead  emd  ikrm^  a  nmUim  ^  KslUeA  ike  retietaiiee  » 


—  S76  — 


jtnpoHmal  A»  tht  vtbeSgt  &e  egmation  ef  Ikt  tpilachi/d  km  Me  form 

070.     Wfirn  ihf  hod'/  ?i)orr.t  vput  a  Inir  on  ti'hirh  //f  frklmn  it 
comtatd  and  throuyU  a  nu  t/iiuii  <il  whk  U  Hie  rcsii^ttiucr  U  pmjmiiiuuiil  iu  the 
tfuare  tf  the  wlocUii^  the  efjuatiun  of  the  syiducht/d^  cx^reucd  in  the  form 
99Sriiasdes  of  %  0  "iT,  w 

whidi  coincides  witb  JAOoafs  invesUgation  of  thb  caw  of  motion. 

A  ronrr  hotuio  vroH  a  pixbd  tmrAoii 

671.  Among  the  Turions  form%  in  which  the  motion  of  k  point 
upmi  a  fixed  aur&ce,  with  fixed  forces  can  be  diKiuaed,  that  of  the 
principle  of  leaat  ai^ion  is  here  selected.  In  this  case,  fhereforei 
the  whole  amount  of  action,  denoted  hy 

is  to  be  a  mintmnm.       then,  the  equation  of  the  surface  is 

if  rectangular  courdiiiatcH  arc  adopted,  if  »i  is  the  inuUiplier  of  the 
preceding  equation  of  the  surface,  and  ft  that  of  the  conditiooul 
equation 

the  cqviation  of  the  path  of  the  body,  with  reference  to  cither  axis^  is 
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—  377  — 


The  sum  of  these  three  C4uatiorl^5,  multiplied  respectively  by  a',  y', 
uuii  z ,  is 

or 

Whence 

A  + ." iD,L  —  D,  {v     =  0 . 

072.  If  the  tftiigont  plane  to  fho  given  surface  is  nfsumod,  at 
each  instant,  to  ho  that  of  x f/,  ntul  if  tlic  n\is  of  //  is  taken  normal 
to  the  path  of  the  hody.  tlie  jiroreiiiiig  oi|u:itioii  Iicromcs.  if  o,  de- 
notes the  radius  of  curvature  of  the  projection  of  the  path  U|)ou  the 
tan>reut  plane, 

ft  '  ' 

80  that  ikt  eeidn/vffal  forM  <f  He  io«(y  m  tie  tSrediou  ^  the  tmfaee  1o 
triikk  U  is  resbided  w  equal  to  tie  mmai  prmtare  iqm  ike  paik  m  tie 

direcfioii  '/  th'-  (nufjvnt  phtue. 

()73.  When  till-  lUmiimtf  the  force  t«  normal  f"  I'l"  surface,  tehich 
h  the  rase  tn'lh  {lie  l>:r<l  xvrftcc,  or  when  ihcre  is  m  force,  I  lie  jntlh  of  the 
bod'i  /f  llir  ."leirir  ^t  Hue  which  call  be  drawn  upon  Ute  mrfaeCf  aiid  coiuculei 
ii'iih  the  hriichfjxirtchrone. 

074.  Whai  the  velocUt/  i«  cnmtani,  the  equation  (377i3)  expreanea  the 
eoadkim  thai  the  body  may  move  upon  the  mtereeetieu  tf  a  level  turfaee 
Kith  ike  given  eur/aee.  In  this  case  t/i  b  the  radius  of  eurvatnre  of  this 
intereectioDy  and  SI  is  the  whole  force  in  the  direction  of  the 
tangent  plane  to  the  surface^ 

G7o.  When  the  velocity  is  a  given  function  of  the  parameter  of 
the  level  surfacf,  the  e((uation  (o77i:i),  with  the  notation  of  the  pre- 
ceding soctioji.  cxprc^yes  the  c<piation  of  a  siirficc  over  whicli  the 
body  moves  upon  the  intersection  of  this  surtiice  with  the  level 
surface. 

48 
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—  378  — 

670.  W/icn  Ihe  force  is  direclcd  toiranh  the  orijia,  uml  the  fftrai 
am/ace  is  a  pkine  jHmitig  Uurouyh  ihe  axin,  the  etjuutiou  ^oTTu),  com- 
bined with  (olGu),  gives  in  the  notation  of  §  669 

l>rSi    a  2J),p 

Oif  wliick  the  integral  is 

Whence,  if  9  is  the  angle  which  r  mokes  witli  the  axi% 

But  i  r^d(f  is  the  oU^montan-  area  descrlhed  by  the  radius  vector  in 
the  instant  dtf  and  it.  thon  tDre,  follows  that     area  dacnbed  hff  ihe 

nttb'iii  irr/or  t's  j)ri)jMiitii»iiU  to  the  (line. 

The  utjiuutiou  (378u),  combined  with  that  of  Uviug  forcc^i,  gives 

2>.s«=  2  (i2  -  i2„), 

n„_Av  2^  


Whence 

rV[2»-(JJ-7j.)-4/*}]» 


which  is  the  pohtr  Cfjua/iou  of  the  path  of  the  body.  That  this  equation 
cuu  be  obtained  by  integrutiou  by  quadratures^  is  a  simple  cose  of 
the  principle  of  the  last  multiplier. 

677.  When  the  potential  of  the  f<MNie  has  the  form 

and  the  initial  vdocity  u  such  that 
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or 

the  pthr  e^^mUM  nf  ikt  path  ^  the  hodg  it 

^     '  =  V  ( 1 «)  siu  [(H  —  1)  (y  —  «)] , 

which  was  giyrea  hj  Biocatl 
If 

n=i, 

the  law  of  the  force  is  thai  ef  grtmlaUfmf  and  ihe  poih  w  a  forabola  ^ 
wMch  ihe  or^iu  it  ihe  foeuM, 
K 

ll=:l, 

ihe  cdtrarlive  force  is  inversely  pmportioiiul  to  (he  cuhc  of  the  radius  veciotf 
and  Htc  j/tUh  it  a  logaritlunic  apiralf  which  was  proved  by  Mkwiox 
K 

«  =  l, 

the  altraciire  force  m  iuivrse^  projiftrtioml  to  ik$  fwurih  power  of  the  radius 
veelWf  md     patk  u  Uu  epk^lxd  formed  bg  Vu  exterior  rddim  efu 
eirdt  igMit  m  epud  artie,  which  was  proved  by  Stadbb. 
If 

«=2, 

ihg  eiiraelaee  feree  i$  invm^f  properiuml  to  Ike  J^h  power  tfike  radiue 
veeloTf  mtd  ike  path  ie  ike  dr&mfermee  ef  a  arde,  which  was  proved  by 

Newton. 
If 

ihe  attracUrc  force  i^s  iul'rr.si  i//  proporliosvil  ff>  the  aixth  jwiecr  of  the  r<ii!iiis 
vector,  ami  ihe  path  mat/  be  euUcd  ilw  irifUia  of  Stai>£B,  by  whom  it  was 
investigatciL 


—  380  — 


If 

llie  nllrii'  firr  fni-cr  is  iiiiYi'xil//  j/ritjt'n-/i'i)itil  (o  (he  gcrrnlh  jmrrr  of  Ihc 
rtdlli's  vrrinr,  ami  t/ie  ptUh  u  the  leuiuimUe  of  Ja>1£S  iifiUNOuuJj  wliicli 
wa^  proved  by  Stauko.  • 
If 

llw  ri'j»'.h!rc  force  is  proporliotuU  to  tlie  radius  viclor,  and  lite  path  ia 
an  €<jii{/atiTul  h^jH'rMa. 
When 

«<1, 

r  becoaics  iiiliiiite  whcu  [<f — «)  vanislictf,  wbich  was  remarked  by 
Stadib. 

678.  When  the  values  of  Siy  i2«  and  pi  are  sudi  tha^  j£  B  ia 
an  integral  function  of  an  integral  root  of  r, 

the  expresBilon  of  9  in  (378^)  admits  of  integration.  For  if  the 
integral  root  of  r  is  denoted  by 

and  if  the  notation  of  the  residual  calculus  is  adopted,  the  eqnav 
iiou  (378b)  becomes 

079.  An  example  of  the  prccediu^;  section  occukj,  when  m 
ia  unity  and 
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—  881  — 

which  corresponds  to 

X2;,  =  — iJ?— «e, 

oud  an  attractive  force  of  the  form 

In  this  case  the  value  of 

When  i  xtaaAua,  these  expressions  become 

the  attractiTe  force  is 

and  the  eqoation  of  the  path  is 

When  e  Tanidiea^  the  expressions  become 
the  repubive  force  is 


—  883  — 
Mid  the  equation  of  the  path  is 

)=>°s(«+;)-;- 

When  ^  —  iiUe  vanisbea,  the  equntion  of  the  path  is 

G80.  Another  example  of  §  678  ocean  wb^ 
Jt=ar-\-b-\-'-, 

>vLich  corresponds  to 

i2o  =  — la*, 

and  an  attractive  force  of  the  form 

^  ~i        ?  r-;rT7r* 
The  equation  of  the  path  ia 

2«r+*=v^(4a*-l^)tan[v^*';^f^>(y-«)] 

=  V        4  a  e)  Ton       ^       (y  -a)]. 

When  a  vaniahe^  the  vatae  <^  i2g  vanishes,  the  attncttve  foroe  ia 

and  the  equatitm  of  the  path  is 

Iog(4r+«)  =  jjj(9  — a). 

When  b''  —  iae  vanishes,  the  equation  of  the  path  ia 
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681.   Another  example  of  §  078  occurs  when 
in  which  coae 

and  the  eqaaiion  of  tho  path  is 

jj^,(«-y)  =  log(l4-fr-"^). 

082,  The  forms,  in  which  (378a)  admiit  of  explicit  iiUeffratm 
teithout  any  spedat  ddermmaUm  <^  Si^  tmd  are  iaebuied  in  ih»  goh 
mU  eippretmn 

M  MtUeA  h  it  kfOf  «r  (ie  negative  of  wuff,  to  ikd  51  oafg  eotuidi  of  im 

h 

and  the  general  form  of  the  central  force  conm/s,  therefore,  of  tieo  terms 
of  ichifh  one  is  {nver.Hi'l'/  proportinmd  to  the  cube  of  the  radius  irclor,  and 
the  other  mai/  be  either  (lirrellij  propurtioiud  to  tfic  radius  vector^  or  Mr 
veraclt/  proportional  to  the  sfpiure  of  tlic  radius  rector. 

683k  In  general,  it  is  apparent  that  the  addition  of  a  tenn  to 
the  central  force,  which  is  inverEcly  proportional  to  the  cube  of  the 
ndins  vector,  does  not  augment  the  difficulty  of  determining  the 
path  of  the  body.  Jm  oiyr  efwUm  «f  «  pdh  «f  a  iotfy  damM 
wider  ike  uetion  ^  eattral  foreeSf  tehiek  is  ezpremd  ig  iie  tlmmlg 
tp  —  a,r  and  i,and  wkieh  may  also  inrolrc  the  conatanl  pi,  the  imlU- 
pHeatim  of  iks  angle  f — a,  and         6iif  the/aelor 


—  884  — 

gii'cs  the  eqtialmi  of  the  when  Ihc  central  force  w  increased  hy  Ihe 

CS4.  When  there  Ls  no  force  the  patli  is  a  straight  line,  so  that 
wAoi  tie  central  force  m  invencly  proportioml  to  the  cube  of  the  radiM 
vector,  the  polar  equation  of  the  poth  is 

roo8  [J?  (y — «)]  = -B/i?y/^. 

If  f/ic  forcf  t's  rrj)i'l-ir'\  // exceeds  unity,  the  ])ath  is  convex  to  the 
origin,  and  it.s  convexity  increii^os  witli  the  incieasi.'  of  (he  repulsive 
force  until  it  terminates  in  a  stniij^ht  line.  Jf  ilu  furce  is  allradivc, 
and  |>o»itivc,  it  is  Ic^  than  unity,  the  path  is  concave  to  the 
origin  but  of  infinite  extent^  and  the  concavity  increaMS  with  the 
increase  of  the  attracUvo  force  until  it  terminates  in  Me  recifroeoi 
spiral  ^  Abcbimedes.  If  the  fiwee  is  attractive,  £^  negative  and 
Sl^  poMtive,  the  equation  of  the  path  is 

r  Cos  iJi  (»-«)  V  - 1]  =  ^A^'zhif 

so  that  the  greatest  distance  of  the  path  from  the  origin  is  limited, 
and  the  poth  is  a  spiral  about'  the  origin  in  which  it  tenninates^  at 
each  extremity,  through  infinitely  compressed  ooik.  If  the  force  is 
attractive  and  J?  and  Si^  negative,  the  equation  of  the  path  is 

r  Sin  [i/  (y  -  «)  V  -  IJ  =  JSl'l  y/^, 

so  that  the  curve  extends  to  an  infinite  distance  from  the  origin  at 
one  extremity,  and  terminates  in  an  infinitely  condensed  coil  about 
the  origin  at  the  other  extremity.  In  these  three  cAses,  the  formula 
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for  the  tiuio  which  correspouds  to  (3849) 

the  formula  for  (384a»)  is 

i=  ^^^^  Tan  [2?  (c^  - «)  v'  - 1], 
and  that  for  (384«)  w 

This  law  of  central  force  has  heen  cliscu.s»icd  by  several  geometers, 
and,  with  pecnliar  regard  to  the  special  cases  of  the  prohlem,  by 
Stadbb,  vhose  resulte  coincide  substantially  with  those  of  this 
section. 

C85.  Whm  the  caifral  force  ia  proportional  to  the  radius  vccforf 
tie  path  ii  a  couie  teetion  of  which  the  centre  at  the  origin,  £i$  an 
eUiptef  if  t/te  force  is  atlruiiire,  ami  an  hj/prrb<>hi,  if  the  force  in  reputsive. 
In  tlie  case  of  the  cllijise,  if  ti  point  wore  to  f-tuit  from  Uie  ex- 
tremity of  the  major  axis  at  the  same  instant  with  the  botly.  and 
inovu  upon  the  circumference  of  which  this  axis  ia  the  diameter, 
with  such  an  uniform  velocity  as  to  complete  its  cireait  synehro> 
nously  with  the  body,  the  body  and  the  point  are  always  upon  a 
straight  line  which  is  perpendicular  to  the  nii\jor  axis.  For  diA 
fcrent  dlipsea^  the  time  of  description  is  proportional  to  the  square 
root  of  tlie  nroa.  In  tlie  case  of  the  hyperbola,  if  a  catennrj'  ia 
drawn  through  the  extremity  of  the  transverse  axis,  in  such  a 
position  that  i\m  axis  is  the  direction  of  gravity,  while  \U  ex- 
tremity is  the  lowei<t  point  of  the  catenary,  and  of  such  a  mag- 
nitude that  the  raihus  of  curvature  of  the  catenary  at  this  point 
is  equal  to  the  semi-transverse  axis,  and  if  a  body  starts  upon  the 
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catenary  simukancouitly  with  the  given  hody,  and  proceeds  in  such 
a  way  as  to  recede  unlfitnaljr  fioni  the  transverae  axia  villi  a 
-velocity  equal  to  that  of  tho  ^ven  hody  at  its  nearast  approadi 
to  the  origin,  the  line  vhidi  joins  the  two  bodies  will  alivays  re- 
main perpendieular  to  the  tranevene  axis  of  the  hyperbola. 

68G.  Wfien  in  addilion  fo  the  term,  which  i$  praportieml  (o  the 
radius  vector,  the  central  force  has  a  term  inverseli/  projwrtional  to  the 
cube  of  t/ie  nuliiis  vector,  the  frnth  em  be  derived  from  the  preeedkig 
ieetion  })y  tlw  jmrn  ijity  '/  §  083. 

When  the  tcnii  wiiich  is  proportional  to  the  radius  vector  is 
attractiTe  and  expressed  by 

ar, 

the  polar  equation  of  the  curve  is 

il^  +      =  V  [Sll  -  4  a  IPp]-]  cos  [2  JJ  (y  -  «)] 

-  V        -  4  a  2/*/.!]  Cos  [2        -  « )    - 1] 
=  y/ [4  a       — Sin  [2  Z?  (y — a)  v/ — 1]. 

When  a  is  positive,  therefore,  the  path  does  not  extend  to  infinity, 
although  "when  JP  is  negative  it  is  compressed  nt  each  extremity 
into  an  infinite  coil.  But  ^^h^'t^  n  is  negative,  the  term  propor- 
tional to  the  radius  vector  is  rt'pulsivo,  and  the  curs'c  extends  to 
infinity  if  IP  is  positive  j  hut  if  is  negative  the  curve  is  limited 
if  i2o  is  negative,  or  it  may  necessarily  extend  to  infinity  if  ii,  b 
poaitiTe. 

In  the  spedal  case  of 

«mn(2itJ<r)_y?.y 

— O    — i<|V— "f 

the  eurve  is  asymptoUc  to  itself. 

687.    When  ike  eentral  /tree  u  intenefy  propniional  A>  ike  tjuan 
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the  radius  vector  which  is  the  law  of  ijrui'ifdti'ni,  tlic  path  is  a  come 
section,  of  which  (he  oriffin  is  (he  J'orus.  W'ht  n  (he  force  i^  atfraelircjhe 
jMiih  is  an  eUijpse  if  is  posUivc,  a  parabola  if  Si^  vanishes,  and  il  is 
tktd  hranek  tf  ike  JigptiMik  mMA  eotdmuM  ike  focut,  if  12^  is  uci/aiae. 
But  MiAeii  ^  force  is  r^puMw,  tie  path  i»  ikd  handi  tf  ikt  l^jpexMA 
nMtk  doee  nei  eontoM  ike  feeve.  The  fiirtfaer  condderation  of  this  lair 
of  fiuroe  is  reMnred,  in  this  oomnecttoii,  Sat  the  Cikelittl  medkmiee, 

688.  When  m  adJi/ion  to  the  term,  tohich  is  tuversefy  proportional 
io  the  square  of  the  radius  vector,  the  central  force  has  a  term  inverse^ 
proportional  to  the  cube  of  the  radius  vector,  i/ie  patk  can  be  derived 
/rwn  the  preceding  section  hy  the  principle  if  §  GS3. 

If  tlie  term  of  central  lorce,  wUicli  is  iuvcriicly  proportiouui 
to  the  square  of  the  ndius  veetor  k 

the  polar  equation  of  the  path  is 

a  =  VCo* — 8  /2o  ^ p\)  COB  [B  (<p  —  a)] 

=  V  («-^  —  8    IP  p\ )  Co3  [/;  ( 9  _  a )  v'  —  1] 

=  V  (8 12,  ]f'p\  —  «-)  iiiu  in     _  a)  ^  —  1] , 

when  iQg  is  positive,  therefore,  the  carve  is  finite ;  it  returns  into 
itself  if  JB*  is  positive,  but  if  .fi*  is  negative  it  terminates  nt  each 
extremity  in  an  infinitely  compressed  coil  about  the  origin.  When 
/2„  is  negative,  one  portion  at  leiwt  of  the  puth  extends  to  an  in- 
finite distance  from  the  origin;  if,  moreover,  a  is  positive  and  ii* 
negative,  but  such  that 

another  portion  of  the  path  is  finite  and  terminates  in  the  origin, 


—  888  — 

through  an  infinitel}'  compressed  coil,  while  the  two  iufluitc  por- 
tions cuinmeuce  iu  such  a  coil ;  if  the  negative  jB*  b  BUck  that 

or  if  a  is  negative  as  veil  m  the  curve  only  connBts  of  the 
portion  vhich  extends  fiom  the  coil  to  infinity.  The  time  may  be 
computed  by  the  three  &rmul8Bi,  which  correspond  to  the  three 
Ibmw  of  (387ib)» 

™  [viifW    a.  +  y/'  ( - 1  i4)  r  «a  [i-    -  «  d)] 

=  ~  V (» it,  «■  ,.•)  tM  [»  if  (»  —  «)] . 

-       (, + ^/(_^_  (,_.) 

the  upper  of  the  double  forms  of  the  first  nioitiljcr  applies  to  the 
case  in  vrhich  12^  is  positive,  and  the  lower  to  that  in  which  S2q  La 
ncj^tive.   This  coae  was  partially  developed  by  Cunkm. 

689.  The  principle  of  §683  may  be  extended  to  §677,  and 
among  the  resulting  curvea^  that  in  which  n  is  2,  deserves  to  be 
noticed  from  its  simplicity,  the  equation  of  tfiis  case  is 

i^r=^8in[i/(y-«)]  =  JLi^Sm[i?(<p-«)V-l]- 

690.  2%e  bw  if  ctiiral  force,  far  tMA  ike  Megraky  invoked  tn 
ike  eguatiom  tf  nuUo»f  cun  be  agnvued  ^  ike  dSftk  form  v&kmt 
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any  spcciul  ilclcnnSiuiiion  of  £2^  awl  p, ,  nxt'/  hi'  reduced  lo  two  gmeral 
forms  of  alyebfuuc  yoltfimnial  bcaidcs  other  fradional  forna. 
The  first  of  these  forms  is 

in  which  m  is  either  %  1,  |,  or  \. 
The  second  form  is 

in  which  m  is  eitlu'r  1  or  2.  In  ench  of  thi*f<c  cases  the  term  which 
id  iiivcrselj  proportional  to  r  must  l>c  omitted. 

691.  Ih  the  firtt  case  o/*  ihe  preceding  teetion,  when  m  is  unity, 
the  equation  (378a)  acc^uires  the  form 

It  is  obvious  from  iuspcction  that  Avhcncver 

'«4  =  *4» 

is  positive  »  portion  of  the  eiirve  extends  to  infinity;  but  when* 
ever  04  is  negative  the  curve  is  of  finite  extents  It  is  also  apparent 
that  whenever 

is  positive,  a  portion  of  the  curve  terminates  in  an  infinitely  com- 

prei«(ed  coil  about  the  origin^  that  no  portion  of  the  curve  can  »]>• 
proiich  tlic  origin  except  through  such  u  coil,  and  that  when  a  is 
negative,  the  curve  does  not  pass  through  the  origin. 
If  oil  the  roots  of  tlic  equation 

«i  »* -J- f*  +  %  f*  + 1^  r  +  a  =  0, 

are  imuginury,  «|  and  a  must  be  po8itiv<^  and  the  eurve  extends 
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continuously  from  the  origin  to  infinity.  If  the  moduli  of  the  roots 
are  k  and  ii,  and  the  urguments  a  and  and  if  the  following 
notatum  is  adopted 

_2iia,--(A»-f /.f)«,  a, 

A*=^  {p—hf-{-i pk  Bin*  I  a, 

JJ«  =    — A)«  +  4  y  A  8in«  4  a , 
Z^I^Cy-M'  +  ^jAirin'la,, 

 .  Ali 

and  if  is  the  value  of  6  when  r  vaniahe%  the  equation  of  the 
curve  Ib 

— jj'cos-tf,  '        (p — y)  cos's,    ^'  «  •  ■        V/  . 

— in^v/(l-"n».ain»do)  3'*(-c««c»0.,fl) 
and  the  expression  of  the  time  is 

AA, «*tao 9t{l  —  r)  /j^-^feofiUafOo _  g  (p  cot' <?»-|-  y)  V  (/>*-{- 9* coi^t ten* g,) 

(?  —  r)mi'  fi,,  { p'  cut  ■'  '/„  +  9') ' 
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The  elliptic  integrals  disappear  when 

whieh  ease  has  already  been  duenned  in  §  686.  They  uImj  dLsap- 
pear  when  the  Imag^aiy  roota  are  equal,  in  which  caae 

ao  that  if 

the  expreaatoiu  for  f  and  i  are 

ii-  log  ^-\/ (-717-^'^^'  d  Ij  'nc^"'^  ''"\v 

When  two  of  the  root.s  of  tlic  erpatlon  (389»)  am  real  and 

two  are  imaginary,  if  both  the  real  roots  are  negative,  a,  and  a 
must  he  positive,  and  the  curve  extends  continuously  from  the 
origin  to  inlinity.  If  one  of  tlie  real  roots,  denoted  by  ri,  is  posi- 
tive, and  the  other,  denoted  by  rj,  is  negative,  and  if  is  positive, 
the  curve  extends  to  in6nity  at  each  extremity,  and  ri  is  its  least 
distance  flrom  the  origin;  but  if  is  negative  the  curve  is  finite, 
terminates  at  each  eztrenity  in  the  origin,  and  is  its  greatest 
distance  from  the  ori^  If  both  the  real  roots  ore  positive  and 
if  at  is  also  positive,  the  curve  oonnsto  of  two  porti<nu^  one  of 
which  extends  to  infinity  at  each  extremity,  and  the  greater  real 
root  is  itjj  least  dif^tancc  from  the  origin,  while  the  other  portion 
is  finite,  terminates  at  each  extremity  in  the  origin,  and  is  its 
greatest  distance  from  the  origin ;  but  if  i.s  negative  the  curve 
conBista  of  a  continuous  portion  of  which  is  the  greatest,  and 
the  least  distance  from  the  origin.  If  A  is  the  modulus  and  a  the 
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arf^timotit  of  one  of  the  iinngiuary  root^  the  following  uotation 
uiiiy  be  adopted. 

r, — — -1  tail  ^4  c*-'-', 
ri  —  /ic-<'-'-^  =  AUmbc->^-'-\ 
r,  — h         =  A  cot  h  ch-''\ 

Ti  cot  it  =  /oot  }y, 
ft  tan  ktz=.itmiy. 

When  Oi  is  positive,  if  6  and  aie  detemuned  by  the  equations 

tani«)coti«=Y/(j^), 


or 


rriny     coa  y  —  cog  0     wn  i    -|-    sin  i    —  j-) 
/■ina     coat  —  cm9     aia^  {jf-j^  t)'iia\{9— t)* 

the  equotion  of  the  curve  is 

 J!-*=:     riiiy  COty  (cosy— COS*  )  '2P,{— 8inV«tt'«,« ) 

and  the  value  of  (/ — t)  is  derived  from  that  of  (9 — a)  by  multi- 
pljring  by  ^  and  interchanging  y  and  «.  It  is  apparent  that  e  is 
obtuse  and  exceeds  and  that  upon  the  finite  portion  of  the 
cur^'e  d  extends  from  fero  to  y^  while  upon  the  infinite  portion, 

it  extends  from  f  to  :r. 

When  a«  is  negative,  if  ^  and  1  are  dctermiued  by  the  equations 

tani*wtj«=y^^=;^), 
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or 


the  equation  of  the  curve  is 

/^«neMn2y(^^-«)V-^.^^p.  y  3^,  4  -i-  (coB  y  -  coe  e)  (coty,^) 

(cos  J-  —  COS  0  COS  )• .  //cot*r  +  >in'A 

'  V  («»** y + 0         V  VoA* 

and  the  valae  of       «)  ia  derived  fWmi  that  of  (9— a)  by  mnlt^ 

plying  by  ^  and  interchan^g  y  and  0. 

The  elliptao  ini^jrab  disappear  when  the  two  real  roofa  are 
eqnaL  In  thu  oaae,  is  positive,  and  the  carve  is  oontinuous  from 
the  origin  to  infinity.  With  the  notation 

J?=i*+JP— 2  r  Acosa  =  (r— Acos«)'+^Bin««, 
JZ; = 4.  ^ — 2  r,  A  COB  a  =s  (ri — A  ooe  a  ]r + am"  a , 

the  equation  of  the  curve  ia 

Mt  —  «)  V    _  1  Tant-«I  •  Thrf~^  tf— *ew  «  Cr  +  r,)  +  r  r, 

2pi  A  Jt         Ml  £  £1  * 

and  the  ezpresMon  of  the  time  is  given  by  the  equation 

(<_T)         =  Sin'-*'  1^^- ^t.„;.*-Aco.yr^+r.)  +  rr.^ 

When  a^  vaniahei^  if  ri  is  the  real  root  of  the  equation  (380^)* 
the  curve  consists  of  a  single  portion  which  extends  from  the 

origin  to  infinity  when  ra  b  negative,  in  which  case  4|  is  positive. 
But  if  r,  and  «r,  are  both  pontive,  the  portion  extends  to  infinity, 

and  is  its  least  distance  from  the  origin ;  if  r,  is  positive  while 
ffa  is  negative,  each  extremity  of  the  curve  terminatoa  in  tbe  origin, 
and  ri  i»  its  greatest  distance  from  the  origin. 

50 
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When  «8  is  positive,  if  and  t  are  determined  by  the  equations 
the  equation  of  the  eurye  is 

and  the  ea^reauon  for  the  time  is 

—  t)  a,  =  H- i?)  3^. ») — 2  J?  J  +  2  2?  tan  i  »3  v' (1  —  sin- 1  aiu- il) . 
When  9t  is  negative  if  6  and  t  aie  determined  'by  the  equations 

tanMd  =  ^, 
the  equation  of  the  curve  is 

('•i  +  27r     I  TS^ ' 

and  the  expremon  for  the  time  is 

When  all  the  root<  of  the  equatioa  (380.^,)  are  real,  if,  beginning 
■with  the  greatest,  ihe^-  are  arranged  in  the  order  of  algebraic 
magnitude,  they  may  be  denoted  by  r,,  i  j,  and  Jf  they  are 
all  negative,  the  curve  consists  of  a  single  portion  vhidi  extends 
from  the  origin  to  infinity.  But  if  fi  is  the  only  positive  root^  the 


Digitized  by  Google 


—  396  — 


curve  consists  of  a  Minj^le  branch,  which  extends  by  the  same  law 
am  that  expressed  in  (oDLjo)-  If  ''i  ^"(1  fi  potsitive,  while  the 
other  two  roota  are  negative,  the  curve  consisto  of  one  or  two  p«n<* 
tiona^  according  to  the  mme  principles  which  distinguish  the  forms 
of  (391h).  If  ri  is  the  onlj  negative  not,  and  if  is  pomtive, 
the  curve  consists  of  two  portiom^  one  of  which  extends  to  in- 
finity, luid  ri  is  its  least  distance  from  the  ori^n,  while  the  other 
portion  is  finite  and  limited  by  the  circumferences  described  about 
the  orijrin  as  centre,  witli  r-j  and  iv*  ra«lii ;  but  if  is  nej^itive, 
one  portion  ttTuiinutes,  ut  each  extremity,  in  the  origin,  and  r-j  is 
its  gri-atcst  rmliiis  veetur,  while  the  other  portion  i.s  eontuined  l)e- 
twceu  the  limiting  circumferences  of  which  rj  and  are  the  rudiL 
If  sH  the  roots  are  positive  and  if  is  also  positive,  the  curve 
consists  of  three  portions^  one  of  wluch  extends  to  infinity  and  ri 
is  its  least  distance  fh>m  the  origin,  a  second  ^rtion  is  limited  by. 
the  circumferences  of  which  rt  and  r«  are  the  mdii,  and  the  third 
portion  passes  through  the  origin  at  each  extrenuty,  and  is  its 
greatest  radius  vector;  if  k  negative,  the  curve  consists  of  two 
portiODSi,  one  of  vlnrh  is  limited  by  the  circumferences  of  which  r, 
and  are  the  radii,  and  the  other  by  the  curcumferences  of  which 
rj  and     are  the  radii. 

When     is  po?iiive,  the  following  not^itioa  may  be  adopted. 

r^>— ra^^l  tan  j  e  tan  i  ij, 
fi— ii= j4  cot  i  f  tan  i  iji, 
rg — r^^iAttin  i  e  cot  I  ij, 
ft— r4  =  A  cot  I  <  cot  i 


which  give 


taii»*«  =  ^. 
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For  the  portion  of  the  curve,  whieh  is  contained  between  the  tAr- 
oumferencei  of  which  i%  and    are  the  radii,  the  notation 

rsainlijs/rin  |k, 
rsCoeii}  =  /ooB|x, 

gives 

r  sin  J  (5,     x)  -f-  sin    (r„  —  x)  pin  9 

The  equation  of  the  curve  is,  then, 
St^itMi  — •to*te-.ii)*'*''-rBi»j(,ft-»),toi(,,+«)-^l  ■i.«fc(ft+»)'*'J 

gin  l(r;  —  x)    (sin  ly,  coeec  x)    j^jjt— IJ  V  ( ^  —  cw'  i  tan*  9) 


and  the  ttqMManotr  for  the  time  may  be  obtained  from  this  -raluo 
of  (9 — a)  by  Interchanging  x  and  ij  and  mnltipljing  by 

The  nature  of  t}ie  motion  through  the  gpncc  exterior  to  the 
tircumference  of  whidk  ri  is  rndlu?,  and  within  the  circumference 

of  which  is  radius,  may  be  ilerivod  from  oquation3  (;WG5_is)  by 
chniiLMTuj  to  r,  and  to  and  augmenting  each  of  tlie  angles 
tj  and  X  by  the  magnitude  tx. 

When     18  negative,  the  fullowing  nutation  may  be  adopted, 

;"i  —  ?g—  A  tan  j  t  tan  J  r;, 
—    =  yl  tan  i  (  cut  i  , 
rj  —  r4  =  A  cot  i  t  tun  i  i^j, 
ri — ra=ileot  |«  cotii^i, 

t'ssiff  — is. 

The  nature  of  the  motion  between  the  circunilereuces  of  which 
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and  are  the  radii  may,  then,  be  expressed  by  the  equations 
(3905_u),  provided  tbnt  in  clianged  lu  and  to  and  the 
rign  of  Oi  is  rsrened.  The  ehaneter  of  the  motion  between  the 
cireumfereneei  of  vhidi  ri  end  are  the  ndii,  may  be  expreoaed 
by  the  same  equations  with  the  change  of  ri  to  r,,  and  of  to  1*4, 
the  reversal  of  the  sign  of  Oo  and  the  inersase  of  each  of  the 
angles  ij  and  x  by  n. 

The  elliptic  integrals  disappear  when  two  of  the  roots  are 
equal ;  in  this  case,  if  r-^  denotes  one  of  the  ccjunl  roots,  and  if  A"  is 
the  <|uotieiit  of  the  division  of  the  first  number  of  (389»)  by 
(r — ri  f  so  that  the  form  of  11*  is 

the  notation  nay  be  adopted 

ht-^2i,r=  2£\(— A,  ^)=— 2Jt  A  Tan(d|^At)i 

—2^2^'=  -  - 1  ''^  V - 1)  =  Tan  iL\  6,) ; 

the  equation  of  the  curve  is 

and  the  ezpremon  of  the  time  is 

When  04  vuuiishcK,  if  (/«  is  positive,  the  notation  umy  be  adopted 

r,  —  ff=IPtmr^it, 

Ti  —  r8=     cot^  ie, 
Tj  cos*  it  =  !  cos-  j  X , 
Tjsin'  ie  =  /8in''  ix, 
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and  for  the  portion  of  the  curve  contained  between  the  circum* 
ferenoM  of  wliich  r,  and  r,  are  the  fmU^ 

tan«         id)  =  tan>  is 

The  equation  of  this  portion  of  the  curve  then, 
ilf:^- ^ '-IS  3, t'  +  (l  -  M-^^. 

I  cosx  —  ca<e        .  //   1 -f- COS*  i  tan*  *  \ 

and  tlu>  e X press iu  11  of  the  time  is  obtained  from  tliis  value  of 
(y — « )  l)y  iiiterchiUiginy  t  and  x  and  multiplying  I'V^'. 

I'jxfu  the  portion  of  the  curve  exterior  to  the  circumference, 
of  which  ri  \a  radiuii,  the  notation 

r- r, = J*  tan«  (1»  -  W)  =  i^SJl  IP, 

givca  for  the  equation  of  the  curve 

g.g  2  7?'  r_/i:^/'Y  ,1 

and  for  the  expression  of  the  time 

4-  2  /?•  Tan'-"  y  ( 1  +  ca? i  tan*  «). 

If  <^  is  negative,  the  notatioD  may  be  adopted 

Tx — r%  =     tanP  |e, 
—  rg  =  JS*  cot'  ic ; 
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which,  combined  with  that  obtained  from  (397i;_ai)  by  changing 
r,  into  rt  and  into  ri,  gives  (398;)  for  the  equation  of  the  por- 
tion of  the  curve  oontained  between  tiie  circutnferenoes  of  which 
1^  and  rt  are  the  ndii,  while  the  espremon  of  the  time  is  derived 
by  the  piooeaB  of  (808|s).  But  with  the  notation  obtained  from 
(898|t)  by  changing  ri  into  r,  and  revening  the  sign  of  S^,  the 
equations  (398]a)  and  (398^)  become  the  equation  uf  the  curve 
'  and  the  expression  of  the  time,  upon  the  portion  which  is  con- 
tained within  the  circumftToiice  of  wliich  rg  is  the  nulius. 

The  form  of  the  central  force  whicli  corresponds  to  the  dis- 
cussion of  this  section  is 

692.   If  m  is  2  in  the  first  class  of  §  690,  the  expression  of 
the  central  force  is 

and  the  forms  of  the  equation  of  the  curve  are  obtained  from 
those  of  §  091  by  chanji;ing  r  into  r*,  and  —  a)  into  2  (y  —  a). 
But  the  expressions  of  the  time  require,  moreover,  the  substitution 
for  (oUOjg)  of 

for  (391u)  of 

<— c=t/C       ^""^       ^tan'-"        '".'^  +  "1 
Ibr  (392a)  of 

for  (393,)  of 

— t)v— «4=l3fi«3, 


—  400  — 

for  (393,K,)  of 

for  (394u)  of 
for  (d94s)  of 

(/_r)v'-fl,=  i3,fl, 
for  (396»)  with  the  form  of  (396.)  of 

(/ _  v)  V  ffi  =  I  COB  /  9f  a, 

for  (397»)  of 
for  (397»)  of 

for  (398y)  ftud  ol 

and  for  (399,^)  of 

—  t)   —  <^  =  i  COB  >    4 . 

693.  In  the  special  case  of  1 6^,  in  whidi  F  fa  reduced  to  its 
first  term,  ao  ikat 

two  of  the  roots  of  (38Qy»)  are  real  and  two  are  nnnguiarjr,  so  that 
the  only  portion  of  §  691,  which  is  i^plicable  to  this  case,  fa  from- 

(SOlis)  to  (303j,).  In  this  case,  moreover,  0110  of  the  real  roots  U 
positive  and  the  other  b  negative  if  ^4  i»»  positive,  so  that  the  curve 
extc'tKls  to  infinity;  hut  if  i»  nrgutivo.  both  of  the  real  root.-*  must 
be  positive,  so  that  the  circumferences  wliich  correspond  to  these 
root^  are  the  limits  of  the  curve,  aud  Xi^  negative  and  satisfies  the 
condition 
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004.  In  the  special  case  of  §092,  in  which  is  reduced  to 
its  sccund  ten»,  tK>  that 


tiie  equstioii  (S89b)  hu  no  ima^iiuy  TOOts  of  H  when 


When  Ig  U  p«Mitive»  there  u  onlj  one  real  roof,  so  that  the 
curve  extends  to  infinity  fipom  the  cireamference,  vbidi  is  defined 
by  this  root.  When  is  negative,  all  the  roots  must  be  real,  and 
the  two  roots,  which  are  poutiv^  define  the  cireuniferenoes  which 
limit  the  extent  of  tlie  curve. 

CO 5.  If  m  in  j  in  the  first  ck»  of  §  690,  the  expression  of 
the  central  force  is 


and  tlie  forms  of  the  equation  of  the  curve  are  obtained  from 
those  of  §091  by  changing  r  into  r*,  and  y-~>a  into  i(y — a). 
But  the  formnhn  for  the  time  are  more  complicated,  although 
they  are  stUl  reducible  to  dliptic  integialfl.  indeed. 


696.  In  the  spedal  case  of  §695,  in  which  F  is  reduced  to 
its  fiist  tenOf  so  that 


the  conditions  of  the  form  of  the  curve  are  the  same  with  those 


51 
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expressed  in  (400„3_-„),  but  iDstead  of  (40U„),  the  liiuitatiou  of 
12q  when     ia  negative  is 

697.  In  the  tpeeial  case  of  §696^  is  which  F  i»  reduced  to 
its  second  tenn,  w  that 

the  equation  (389a)  ^  bo  iniaginary  rootB  of  y'  r*,  when 

In  the  special  cuse,  iu  which  F  i,s  reduced  to  lU  third  tcrui,  so  that 

the  eqmUon  (38$^)  has  no  imaginary  roots,  ytbiea 

64/4  <-|. 

In  each  of  the!*e  coiies,  when  iip  is  negative,  there  is  only 
one  real  poritive  raot^  so  that  the  curve  extends  to  inBnity  fitom 
the  ciroumference  which  is  defined  by  this  root  When  X2o  is 
positive  all  the  roots  must  be  real,  and  the  two  roots^  which  are 
pontive,  define  the  drcumferences^  which  limit  the  extrat  of  the 
curve. 

G!iS.  If  m  i.i  i  ia  the  first  daas  of  §  090,  the  expression  of  the 
central  force 

and  the  fimns  of  the  equation  of  tlie  curve  «e  obtained  from  those 
of  §  691  by  changing  r  into  ^ r  and  (tp^a)  into  kQp — a)*   But  if 


Digitized  by  Google 


—  403  — 


the  exprewion  of  the  time  anumes  the  form 


699.  Tn  the  special  case  of  §698^  in  which  F  ia  reduced  to 
its  first  term,  w>  that 

and  in  that,  in  wludi  it  ia  reduced  to  its  third  term,  to  that 

two  of  the  roots  of  (389b)  Are  real  fot  ^r,  and  two  are  imaginaiy} 
so  that  the  only  portion  of  §  691,  which  is  applicable  to  this  case, 
is  from  (391],)  to  (393s,).   In  this  case,  moreover,  one  of  the  real 

roots  i(j  positive  nnd  tlio  otiicr  is  noirative  if  Xi,,  is  negative,  w  that 
tlic  curve  extends  to  iiifiiiitv  ;  but  it'ii,,  is  positive,  ])oth  of  the  re.il 
roots  must  be  positive,  so  that  tlie  circuiiirerrnrcs,  whirh  coiri'spond 
to  thc8C  roots,  arc  the  liuiita  of  the  curve,  and  in  the  former  of 
ihese  cases  ht  is  negative  and 

while  in  the  latter  cose  it  is  negative  and 

700.  In  the  secoiul  thiss  of  §090,  wlien  m  in  unity,  the  cquor 
lion  (378]})  of  the  curve  atssumes  the  form 


r  2/'? 


SO  that  it  can  always  be  obtained  from  the  expressions  of  (/  —  t) 
in  §  092,  by  multiplyiuij  either  of  those  expressions  by  4 .  When, 
in  thiij  chum,  the  curve  terminales  in  the  ori<jin,  it  docs  not  usually 
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pftss  through  the  coudetiBed  coil  of  §691.    The  fonuuhi  lur  the 

f  !f  

The  form  of  the  force,  which  corresponds  to  this  case,  is 

701.  In  the  special  case  of  §700,  iu  whidi  i>>  reduced  to  its 
third  term,  »o  that 


one  of  the  roota  of  (38^)  is  sero,  and  the  conditioii  that  all  the 
roots  are  real  is 



When  S2q  ia  negative,  il"  is  positive,  the  curve  extends  to 
infiaity,  in  the  ^ooe  exteiior  to  the  cireamfMrenoe  of  whieh  the 
podtive  root  of  (SSfi^)  is  the  radius ;  but  if  ii  is  negative,  the 
curve  «tends  from  the  origin  to  infinity,  if  two  of  the  roots  are 
imaginary,  but  if  all  the  roots  are  real,  one  portion  is  exterior  to 
the  circumference  of  which  the  greater  positive  root  is  radius  and 
extends  to  infinity,  while  the  other  portion  is  contained  within 
the  circumference  of  ^vhich  the  smaller  positive  rout  in  the  radius, 
and  (his  portion  pas.ses  ihroii^di  llie  ori^nu.  Wiieii  /J^  i-^  pw-itive,  bi 
is  negative,  and  the  curve  passes  tiirough  the  origin,  and  i«  con- 
tained within  the  eireumferodKie  of  which  the  poritive  root  of 
(389a)  is  the  radiuk  This  case  of  force  has  been  anail^faed  by 

SrADBL 

702.  In  the  spMial  case  of  §  700,  in  which  J*  is  reduced  to 
its  last  term,  so  that 
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all  the  roots  of  (SSOjj,)  arc  iinaj^finnry  when  Sl^  and  b  arc  both 
positive.  When  iig  is  positive,  therelbre,  4  nuist  bo  neu^itive  and 
the  curve  in  contained  within  the  circuuiferenco  uf  whicli  the  pos- 
itive root  of  (989s)  v  the  radius.  When  X2«  is  negative,  if  I  ie 
pontive  the  curve  extends  to  infinity  in  the  spsce  exterior  to  the 
ciromnferenoe  of  whidi  the  poutive  root  is  ndius;  hut  if  i  is 
native,  the  curve  coonsts  of  two  portionfi^  one  of  which  extends 
to  infinity  in  the  Bpacc  exterior  to  the  circumference  of  which  the 
greater  real  root  is  radius,  while  the  otlier  portion  pusses  through 
the  oriirin  and  is  contained  within  tlie  circumference  of  which  the 
smaller  rout  is  radius;  or  it  extends  from  the  origin  to  infinity. 

703.  When  m  is  2  in  the  second  class  of  §  COO,  the  tonu  of 
the  force  is 

jP=  «4  r -f  J,  r-»-f  J,  r-»-f- *  r-% 

and  the  equation  of  the  curve  can  be  obtained  in  each  case  from 
that  of  §092,  by  multiplying  {t  —  %)  by  2^i,  and  changing  i  —  % 
into  if  —  «,  ttud  r  into  r*. 
If 

the  formula  for  the  time  is 

704.  In  the  qiecial  case  of 


thm  are  two  imojpnary  roots  of  r'  when 

i-^     64  pf* 

When  11^  is  negative,  if  4  is  positive  the  curve  extends  to 
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infinity  iu  the  space  exterior  to  the  circumference  of  which  the 
real  root  of  (SSO^)  is  the  radius ;  but  if  i  is  negative,  and  if  all 
the  roofs  of  (389s)  Are  alw  real  and  two  of  them  positive,  the 
onrve  consista  of  two  porttonsi  one  of  which  extends  to  infinity  in 
the  vgace  eitnior  to  the  eireumforence  of  which  the  greater  posi- 
tive root  is  radius,  while  the  other  portion  passes  through  the 
origin  and  \^  contMined  within  the  circumference  of  which  the 
Binnllcr  positive  root  is  radiuf  ;  but  if  neither  of  the  roots  is  positive 
when  A  and  12^  are  both  nej.Mtivp,  the  curve  consist-n  oC  a  sin^^le 
portion  which  cxtcudtt  from  the  origin  to  inGnity.  When  ii^  in 
positivei  i  must  he  negative  and  the  curve  oonasts  of  a  sngle 
portion  which  peases  through  the  origin  and  is  contained  within 
the  circumference  of  wliich  the  ponUve  root  is  radius.  This  law 
of  force  has  been  analysed  by  Stadbb. 

706.  Another  class  of  central  for(»,  in  which  the  integration 
can  be  performed  by  elliptic  integrals^  corresponds  to  the  form  of 
the  potential 

n  —  *«'•'•'-}- A. '^"+^^"+ * 
in  wliiob  m  may  be  dthw  1  or  2.      in  these  forms 

if*  =  a<  2* -|- a,  2»  4- «2  ^  +  "i -|- " 

=  (2  *4  r*- +  2  A3     +  2  ^2 /^"^ -I- 2    r -f  2 

the  equation  of  the  curve  assumes  the  form 

and  the  expretwion  of  the  time  is 

«(/-c)=jC<i±^' 
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TOG.  Tlie  following  ffrupliic  constrnction  gives  an  easy  gco- 
Tnetriciil  procesf?  for  tracinij;  the  various  cum-s  of  liiiiitufion  of  the 
extent  of  the  path  described  uiuler  the  nctiun  of  a  central  force, 
and  especially  for  finding  by  inspection  the  effect  df  the  yalues 
of     and  pi  upon  the  limits  of  the  curve.  If 


construct  the  curve  of  which  the  equation  is 

which  maj  be  called  ike  peieKHal  mve,  draw  the  atraight  line  of 
which  the  equation  ia 

and  the  points  of  intoMedaon  of  the  strai^t  line  with  the  potential 
curve  i^ve  the  values  of  «  for  the  limits  of  the  path  of  the  body. 
The  path  corresponds  to  those  portions  of  the  potential  curve 
wluch  lie  upon  that  side  of  the  straight  line,  which  ia  positive  with 

respect  to  the  direction  of  f lie  axis  of  f/. 

707.  A  term  of  S2  may  be  omitted  in  the  preceding  eonstruO' 
tion  which  is  inversely  proportional  to  the  square  of  the  radius 
vector,  and  it*i  negative  may  be  combined  with  that  term  of  the 
equation  of  the  Htruight  line  which  determines  its  direction.  The 
omitted  term  corresponds  to  a  term  of  the  force  which  ia  inversely 
proportional  to  the  cube  of  the  radius  vector,  and  which  may  be 
represented  by  (383it)  ;  and  the  corresponding  equation  of  the 
straight  line  is 

y=(2/4-|-*)»  +  12,. 

708.  It  i»  evident  from  the  preceding  construction,  that  1/  the 
fotmlul  cam  ilat  no  point  of  mitrary  Jlexwe,  and  if  U»  eommlg  it  humd 
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in  (he  direction  of  the  jxmtive  axis  of  y,^  the  path  of  the  hody  ca»  oti^ 
or  U  nuf^  htue  H^lhet  or  Mh.  This  case  indndaaU  forces  of  tbA  form 

in  whxsk  hi  and  m  4*  ^  have  {be  aame  ago. 
But     the  poleuUal  atrte  ku  no  point  ef  eontraty  fkmre,  md  ^  & 

wnvex&jf  it  tmrmd  in  the  cUreetion  of  the  urgttlive  <ixif  of  y,  ikt  path 
the  bodff  may  eonsid  of  a  mngk  portum  tolueh  has  eHher  oA  Mtf«r  or  M 
inner  limit,  or  it  ma>/  have  neither,  or  it  may  conmt  of  tico  srparale  por- 
iioit,s  of  irfiirh  one  hu-s  only  an  outer  ami  the  other  only  an  inner  limit.  This 
Cix.se  indudi  s  all  forces  of  Uie  fonn  (408^),  in  which  ^^oud  >«-|-3 
have  diflcrent  signs. 

709.  Those  portions  of  the  potential  curve,  in  which  y  and  x 
dmultaneoiialy  increase^  correspond  to  the  distances  from  the  centre 
of  action,  at  which  the  force  is  attractive  so  that  the  convexity  of 
the  path  of  the  body  is  turned  away  from  the  origin.  Hie  portions 
of  the  potential  curve,  in  which  //  decreasc8  witli  the  increa.<«c  of  x, 
correspond  to  the  distances  from  the  centre  of  action,  at  which  the 
force  is  repulsive,  so  that  the  convexity  of  the  path  of  the  body  is 
tunied  towards  the  ori<:iii.  Any  point,  therefore,  at  which  the 
potential  curve  is  parallel  to  the  axis  ol':r,  and  the  ordinate  is  either 
a  maximum  or  a  minimum,  corresponds  to  a  distance  from  the 
origin,  at  which  the  central  force  changes  from  attraction  to  repul- 
sion, and  the  path  of  the  body  has  a  point  of  contrary  flexure. 

710.  If  for  an  infiniterimal  value  of  r  denoted  by  12  assumes 
the  form 

the  path  of  the  body  cannot  pass  through  the  origin  if  n-^-l  is 
positive  or  if  it  is  negative  except  in  the  former  cas^  when  ji^  vaik- 
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i»hvi*  luid  II  is  positive  while  i2o  '■'^  negjitive,  or  «  h  nogntive  while 
i  is  positive;  but  if  /•  is  positive  and  n-\-2  negative,  the  external 
portion  of  the  passes  through  the  origin,  and  after  poastng 
through  the  drigin,  the  continuity  of  curvature  is  destrojed  and  the 
path  becomes  a  straight  line. 

711.  If  for  an  infinite  value  of  r,  denoted  by  the  reciprocal 
of  ^  Si  assumes  the  form  (408^),  the  path  of  the  body  cannot  extend 
to  infinity  when  n  and  k  are  both  negative^  or  when  n  and  Si^  are 
both  positive,  or  when  it  vanishes  and 

but  the  external  pwtion  of  the  path  extends  to  infinity  when  n  is 
native  and  i  positive,  or  when  n  is  postive  and  J2o  ne^^tiv^  or 
when  a  vanishes  and 

712.  If  a  line  is  drawn  parallel  to  the  axis  of  x  at  the  dia- 
tame  11^  from  this  axis,  und  assumed  an  a  new  axis  of  Xu  and  if 

and  are  the  corresponding  ordinates,  respectively,  of  the 
straight  line  (407i4)  ^'^^  potential  curve,  the  value  of  the 

angle,  which  the  path  of  the  body  makes  with  the  radios  vector, 
is  given  by  the  equation 

sin:=»/*=?^^, 

V  y*  'J' 

which  admits  of  simplo  froomctrirnl  cun-t  i  action.  If  z.,  denotes  the 
subtangent  ol  tlie  puteiiilal  cia  vc  upon  the  axis  of  tlie  [irojection 
of  tlie  radius  of  curvature  of  the  path  of  the  body  upon  its  radius 
vector  is 

98in;  =  -f, 

whicli  is  constructed  without  difficulty.  By  the  combination  of 
these  two  con.structions,  the  path  of  the  bo<ly  may  be  obtained  with 
sufficient  exoctoeas  for  most  purposes  of  general  discussion. 

d2 
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713.  When  the  origin  is  infinitely  remote  from  the  body, 
the  forces  ^  §  G7G  <u-e  jtaraUely  and  (he  phme  of  motion  is  paraUei  to  tlte 
dinelim  tf  aeMEi%aiid  the  equation  (378^)  gives,  if  the  axuof  vie 
lappond  to  have  the  same  direction  with  the  force, 

«ili5=— jar;=— 2cot.A., 
of  which  the  integral  ib 

in  wliich  a  is  an  arbitrary  conslant,  which  is  always  positive,  and 
this  in  the  eqvation  of  tlie  pdJi  of  the  botfy  referred  to  the  iotne  coiirdi- 
luttes  irifh  t/ione  of  §  571. 

714.  Ja  tlte  case  of  a  comiuiU  force^  the  preceding  equation 
aanunei  the  forma 

 9a 

80  that,  in  this  case,  the  path  is  a  jyarahohi. 

715.  The  velocity  in  the  direction  of  the  axis  of  « is 

van;  =  sin  ?  v'(2i2— 2  i2,)  =  V  (2  a), 
80  that  ikk  vthdtfi  is  eoiuUaul,  and 

«-ai  =  V(2a)(<-T). 

The  equation  of  the  curve,  expreaeed  in  rectangular  coordi- 
nates, is 
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716.  If  a  potential  curve  is  constructed  by  the  equation 
(407io),in  which  //  maybe  changed  into  r,  and  S2  retained  as  a 
fuuction  of  z,  the  Uiuita  of  the  path  of  the  body  are  defined  by 
the  intenectton  of  the  potential  curve  with  a  line  drawn  parallel 
to  the  KOB  of  «  at  the  distance  {SI^  -\-  a)  from  this  asia.  The  pur- 
tiona  of  the  potential  ciirro  which  correspond  to  the  path,  lie  in 
a  positive  direction  irom  the  iq.tenecting  line. 

717.  If  the  force  of  1 713  haa  the  Ibrm 

the  equaf  lon  of  tlie  path  ia 

4,«-f-4= V(4^4- 2  4iX^-t- 24,a)  «n  [(*,-«)y/(-i^J 

=  V  (^'^  +  2    i2„+  2 a)  Cos  [( .r     r,,,)  y/  A] 

=  ^r_(«^+*»Xi,-|-2|M)  Sin[(ai,-*)y/iy. 

718.  If  the  force  of  §  713  has  such  a  form,  that 

the  notation 

gives^  for  the  equation  of  the  path. 


(x„-x)v^(|j,  +  a)-V(P4.2£.g-«0 
—  auA  111  f 


which  is  easily  tninsrormcd  into  the  format  which  are  appropriate 
when  the  radicals  become  imaginary. 

719.   In  Uie  cane  of  a  mir/ace  of  revoitUion,  and  a  force  teMcA  is 


—  412  — 


dirccUd  lo  a  jmuU  upon  the  axu  <^  revoltUioHf  the  notation  of  §  570 
giveH 

80  thftt  the  dmadmf  area  daer&ed  If  the  prqftdion  tf  the  radaa 
ttdor  tjNM  ttn  pbne  ^  x  y  w  etmdaaU  • 
720.  The  notation  of  1 678  gives 


— V       2u'(«>  — «fo)— ^»  * 


and,  in  the  case  of  parallel  forces 


721.  Upon  the  surface  of  revolution  which  is  defined  by  the 
equation 

99  — By 

the  jiath  of  the  mukcs  a  constant  angle  with  Ui£  meriduiu  curve.  In 
the  case  of 

the  path  is  perpendicular  to  the  meridian,  and  is  a  drt^  ^  imUcA  Uht 

ptane  is  horizonhd. 

Whatever  is  the  vulue  of  B ,  for  the  point  at  which  v  vanishca  » 
is  infinite,  while  r  is  iuiinite  when  «  vanishes. 

Ujton  any  fiXker  mface  «f  rawfti^lww  .fAmd  the  soms  om,  1h$ 
cfturfKNi     the  path      tie  ioe^  to  the  meridim  ore  «  ike  erne 
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ihe  correftpondinf/  inclination  vpon  the  mr/ace  of  eqtiation  (4 12,1)  at  the 
coiiiJiiiiii  ci/r/t'  of  iidcrsedioH  of  (Iu:i<c  tiro  surfaces,  llenre  (he  Unuli  rf 
ihe  jKilh  uiHiii  tiw  given  mrface  of  rtfvolutim  are  iia  iidcraecliona  iciih  the 
surface  of  egiiation 

and  the  path  extends  mrr  (hut  portion  rf  ff,,'  (fivcn  surface,  mAmA  M  ex- 
terior to  this  surface  l/>/  which  ihe  limils  arc  defined. 

722.  la  the  case  of  »  heavy  body  the  equation  (412^)  be- 
comca 


723.  i»  ihe  eaie  a  keain/  body  upon  a  vertical  rigid  cone,  if 
ihe  hify  nmte  tr/mi  the  vmtUd  jxirt  of  ike  eem,  One  paik  kat  m 
upper  and  a  bteer  Unat;  hd  (f  U  movee  tipon  ike  pari,  vfkiek  is  hebte 
ike  vertex,  ike  paik  iae  m  Mpper  Umdfrem  wlwA  U  extends  dowawmrde 
io  tt^/imif.  In  this  caae,  if  the  notation  of  (S41]s)  and  (341]»)  is 
adopted,  if  two  of  the  roots  of  the  jeqaation 

A* 

'*(»•  — 'o)  =  8,dn..cq««» 

MPS  iiiiagin«yy  which  cOTresponcb  to 

if  h  is  the  modulus  and  (i  the  argument  of  one  of  the  imaginary 
roots,  and  if    is  the  real  root,  the  notation 

r,— 


—  414  — 

gives  for  the  equation  of  the  path  upou  the  developed  cone 
Bm*«  (r,— 2.'^)  -i—J  ^/    cos  a)  =  32, 9  — ^    (  ff  j 

and  the  pofliUon  of  the  body  at  any  instant  is  defined  by  the 
equation 

+  2  iJ*  ton  i  f  V  (1 — *  Mi^'f)- 

If  all  the  ruuU  of  (413ge)  are  real,  and  denoted 'in  the  order  of 
decreasing  magnitude  by  ri,  r^,  and  f^,  and  if 

i=2,^H-l7r, 
r — = /J*  tan*  ( i  A  —  1 9>), 

the  equation  of  tiie  path  upon  the  lower  poiHon  of  the  devel- 
oped eono  is 

— 3o5n — C^— ;f=ii-^*l~feq:s*/'''J 

and  the  podtion  of  the  boc^  at  any  instant  is  defined  by  the 
equation 

(<— t)  cost  v' (2^  cosa)=  (j  +  i?)co«?»^<y  —  2  J5  8^9 
+  (j+^siny)  V(l  4- coi?«  tan«9)l 
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The  equation  of  Uie  path  of  the  body  ujion  the  upper  portion 
of  the  cone  is  d^«eniined  by  tihe  oombination  of  dw  eqtMtloDs 
(414u_u)  with 

.     .      r.  —  r  —  n* 

8myfiin«=---^^-„ 
 —     = — 9 — JfZy.  ^.  I—  {^^*)  »  V J 

and  the  porition  of  the  body  at  any  iiutaiit  is  defined  by  the 
equation 

(t-^x)  ooetV(2y  eoe«) =— (^+^)  ooi^«  ^.7 

The.  path  of  the  body  upon  the  upper  portion  of  the  cone 
niay  be  exprcased  in  a  somewhat  more  rimple  form  by  the  equations 

•  •  •    '■f — 
ea?t=~ — =, 
n— V 

Bin  «  V  {2g  ooBa){C-6,  =  :r. 

and  the  ooireflpooding  formuk  for  the  pontion  of  the  body  at  any 
instant  ia 

In  the  Bpooiiil  case,  in  wliich  the  rootd  ami  arc  equal, 
the  path  upon  the  upper  portion  is  u  horizontal  circle,  and  the 
eqoation  of  the  path  npon  the  lower  portion  is 

4(fl_fl,)=:tan'-y(-i-t)-V3  tan'-y  (-l-^T), 


—  416  — 

whfle  the  position  of  the  point  at  any  instant  is  dciiaed  by  the 
equation 

V(2,co8o)(/-t:)  =  2V(r  +  ir,)4.|V(-'-.)tan'-»V(-i~^- 

724.  JSt  ike  com  ^  a  heavy  body  upon  flb  mtr/ace  of  a  verHeai 
panMaid  rrnvbHemt  tf  mUbA  Uhs  axis  w  dineM  ^ommardi,  tit 
pdtk  km  m  igiper  lu»Uf  from  wAmA  U  jwoeeeds  domuportb  io  in/SnSlif. 
If  (330^)  is  tlie  equatkm  of  the  pantholoid,  and  if  ^  and  —  f  are 
the  roots  of  the  equatioii 

the  path  of  the  body  when 

is  defined  hj  the  equations 

«—«i  =  («i+J»)  *"»'?» 

and  the  porition  of  the  body  at  any  instant  is  given  by  the  equation 
But  triien 

P>9* 

the  path  is  defined  by  the  equations 
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and  the  possition  of  the  body  at  any  instant  is  given  by  the  equation 


lu  the  especial  case  of 

the  path  of  the  body  is  the  parubohi,  whicli  is  formed  by  the  inter- 
section of  the  paraboloid  with  the  vertical  plane,  of  irfiieh 
equation  is 

and  the  position  of  the  body  at  any  instant  is  defined  by  the 
eqoation 


tanjj. 


72S.  Jm  Hie  eate  ^  a  hetajf  iotfy  vpon  £fe  mfaeg  «f  a  vertkei 

fHirah'fhiiil,  of  tr/ilrh  tlic  axis  m  iltiwctal  upintnl,  the  jMith  hut  an  upper 
aad  a  lower  liiiiif.  If  />  is  negative,  (ooG.j^)  ia  the  ccniation  of  this 
paralK)li)ul,  and  if  — and  — z.,  are  the  roots  of  llie  equation 
(41('>„),  they  correspond  tu  the  limits  of  the  path.  The  path  of 
the  body  ia  duBnud  by  the  formubu 

«= — «iCoiPy — i^rin'y, 
(*■  —P)  «n'  »■ = «k — «i, 

and  the  time  ij*  given  by  the  etjuation 

53 
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THE  BPBBRICAIi  FXITPPLim. 

726.  When  the  surface  upon  which  the  body  moves  is  that 
of  a  aphere^  the  problem  becomes  that  of  fhe  ipAaiaU  peaebtbna.  In 
this  case,  the  path  has  an  upper  and  a  lower  limit.   If  the  centre 

of  the  s[)Iiero  is  the  origin,  if  I!  ix  the  mdius  of  the  sphere  the 
limits  of  the  path  correspond  to  the  roots  of  the  equation 

2^(iP—iF)(s— Si)  — il«=0. 

If  the  roots  of  this  equation  are  ^j,  ami  — -p,  and  if  ibe  notii* 
tiun  is  adopted 

s  =  Zi  CO.S-    -\-     sin'*  If' , 
(;»-J-«,)8in»i  = 

the  path  is  defined  by  the  fi>nnu1a 

and  the  time  by  the  formula 

727.  From  the  equation  (418io),  it  is  easily  inferred  that 

»i^H--fi'=j»(*i+»i)» 

that  the  sura  ol'     aiici  z%  is  always  positive,  uinl  that  />  t  xeeeds  Ji. 

728.  It  is  apparent  firom  the  inspection  of  (4I82,)  that,  if  the 
mutuid  ratios  of  i?|  and  the  roots  of  (418n)  ore  unchanged,  the 
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time  of  oscillation  of  the  penduium  u  proportiowd  to  the  square  root  of 
its  length. 

729.  If  the  leugth  of  the  petidtiluiu  and  the  sum  of  and  p 
are  g^ven,  it  u  evident  firom  (^ISji)  that  the  time  of  osdUation 
mcreases  with  the  inoreaae  of  i,  end  is  a  mtmmum  when  i  vaih 
idiei^  that  ii^  when 

in  which  case  the  path  of  the  pendulom  ia  a  horiaontal  drde. 
The  time  of  osdUation  in  thia  ease  is 

The  mutual  relation  of  p  and  Xi,  which  is  here  given  by  the  equa- 
tion (418»),  ia 

o  1  ^ 

whence 

Tliis  value  is  a  minimum,  when 

«iV  3  =  A', 

in  which  ciitie 

which  ta^  therefor^  the  greatest  time  of  vibration  vkat  (He  path  of 
ihe  peaduitm  tt  a  hmsmdal  eirek. 

It  is  easy  to  see  that  t  cannot  vanidi  for  all  values  of  the 
sura  of  p  and  si,  but  that  its  least  value  is  determined  by  the 
equaUon 


—  420  — 


wiieuuver 

4iP>{/>-f  r0'>8i!*. 

It  is  also  evident  that  the  least  value  of  the  i^um  of  p  :uu\  r, 
which  correspoiuls  to  any  assutiR'<l  value  of  /  i^i  L'ivcii  liy  (4i9]|»)) 
eo  thut  /or  any  value  of  if  lite  greaicsi  time  of  vibraiiou  is 


fRjUel  inereoHt  with  \,  md  u  v^luUe  »ien  i  iecmet  a  right  angk. 

When  «'  is  an  octant,  the  value  of  p-\-Zi  in  (110  m)  is  a  ouud* 
mum,  and  the  oom^nding  values  oi  p-\-gi  and  T  are 

tR, 


7M0.  In  (he  discussion  of  the  Torm  of  the  path  of  the  pendu* 
lum,  it  is  convenient  to  adopt  the  notation 

In  the  case  of  (410,),  the  equations  of  |726  and  727  give 

J  J    2ifR 

When  8i  vanishes 

and  r  is  the  time  of  a  complete  revoiutiuu.  VVhuu 
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anil  T  is  flie  tiiiu'  of  :i  f-ciiii-ri'volutioii.  21w  time  of  a  coiuj/lele 
rcvoluliun,  tvltcn  tiic  jtciidu/itm  moves  in  a  /m  uoiUuI  circle  is 

itii  //ill/  it  is  proftoriiimiiJ  in  i/ic  i^'/iinre  ro<4  of  the  duta$tc€  of  Ihe  jtiaue 
of  revolution  from  l/n  n  u/rr  if  t/tr  >i>/ieri\ 

731.  Wlwn  the  pat/i  of  (he  pendulum  devitUea  uliylUl^  from  a 
kommtki         so  that  i  is  very  small,  the  notatiom 

*i  -f-  «i  =  2  «a=  2  li  cos 

gives 

A*_R*  —  4 
2g~    2z*  ' 


'  732.  When  the  path  of  the  pendulum  deviates  slightly  Snm 
a  great  circle,  so  that  the  sum  of  iri  oad  is  small,  p  is  large  and  i 
Ih  sinnll,  the  formula  become,  by  neglecting  the  fourth  and  higher 
powers  of  i 

,= *  (,,-^)  cos2  9  -h 


_  422  — 


so  that  tJie  vibratiott  cprrespotidi  to  a  cvmjileic  revotulion  <^  the  petk- 
dulimu 

733.  When  the  pendaluin  fatmem  very  near  the  lower  point 
of  the  sphere,  so  that  9i  diflfors  but  little  fi»m  the  neglect  of 
this  difference  and  its  higher  povets  ^ves 

z^-=i  R  cos  2  / , 
p—n-\^  tair/(A'  — i-i), 

^=4/?(i2-ir.)sin».-, 

«  =:  J?— 2  i7Bin*i8iii>9~  (i?— «0  oos*9, 

r.=  .  +  [oosec.-gf.-( I    - (I »)] V    -  ^)  i 

thitt  ///    l  ihraUm  eorretptrndx  to  a  SUle  more  than  a  tead'reeobition 

^  ihe  patihiifim. 

734.  In  ilie  (feitiTiff  ca«<'  (he  vilintlion  of  (lu-  u<ltil>'iii  ri'rrisjHJiidK 
to  an  arc  oj  rcruiidn/ii  vliivh  ruTi  i  dt  a  .■■i  iiii-r<  r<iIrliioi,  hvl  is  /i  s.<  (htm 
an  adire  nvuMivn.  Wlieu  the  velocity  at  the  highe.-si  point  is  quite 
small,  the  case  of  §  733  occurs,  but  the  arc  of  fevolution,  which  cor> 
responds  to  a  vibration,  increases  irith  the  increase  of  velocity  at 
the  highest  point  When  the  highest  point  is  below  the  level  of 
the  centre  of  the  etphere,  the  case  of  §731  gives  the  highest  limit 
of  the  velocity  ai  this  point;  but  when  the  highest  point  is  upon 
or  above  the  level  of  the  centre,  the  greatest  velocity  extends  to 
inCnity,  which  limit  corresponds  to  the  case  of  §  7->2. 

Too.  The  azimuth  of  the  pemluUnn  at  any  instant,  i-*  deriveil 
I'rom  the  equation  of  §  72G  in  n  form  suituble  for  couipututiun  by 
means  of  the  folloMring  formulss ; 

z=  Ik  cos  , 

„  A(0(M«,0W9,+  1) 
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^= /r  fair  «t(co0^i +  000^)  =  -  — ji  '  * 

•  •       I  -r-  CD*  n  c<i*  ff. 

c(Mrt  = 


1  -f-OMaC«Mtf|' 

coBism 

cos  fl       COS  t^,  CO»  /I] , 

oot=s|n — I, 

«-(K-  I  CO-  fl. 

.      .       8111  fl  tan  0,  tan  ^  0^  tan 

UUIAaSS  , 

^  tan0|Coapi 

,      J    imi ). 

■*      tan''  4  ( 1  -f  CO  -  .■  tail- ) ' 

■    ^  .  tan*  i"  CO*'  y  cok  »,  tan  fi  tan  ^  fl,  tan  it 

co«  I  Mn  M  Ian  Z?,  r  ,0  /      coh' i  ms' «  tan'' \        -  1 

-j-  COS  *  COS/*  tan  <?i  3*4  y  -f-  i-i  —  ^  +  ^  —  ^» 

•nd  the  arc  of  revelation  for  the  complete  vibration  is 

k  IT,  =  :i  -{  [3,  ^  i  n )  _  ? .  ( i  n  )J  .7„., ,«  -     ( l^-*)  M 
-f-oostcos^  tan^9f  (I 

Tljcse  formuliu  do  not  appear  to  differ  from  those  of  Gcder- 
MANN,  iilthough  the  reduction  is  more  extended.  They  give  with 
equal  fiicility  the  area  of  spherical  surface  which  u  described  by  the 
are  of  a  great  circle,  which  joins  the  extremity  of  the  pendulum  to 
the  lower  point  of  the  sphere. 
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MOTIOW  OP  A  FBU  POIITT. 

736.  When  a  inutciial  point  is  unconstrained  bv  any  condi- 
tion, and  ia  free  to  obey  the  action  of  any  Ibrce  whatever,  its 
motion  in  my  direction  la  simply  defnicd  by  the  equation 

737.  If  the  eodrduiAtes  are  uaunied  to  be  of  ihe  porlial  polar 
form  in  which 

the  distance  from  the  plane  of  zjf, 
if  =  the  difltance  from  the  axis  of 
9  =  the  mdinatioo  of  q  to  the  aaus  of  9f 

the  value  of  T  (102^)  is,  for  the  unit  of  mtm, 

The  corresponding  valaea  of  w  (I6&4)  are 

III  =  **, 

"'1  = «/» 

80  tliat  o»j  is  ihe  doitlilf  of  the  jtroj cdlon  of  ihe  insluiitnitcom  area,  tekidk 
it  df^rrihcd  I'lf  (he  nuliiis  reclor  of  ihe  jxHut,  upon  Uie  pkute  (/  xy. 
The  equation  ( lOGj)  gives,  then, 

^,..=  *  j^—Q. 

It  is  apparent  from  (39|g)  that  tie  rnwud  mem^  ^  ike  tmi  egtufim 
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»  the  iii'mniL  I'-ifh  refertOM  to  ihe  axis  of  Zf  ^  tUl  the  /orcea  wAicA 


738.  If  the  forces  are  proj)oriioiial  to  ihe  dUiattces  from  the  centres 
frm  wUdi  ihejf  Muaute,  the  io^  moMt  a*  ff  il  mrt  vmbr  Urn  iffiimm 
tf  a  fiate,  acting  He  »am  hm  wSh  on  intau^  egml  to  ik»  um 
€f  tie  ialemHea  tf  thsgmi^for^  md  mamtii^from  «  iwUhI  »  ik» 
«eM^  (f  gramfy  afthi  jpvea  ctntm  r^pvdei  mt  mantt  ftoperiiomU  i»  ike 
{ii/rii.si/iei>  of  (heir  acfhn.  For,  if  Hie  notation  employed  ia  §  128  is 
Adopted  anil  if  m  denotes  the  8um  of  the  intennties  of  action,  ihe 
value  of  the  potential  is 


in  which  A'  is  a  constant  and  can  be  ali.soil)ed  into  the  constant  U 
with  which  11  is  connected  in  tlie  eciuations  of  motion. 

It  follows  from  §  085,  that  Ike  jnith  of  Ifte  body  is,  in  this  case, 
a  eome  hcHoh,  of  whieh  tht  eedre  tf  gravity  is  tie  centre. 

739.  ^  aU  tie  faves  are  Hreded  tewardt  a  fixed  Unet  A«  area 
detmbed  tie  prqfeetim  «f  tie  radm  veebir  tym  a  plane  perpmdie- 
ular  to  tie  fixed  Uae  tt  froporUami  te  tie  tme  ef  deeer^Mm,  For  the 
ins(;\!it;ni 'ous  area  is  in  this  case  con.^itant  by  the  equation  (424^), in 
which  the  fixed  line  niny  be  nanuned  for  the  axis  of  so  that  the 
second  member  ??hall  vanish. 

740.  In  the  example  ol'  tin'  [I'.cceding  section,  a  peculiar  sys- 
tem of  courdiuatcs  may  be  udvantageou&ly  adopted.  This  system 
consists  of  the  snm  of  the  distanoee  firom  tiro  fixed  points  of  the 
given  linct  the  diierence  of  these  distancei^  and  the  angle  which 
is  made  by  a  plane  passing  thron|^  a  fixed  lin^  with  a  fixed  plane 
which  includes  this  tine.  then, 

2j9=  the  sum  of  the  distances  of  the  body  firom  the  two  fixed 


pohitfl^ 
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2  g  =  the  diflerence  of  these  diHtAncesi, 
9>  =  the  angle  which  the  piano  including  the  body  and  the 
fixed  Ime  makea  witii  the  fixed  plane, 
2  a= fhe  distance  of  tiie  fiarad  pomto  ftom  each  other, 
2  y  =  the  an^  which  the  two  line^^  which  ate  drawn  ftom, 
the  body  to  the  fixed  points  muke  with  eaoh  other, 
k  —  the  perpendicular  drawn  Scorn  the  body  to  the  fixed  linear 

the  Talues  of  k,if,  and  T  are 

* — r» 

tanw=&, 

The  corresponding  dlflercntial  equations  derived  firom  Lb> 
oranob's  canonical  forms  (164]|)  are 

D,Si  =  (l  +^  /  +  LVL/^^V +MiL. 

The  integial  of  (426»)  is 

in  wliich  B  is  arbitrary,  and  this  equation  expresses  the  proposition 
of  |73U,  and  gives 
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A  second  integral  of  these  equatiom^  oonreflponding  to  the 
priuciplo  of  living  forces^  ia 

The  Bum  of  the  eqnatioiii  obtained  by  multipl^g  (426^)  by 
f^/,  (426«)  by  (-j!/)  and  (427,)  by  2{/»y k 

i  D,  [(/  -  jr")  (/-  /)]  =  A  [I  r  +  r  -    C-Ji  +  i^)J 
— (^y   i2  -f-  /  ^'  />,  i2). 

This  equation  ia  integrable,  whenever  Si  satisfies  the  condition 

2  y  Z>, /2  -  2   Z),  i2  =  (>«- s^)  23J,,  a, 

which,  hy  the  »ub!<titution  of 

 1   1 

may  be  tnuufinmed  into 
If,  then, 

-""V^'*^^     P'-W-  jrW"' 

the  equation  (427it)  or  (427ii)  becomes 

0  =        iii  +  i '- Z>,  i2,  —  (r  4- ,v)  i2, 

If,  then,  P  and  Q  are  arbitrftry  functionj)  of  p  and  y  respective- 
ly, the  general  value  of  SI  is 
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and,  if 

l^=2//(/  — d*)  +  2(P+  f )(/  — a»)  — o^/?*, 
Qi=2  Hig'  —  a*)  ^2{Q—C)      — ./)  —  B", 

in  vhich  C7  is  an  arbitmcy  oonstant,  the  integral  of  (4276) 

1(/-7")M/-/)  =  /1-<2?, 
while  (427|)  may  be  written  in  the  fom 

(/^  -  ff  (??/+/'?  /)  =   /I Qi- 

It  is  cosy  to  deduce  from  ihcm  equations 

Tliis  solution  is  published  by  me  in  Gould's  Asfronotideti  JwmaL 
741.    It  is  evident  from  tlie  linear  form  of  the  equations 
with  ri'ferc'nce  to  i2,  thut  all  .special  vahies  of  il  may  be  combined 
into  a  iiiorc  ^'cneral  value  h\-  aiMition  or  suljtraction. 

7-12.  The  iutegrals  in  the  vtduea  ('i2S,ii_a,)  assume  the  elliptic 
fiwm,  when  P  and  Q  have  the  forms 

«  =     +  /A  y  +  Z?,    4-  ^4-^  +       ,  . 
and  it  is  apparent  that,  in  the  expressions  of  the  hitegra]%  the  con- 
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stants,  j\„  A.,,  Biy  and  /?j  can  be  conil)ined  with  jfiT,  6",  and  B.  The 
elliptic  integrals  become  circular,  w  lieii 

— J,  =  jB„ 
il,  =  A  =  0, 

as  i?eU  as  in  other  caae«  nrhioh  do  not  seem  to  be  of  especial 
interest 

743.  When  P  and  ^  have  the  ibnns 

the  value  of  the  potcutiul  is 

_  ,f,-t-^,  -  /?, 

so  that,  in  this  cu-ie,  forces  are  rqitinilnit  fo  tieo  cmanaiiiiy  from  the 
Jixi'il  jtolnls  trilh  (he  same  law  of  force  as  that  of  //ravifa/ion,  y,  \in:h  vase 
ha-s  been  intt'jfnited  by  Kim.hr,  LvfiRANOK,  and  .1  \r(iBr,  and  the  forms 
of  LiV<]RA^0b'8  iutcgrais  are  identical  with  those  of  (•128i4_a9). 

744.  When  P  and  Q  have  the  forms 

the  value  of  the  potential  is 

80  that,  in  \hh  caso,  flu'  force  j'v  cqnivulent  to  a  single  force  rmnmitiug 
from  a  ji'iinl  irJtirh  is  yniild-ntj  liiireni  the  livo  fixed  jmulu,  (iml  I  he  hiir 
of  force  in  jmijHjHioiud  lu  the  (li.-^hiiice  from  the  cadre  of  force^  and  this 
cwm  is  integrated  by  E(;l£R  uud  LauEAXGE. 
74&  When  P  and  ^  have  the  form 
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the  value  of  the  potential  is 

so  that,  in  this  case,  force  njuli'iileut  to  a  force  ifhit  h  mi/ninfrs 
from  an  iiijini/c  an's  of  viiifonn  cxtait,  ofui  w  inverse^  pruporiioitcU  to 
the  cube  of  the  didance  from  the  axU. 

74ft.  When  the  curve  is  given  upon  which  a  material  point 
moves  fireelj,  the  law  of  the  fixed  force  is  restricted  within  certain 
limits  which  it  may  be  interesting  to  investigate.  The  geometrical 
coodittotts  of  the  force  are  amply  that  it  must  be  directed  in  the 
osculating  plane  of  the  curve,  and  the  normal  force  must  be  equal 
to  the  centrifugal  force  of  the  body. 

By  the  adoption  of  the  notation 

the  equality  of  the  force  in  the  direction  of  the  normal  Nf  or  of 
the  radius  of  curvature  9  to  the  centrifugal  force  is  expressed  by 
the  equation 

747.  Since  the  preceding  e*  unit  ion  is  linear,  all  the  sprnal  values 
of  ill  which  it  is  satisfcd,  maij  he  combined  into  a  new  vtihic  by  itd- 
dUien  or  tuUradkn.  Premmly  to  ihi9  adi^iottf  eadk  value  of  ii,  mtt^ 
ie  tmUijilicd  btf  a  fetdoTf  wUch  VD&y  represent  the  mass  of  the  body^ 
and  if  the  foctor  is  denoted  by  m,  the  value  of  m  X2i  win  coireqmnd 
to  the  whole  force  acting  upon  the  mass,  and  it  is,  then,  evident 
that,  if  M  denotes  the  mass  upon  which  the  combined  forces  act» 
and  V  its  velocity,  the  combined  power  is 

which  expresses  a  asMffiun  tdeatieal  wUh  tie  ikeorm  cf  BoHmr. 
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748.  If  a  special  value  of  Sii  ia  represented  bj  Si^,  and  if  12^ 
eatisiies  the  equatiuD 

go  tliat  it  is  tho  potential  of  a  forco,  (o  llto  level  i*urfaoes  of  which 
the  given  curve  is  a  perpendicular  tiiycctory,  l/te  mnpldc  value  of 

i2,  =  i2o/(X2,), 

in  tc/iiWi  f  ?>  an  wli/mn/  /mi':/ Jon.  It  U  apparent,  then,  that  has 
an  endless  variety  of  possible  fomia  in  every  »pcciul  case.  But 
each  form  corresponds  to  an  arbitrary  value  of  one  of  the  constanto 
of  tlie  given  curve,  or  of  Bome  eombiiiation  of  those  conttanta 

749.  If  the  given  curve  is  the  pariiboIa»  of  which  the  equa- 
tion IB 

the  values^  which  correspond  to  the  arbitrary  value  of  a^,  are 

while  those,  which  correspond  to  the  arbitrary  value  of  ^o,  ari 

and  it  is  interesting  to  observe  that  when,  in  fhn  caa^  the  arbitrary 
function  of  i2a  ia  assumed  to  be  constant  the  value  of  the  force  is 
independent  of  Xo  and  p  as  well  as  of  ff^. 

The  values,  which  correspond  to  the  arbitrary  value  of  p,  are 
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750.    If  tLc  given  curve  ia  the  conic  section,  of  which  the 

cquutiou  ia 

«008(g>  — yo)  =  ~l, 
the  values^  whieh  conresptmd  to  arbitaiiy  values  of  9,  are 

in  which 

When  the  arbitrary  ftinction  of  Sit  assumed  to  be  constant, 
the  fbice  ia  independent  of  «  and  P  as  well  aa  of  fit,  and  ita  law  ia 
identical  with  that  of  gravitation. 

761.  If  the  given  curve  ia  the  cycloid  determined  by  the 
equaUons 

X — 3Ct=Ji{d — sind); 
the  values  which  correspond  to  arbitrary  values  of  «o  are 

ii,  =  ar  4- + sin 

iu  wlii(  h  0  is  to  be  regarded  an  the  ruuctioa  of  jf,  which  is  detcr- 
niiiK'il  hy  ( 

752.  J/  the  given  curve  is  a  drcht  of  wluch  the  etnfyt  i$  the  wi- 
gin  «Me  ike  radtut  i$  ar^rarg,  the  poicdial  of  the  force  u  cm  wrhUrarff 
kmogemeom  fwnHimt  ^  the  redproctfy  ef  x  mi  y,  wjUirA  i»  ef  ihe 
eeeond  degree. 
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Tins  peculiar  result  is  the  more  worthy  of  atteiuioti  becauso 
it  (MIX  be  extiMideil  to  the  sphere,  .s)  thiit  l/w  indeidkU  of  a  force  by 
uMch  a  hodj  imy  move  u/)on  a  spliere  of  a  given  teatre  hd  (f  m 
Utrwjf  miim,  it  Bkemae  <m  mUtraiy  hemogeamu  fimdim  tfikt  teeond 

tig  «jiAev  M  ike  or^UL 
These  problems  are  fraitfiil  of  new  suty^*^     mteresUng  geo> 
metric  speculation. 


CHAPTER  XII. 

MOTION  OF  UOTATION.  . 

753.  If  the  co?>rdinates  of  the  points  of  a  system  are  the 
partial  poliir  coordinates  of  §  7o7,  and  if     is  supposed  to  rcrer  to 

some  point  of  the  systi  iu.  tiiut  is.  to  an  axis  connected  with  the 
Nystcin,  from  which  the  curiHi.spuuUiiig  allies  C  are  measured,  ao 
that  the  value  of  f  ia 

that  of  T  becomes 

r=:is.[«,(*{*+<?f+e?9J*)]- 

Heuce  the  equation  (Itlli^*  gives 

the  second  member  of  which  is  the  deriyattve  of  double  the  sum  of 
the  products  obtained  by  multiplying  each  element  of  mass  by  the 

55 
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area  described  by  tin'  prnjootion  of  the  raHius  vector  upon  the 
plane  perpendicular  to  the  axi»  of  rotation.  If  thij<  area  i,-.  desig- 
nated 88  the  reiatmi-areu  for  ihe  ojw,  it  follows  irom  (SO^g)  that  ike 
derivative  ihe  reiaHem-area  for  Ihe  Ant  »  eguai  Ut  ihe  turn  ike 
memente  ef  tte  foreee  K&h  rtfereaee  to  (hat  axu.  It  is  obvious  that 
the  mutual  actions  of  the  system  may  be  neglected  in  obtaining 
the  Muin  of  the  moments. 

J/,  ifietiy  ail  ihe  external  forces  irhick  ad  vpon  a  stfxtnn  are  directed 
fof'ftnls  nn  (ijn»,  (he  r'^tfiHon-orm  for  lhal  riji.s  inll  Ir  <!<  srnlni}  irllh  a  IM^ 
foriH  iiiiilioii,  whirh  is  tlie  priiiciiilc  of  tlu^  ('hi.^-'rrn.'i'oii  of  .lrr//.<f. 

The  rotalion-arca  for  an  axis  may  be  exhibited  geomet- 
rically by  a  portion  of  the  axis  vlucb  is  taken  propurtitmal  to  the 
area,  and  it  is  evident  from  the  theory  of  projections  that  rotation- 
areas  for  different  axes  may  be  combined  by  the  same  laws  with 
which  forces  applied  to  a  point,  and  rotations  are  combined,  so  that 
there  is  a  oorreqwiidin^''  ji'inilHipljml  tf  rekeHmHtreat.  There  j'v,  thru, 
far  every  ^etent  etn  axis  of  resnltmit  rofa/itm-area,  >rlth  reference  to  mhich 
the  rotation  iji  a  mnximum.  uml  the  ro/n/ioiHirea  for  ani/  other  ari.i  k  the 
airrrsfmiiiliiiff  projrctiuii  of  the  rc^ii/tiait  rutftfion-area.  The  rvtiih'UHtrca 
raimtun,  Ihcreforc^  for  an  axii  leluch  vs  fHipcadicular  to  Uie  axiii  of 
reeuUead  rtda&mrtirea. 


■OTATtOH  or  A  aOUI>  HODV. 

755.  In  the  rotation  of  a  Hi)li<l  body,  tho  axis  of  rotation  doe-s 
not  usually  coincide  \\iih  thai  of  resullaul  or  uiaxiniuui  rutution- 
areu ;  and  the  relations  ui'  these  two  axes  of  fundamental  impoi^ 
tance  tn  the  investigation  of  the  rotation.  The  determination  of 
these  relations  depends  directly  upon  the  moment  of  inertia.  The 
mmnd  ^  inerOa  ef  a  hodg/  or  ^Mem  ef  htUn  vfm  m  asie  »  ihe  eum 
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of  the  proi^  oUamed  %r  nwU^i^fuijt  uuA  dsmaU  tf  mm  hy  the  square 
(if  U»  duUmee/rm  the 

The  Udortii^  mmat  mlk  rtferenee  h  im  reelai^tdar  axa  i$  ihe 
mm  ef  tie  prodiKte  Mamed  mHB^fyii^  eadk  ekmad  «f  mau  fy  the 
frodvete  ef  He  dtetaneee  frm  tie  iwe  eorretpoHd^  coitrdmate  plmee. 

Let  then 

m= the  mass  of  the  body, 

(,V='  the  distanoe  of  tiie  dement  dm  from  the  aads  of  p,  which 
pnases  through  the  origaOf 

^        the  reciprocal  of  the  moment  of  inertm  for  the  axis  of  p, 

MJf=  the  distorting  motion  of  inertia  for  tlie  two  axes  which  form 
a  rectangular  system  with  the  axis  of  p, 

which  gives 

If,  then,  ij ,  is  tlu-  iui^Ii'  \vlii<-li  the  axis  of  ^>  makes  with  the  direc- 
tion of  ^,  the  moment  divided  by  the  musii,  becomes 

_     ^-o*^  —  2J,co»<p,coe  y.). 

If  ^  is  set  oil  upon  the  axis  Beom  the  origin,  its  extremity 
lie*  npon  a  finite  aurfiioe  of  the  second  degree,  which  ia,  therefore, 
an  ellipsoid,  and  may  be  called  ike  mveree  ^t^teoid  tf  maiHa,  If  the 
axes  of  this  ellipsoid  are  assumed  for  the  axes  of  coordinates,  the 
values  of  J  must  vanish  for  each  of  these  axea^  that  ii^  there  ie  m 
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didoriing  meriia  for  iheu  axes  fntMst  me^  it  a^ed  ihe  princljHtl  axa  of 
ineriia. 

766.  When  a  body  rotates  about  an  axis,  th«  rotatioiMrea 
for  an  axu,wbich  is  perpendicular  to  that  of  rotation.  Is  obviously 

proportional  to  the  distorting  inertia  for  these  two  axes.  Thtrc  I's, 
i/iinfon',  110  rolali'iiHtna  for  a  pnurlfHtl  tuis  tf  inertia  proceeding  frvm 
roluiioii  ahovt  eiihir  if  llic  other  fm  a^cs  of  mcHin. 

7o7.  If  ('^  is  the  velocity  of  rotation  about  llie  axis  of/*,  tiie 
corresponding  velocity  of  rotation  about  the  principal  axis  of  x  is 

and  the  correaponding  rotatioiHurea  ia 

the  cosines  of  the  angleti,  which  tho  axis  of  resultant  rotation-area 
makes  with  the  principal  axes,  are  then  proportional  to 

If' 

SO  that  this  axis  coincides  with  the  perpendicular  to  the  tangent 
plane  of  the  ellipsoid  which  is  drawn  at  the  extremity  of  the  axis 

of  rotation.  The  jifmir  of  hioxhuinn  rofiilinu-ttrnt  /s-.  fhenfore,  cmijHgtdt 
/'/  titi-  iliniinier  if  iiw  lUiiimd  wlUeh  i»  ihe  axia  0/  n^ltUioUj  which  theorem 
given  by  Poinsot. 

T">S.  If  lilt!  rc'ciprot-al  of  the  perpiiHlicuIar  k-t  fall  from 
the  (iritrin  upon  the  tangent  plane  of  the  ellipsoid  in  set  olf  upon 
the  i  |/i.'udicular,  itfi  extremity  lies  upon  a  second  elUp^uid,  which 
may  bo  called  the  dSptoid  tf  ineriiOf  and  of  which  the  prin^^  axes 
are  the  reeipwab  ^  the  pvmpal  axes  if  ike  eB^nmd  ef  1 755,  mi  are 
proporttouul  to  ihe  agmre  root  if  ihe  priueijHtl  momente  tf  meriia. 

759.   It  is  apparent  ^kai  ike  ia^eai  phne  io  ike  dfyeoid  ef  ineriia 


ifhich  in  drawn  al  the  exlremUy  «f  axis  of  maximum  rotuHon-area  it 
jxi  jn  ndieukw  to  the  taag  vf  rtHatian. 

It  is  aim  evideot)  Umi  the  wdf  tf  ntattM  u  Me  ike  prmeipai 
axe$  tf  ike  aeeiion  cf  ike  mvene  dSpmt^  (/  nurOaf  twUbA  »  made  hg  a 
pbme  paataxg  ikrougk  ike  «aat  0^  merOa  and  perpeadktdar  to  ike  eommon 
plane  ef  ike  axk  of  roiainm  and  nuutmutm  rolaiintHirm,  irkih  thr  latter 
axis  w  ftnr  nf  the  priiu  ipal  <ixrs  of  the  xecfion  of  //«•  cllijisniil  of  itirrtin, 
/f'/iic/i  /.V  imiilr  f)//  a  paasiiiff  pbuu  thivugh  thu  axi*  perpendicular  to  Hue 
same  cvuonun  jiinne. 

7C0.  Although  the  Qxed  axeti  of  courdinates  may  be  a^umed 
At  any  instant  to  coincide  with  the  principal  axes  of  inertia,  the  axes 
of  inertia  are  nevertheless  in  constant  motion  from  the  fixed  axes, 
and  at  the  end  of  the  instant  dt^  after  coincidence,  the  axes  of  rota- 
tion, which  coincided  at  the  beginning  of  the  instant  with  the  fixed 
axes  of//  and  z,  will  not  remain  perpendicular  to  the  fixed  axis 
of  ;e,  but  wjll  deviate  from  perpendicularity  by  the  respective  angles 


Tlie  rate  of  increase  of  the  rotation-area  for  the  fixed  axis  of  sr, 
which  ari^s  from  the  external  forces  is,  therefore. 


which  represents  ike  weUinmn  e^naHom  juwn  ^  Eoleb  for  tke  rata>- 


If  the  rotation-area  for  tlie  axis  of  ^  is  denoted  by  m  il^,  the 
preceding  equation  may  assume  the  form 


(f,dtmA^tf,dt. 


lD,  n  =  A  a:  -  4 .1;  (7/-  Jl). 


761.  If  the  eqmition  (437s)    multiplied  by  2  ^  and  added 
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to  the  OMrreeponding  prodoots  for  the  other  axe%  the  integral  of 
tiie  aam  ia 

q±M__  ^  ft'! 

vhieb  ia  simply  /Ae  tqmUim  tf  Imi^  /creet.  If  j9  is  the  semidianie* 
ter  of  the  inverse  ellipsoid  of  inertio,  about  which  the  solid  is 
revolving  at  the  instant  the  preceding  equation  may  be  reduced  to 


ROTATIOM  or  A  SOLID  SODY  WHICH  IS  SlItUECT  TU  NO  KXTCBNAL  ACTION. 

762.  If  a  solid  body  U  siiltje<'t  to  no  exferiml  force,  the  centre 
of  jriavity  may  he  nssntncd  for  the  origin.  In  this  case  tlic  fin^t 
nicMiiher  of  (437b)  or  (437»)  vanishes,  and  the  equation  (438^) 
becouica 

or 

fo  fhiii  lltc  vcl'H-Ht/  of  rijitiliim  is  pnymiioiinl  to  the  diameter  of  the  iitverse 
elH/ixoid  ii'hieh  i»  Ute  mi»  of  ittdaiUaueoua  roiaiioiif  which  is  ^ven  by 

703.  It  follows  from  757  and  7C2,  that,  if  ^  in  the  perpen- 
dicular let  fill!  upon  the  tangent  plane  which  is  drawn  to  the 
inverse  elli]M»id  at  the  extremity  of  the  axis  of  rotation, ;  is  the 
axis  of  manmnm  rotation^area,  whieh  is  invariable  when  there  is 
no  external  force,  and  that 
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so  that  the  velociii/  of  ro/niion  a/touf  (he  axia  of  uuuiiiiiiin  rolidiou-aren, 
as  mil  as  the  diaiaHee  of  the  iangeid  plane  which  ia  drawn  to  the  immerse 
elUpsoid  of  im^  at  tfo  tziremUff  of  tie  asm  (f  reUUunt  art  uwariabb 
durit^  ^  nuUrn  tfikt  aoSi,  trhidi  are  proponiionB  gpven  by  Poonor. 
Th«y  might  hav*  been  deduced  witii  &cility  ftom  the  geometrical 
theorem  of  §  750,  without  the  aid  of  the  equntion  of  living  forces^ 
which  might  on  the  contrary  have  been  derived,  in  tlio  prosent  ease, 
as  nn  inference  from  these  theorema,  and  this  was  the  elegant  pro* 

cess  of  PoiNSOT. 

If  the  solid  body  has  no  translation,  the  inver>M2  ellipsoid  re- 
mains constantly  tangent  to  the  same  plane  which  is  that  of  max- 
imum rotation-area^  and  which  touches  the  ellipsoid  at  the  extremity 
of  the  axis  of  rotation.  It  is  apparent,  then,  that  in  the  motion  of 
the  solid,  the  el^pteid  rvUt  «/Mn  ihe  fixed  fhm  ^  maximum  ntaUaa-areOf 
$alhoid  at^  tSdiuff  f  whidi  is  Ponrsot's  mode  of  conceiving  this 
motion. 

70 4.  The  iii-^/'Hi/<tiirfms  <f.m  luovra  ir/t/iiii  thr  //"i/y  in  xtirh  a  tray 
as  til  ili  srrllii:  the  aiuface  of  Uie  cone  of  Die  second  dvyree,  of  which  the 
equuliun  ia 

^.m- 

The  fxine  of  (his  cone  in  nn  ellipse  perpendicular  fo  the  (/reatesl  urix  of 
(he  inverse  eliiji«iid  I'htn  q  is  larger  (hnu  Ihe  miil'Jle  awis,  or  /fr/x'ii- 
diciUar  to  Hie  tra^t  axis,  lelieu  q  it  /t  s^  tlutii  the  middle  ajcit ;  and  in 
tdier  COM  the  centre  ^  the  efi^  i«  tgi»n  the  tme  to  «hieh  U  if  per- 
pendiailan 

When  g  is  equal  to  either  the  greatest  or  the  least  axis,  this 
axis  becomes  the  permanent  axis  of  rotation ;  but  when  g  is  equal 
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to  the  middle  axis,  the  cone  is  reduced  to  a  ptunc  wiudl  oorresponda 
to  one  of  the  plane  circular  aectiona  of  the  ellipeoid  of  inertitk 

The  axk  of  maximum  rotation-area  describes  within  the  bodjr 
the  oone  of  the  aeeond  degree  of  wbieh  the  equation  is 

Tke  emman  pbne  ef  tie  mUmfmuout  mit  roMian  md  tf  tit 
ttm  ^  meaimmt  ntaUm^arta  t»  oMwtt^  mrmsd  to  tke  mtfaee  tke 

cone  deneribed  in  tke  hodff  the  arts  of  maxiomtt  rotatiim-area,  which 
defines  the  relative  position  of  these  two  nxcs  at  each  Instiint. 

70-j.  The  position  of  the  axis  of  tiinxinuun  rotation-area  is 
fixed  in  space,  and,  tiierelore,  the  patli  of  the  instJiiifnneoiis  axis 
of  rotation  in  8puce  is  determined  hy  the  preceding  property,  and  a 
distinct  geometrical  idea  of  the  cone  described  bj  the  instantaneous 
axis  in  space,  is  obtained  by  conceiving  the  oone  described  in  the 
body  by  the  axis  of  maximum  fotation«rea  to  be  compressed  into 
» line  carrying  with  it  the  cone  descrihed  bv  the  instantaneous  axi% 
in  such  A  way  as  not  to  change  the  relative  inclination  of  the  two 
axes  or  the  surface  of  the  cone  of  the  instantaneous  axis. 

The  algebraic  definition  of  the  cone  of  tin-  instantaneous  axis 
in  Hpare  is  al)(ained  l)y  lussuniin^  the  axi-s  ol"  the  inverse!  eUijisoid 
to  be  arranged  in  the  order  of  magnitude  as  x,  y,  z,  in  which 
the  cone  of  the  axis  rotation  has  the  axis  of  x  as  its  central  axia^ 
and  adopting  the  notation 

008/4  =  7'* 

.Vi  =    +  //  _     = 3»  _  g»  (i  _  ^)  (1  -  ^) , 

and  dmtlar  equations  for  the  other  axe^  in  which  it  is  unimportant 
that  the  angles  iS^  may  be  iroajpnary,  but  it  should  be  observed 
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that  3/,  is  the  largest  of  the  quantities,  M,y  M,,  and  the  fol- 
lowing notation  is  also  to  be  adopted. 

jr=(,-|)(i_D(i-D 
=v/lO-f)(i-f)(i-^]. 

CO»lJ=:-j^, 

C08»i=,^, 

•    a      Hn  n 
81111= 

8in  y  =  . 

jt,  -•.III  5  ' 

Bin  ^  =  sin  I  sin  9 ; 

which  give  for  each  axis^  if  z,  >/,  z  donote  the  extremity  of  tbe  ia- 
stautaneous  oxib  upon  the  surface  of  the  invene  ellipsoid, 

/.« ^  Bin*       J?  (j^ — J<?)  Mtf  ^« 

If,  tlien,  y  is  the  anjjle  which  the  phine  of  p  and  ^  makes 
with  a  fixed  plane  pit.sjsiug  through  g,  the  cone  of  Uic  instantaneous 
axis  in  space  is  defined  by  the  equation 


Dp' 

or 


,»« sin»y, v*"  +  -D*"  +       +  ^ 


66 
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irhich  gives  hy  the  use  of  elliptic  integrals 

760.  The  velodtj  with  which  the  iiutantaiieoiiB  axis  moves 
in  the  body  is  readily  obtained  from  tlie  equations  of  the  preoed- 
mg  section,  which  give  in  combination  with  (437s) 

'9  *t 

whence 


and  by  elliptic  integrals 

iU;  sin  12' A  (/ — r)  =  9<  y . 
767.  In  the  especial  case  of 

Ihe  axis  of  uutxiimm  rofatioiwea  desert  om  ^fhe  timiar  Hdiom^ 
ihe  elfymd  ^  martiOf  and  the  equations  of  §  765  become 

COSTj=C0St/=  A, 

i  =  i  n, 

hI^(t  —  T)  =  Xi', 

V  ( .V;  —  // )  =  M,  sin »;  Tan  [h{l  —  r)      sin  i?] 
=  V  (^,'— -^f  «ec»  y,)  =  Jtf;  sin  1]  Tan  (ii^). 
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The  greatest  value  of  p  ia,  then,  M^,  which  corresponds  to 

t — T=o; 

and  ito  leB«t  value  is  J^,  wbich  oorresponcto  to 

t  —  r  =  ±  CO. 

]f  the  axis  of  rotation,  therefore,  em'iwulcs  with  the  mean  axis  of  lite 
ellipsoid  of  inertia  at  tlte  cotnmtiii'ivitrnt  of  the  vtc4ion,  its  p'ys-ifion  will  be 
jiernuineiit  in  the  ellipsoiti,  aUtitiiujii  it  i&  itfr't  ctol  viih  an  ckmcnt  of  imta- 
bility ;  but,  ill  aU  oilier  iitatanccis  of  tlie  present  case,  the  axis  of  rt'ta/iun 
(fesmSo  ikg  qdtel  ^  wAm/I  (442au)  m  /ito  ejtuUtoitf  and  it  comtmil^  ap- 
proaching th»  iMm  asm  «rf  nuk  a  Umadddi^  ndt  ijfveheS^  UkA  U  never 
readm  ikie  eade. 

768i.  When  the  dlipaoid  of  inertia  ia  one  of  revolution,  the 
eones,  described  by  the  inatantaneomi  axis  in  the  body  and  in  space, 

arc  both  of  them  cones  of  revolution,  so  that  the  simplicity  of 
tliis  oa.«e  requires  no  fiirtlier  illiif^tration  ;  but  it  niny  be  ob- 
t^eiVL'ii,  that,  when  (he  elliii.soitl  is  olilato,  the  iiu)vii)g  cone  rolls 
externally  upon  the  stationary,  but  internally  when  the  eUipeoid 
is  prolate. 

769.  This  9xaXym,  whieh  b  substantially  the  same  with  one 
of  the  fbrma  of  Forasor,  comprehends  the  principal  cooclunons  of 
Edlib,  L&okahob^  and  LmACJ^  and  may  be  extended  to  the  case  in 
which  the  origin  is  any  fixed  point  of  the  solid. 


THB  OTItOaCOPC  AMD  .TBB  TOP. 

7701  When  the  solid  is  subject  to  any  accelerated  fore^  and 
its  gyration  is  about  a  fixed  pointy  which  may  be  assumed  as  the 
origin,  and  when  the  ellipsoid  of  inertia  with  reference  to  this 


point  is  an  cllipfloid  of  levolution  about  the  axis  of  the  corro> 
apondiiig  Eiileriaa  equation  is 

771.  If  the  body  is  also  symmetrical  about  the  axis  of  »,  the 
preceding  equation  becomes 

to  thai  //«!  rotation  alxiut  the  axis  nf  7.  i.i:  imiform. 

772.  If  the  force  is  tbut  of  gravitation,  the  pmlilrrn  IjeC'oiiit'S 
that  of  the  yf/nmDjtc.  If  ff  is  the  direction  ol  gnivitutiou,  //  that 
of  a  homontal  axis^  which  is  perpeudiculor  to  the  axis  of  z,  and 
has  that  direction  about  which  the  rotation  from  ^  to  «  i^s  ^oai- 
tive,  if 

if  /  is  the  (1i-tanre  of  the  rontre  of  gravity  from  flic  origin,  L  the 
projec'tion  of  /  npon  y,  and  if  the  gyration  of  the  body  i^  resolved 
into  the  three  rotation.s  x'  »hout  the  axis  of  z,  ^'  about  the  axis 
of  A,  and  «p'  about  the  axis  of  y,  the  rotiitiou  about  the  priu- 
cipal  axes  ace 

ti:=u/co.?+/, 

i'^  =  t;-'co.«if  -f-i'co.s/, 
j)^  =  tfi'  coa  J  —  r  sin  2« 
These  equations  give 

cos  J  -i- 1);  cos  J  =  I/''  sin-*  |  =  y»'  (l  —  ^) . 
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The  aroa  a)>ouf  flio  axis  of  y  is  evidently  deacribcd  uniformly 
by  tlic  principles  ol  §  Ibo,  so  that  if 

aad  if  4  is  a  oonstaut,  we  have 
/« {«;  COB? -f  a;oos5)  +  fl? cost = (i"— y'+«a»t=««»4. 

The  equation  ^4«^89;  gives,  in  the  present  case^ 

pi-uvided  the  constants  A  and    are  determined  by  the  equations 

Tlie  elimination  of  irom  the  equations  i^^i^i)  <uid  (445m) 
gives 

=  A^  (/*  -     (/,  _  4)  - (4_ 

773.  Tin?  limiting  values  of  4  corrcsjjond  to  the  vanishing 
values  of  ^,  and,  therefore,  rt'ducc  tlie  second  member  of  (4-I019)  to 
zero.  If  these  values  are  denoted  by  li.  4,  and  — /«,  it  is  evident, 
from  the  fonn  of  the  equation,  that  />  is  greater  thati  /,  whih.'  /,  ;ind 
4  are  included  between  — /  and  -|-^-  the  equations  lor  the  f*pher- 
icul  pendulum  of  §§  726  and  727  may  be  directly  applied  to  the 
gyroscope  by  changing  z  into  and  z^,  «j,  and  into  4»  h*  and  4} 
which  give,  by  (418m_„), 

*»  — '»  


4 


_  446 

Witii  this  notation  and  the  equations  derived  from  (418u_|4),  the 
ezpreanon  of  the  time  u 

and  the  equaUon  of  the  path  dewribed  by  the  exia  of  this  body 
in  space  is 

which  admita  of  reduction  by  the  process  of  §  735. 

774.  When  the  velocity  n  vanisfaet^  the  gyroscope  Is  re- 
duced to  a  case  of  the  spherical  pendulum  of  which  the  length  is 

TT-').  When  the  two  roulf  /,  jm<l  /j  nrc  e<iual,  M-'  /"////  '/  the 
t/f/roacoin-  is  a  hurizuiUal  circle.  The  values  of  4,  and  ut"  llie  velocity 
of  rotation  can  be  determined  for  this  case  by  the  eqtiations 

,_,_('•'—';■)  (/>-/.) 

IT—      (A ->jr- 

The  denominator  of  the  value  of  (/^  —  4)  can  be  written  in  the  form 

in  which  4  "^(^  4  are  poritive  quantitiea  If,  then.  .4  is  greater 
than  4>  v'  positive ;  but  when  4  m  contained  between  4  and  4*  ^* 
is  negative ;  and  4  can  never  he  contained  between  —4      —  /. 
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770.  When  the  values  of  ^  and  are  equal,  vanishes  at 
the  same  time  with     and  we  shall  also  find 

and  the  eqnatioD  for  detennuiiiig  4  ond  p  is 

This  is,  approximately,  the  ordinary  ca.se  of  the  gyroscope,  and  it  ia 
evident  thuL  in  this  case  the  values  of  li  and  4  cannot  be  cc^ual, 
unleM 

4=/, 

BO  that  ik«  eetdn  af  the  gyroscope  ctamai  under  these  eimmdaneee  ie- 
eer&e  «  AotmomAi/  e»vh,  vliich  coinddefl  with  the  concluflton  of  Major 
T.  G.  Babhakd. 

If,  h'irevtr,  in  f/iis  arse,  n  is  very  hrge,  it  ts  obtnout  that  i&e  t^er- 
enee  Mwceu  It  md  1|  u  ^lUe  maiif  for  this  difference  is 

4—  

which  is  also  one  of  the  results  obtained  by  Major  Barnard. 

777.  Wficn  Is  algfbraically  greater  than  Z^.  it  is  also  alge- 
brnically  inclLiili  ii  hetween  and  4,  .n)  that  w'  \<  jio^itive  at  the 
upper  limit,  and  negative  at  the  lower  limit.  But  \vlien  4  is  alge- 
braically smaller  than  4)  it  is  also  algebraically  smallec  than  either 
4  or  4>  so  that,  in  this  caae^  ^  is  always  negative.  . 

778.  When  4  is  equal  to  /,  it  is  also  equal  to  4^  that  ii^ 

A  =  /  =  4. 

The  velocity  of  rotation  which  corresponds  to  this  cose  is  deter- 
mined by  the  equation 

n«a«_(/+4)(4-4)_ (/-;,)(;, +  4)  . 
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which  giveti 


2/ (/-/.)' 

779.  Wheu  4  ^  equal  to  — /,  it  is  also  equal  to  4i  that  ia^ 

Tn  this  Ciisc is  algebraically  loss  thnn  — /,  and  the  velocity 
of  rotation  which  corresponds  to  tliis  case  is  given  hy  the  equation 

which  gives 

780.  When  j»  y$  equal  to  — /,  it  is  also  equal  to  4>  that  ii^ 

■p  =  —  l=l,. 

In  this  case  4  is  algebraicaUy  greater  than  — and  the  veloo- 
ity  of  rotation  which  corresponds  to  this  case  is  given  by  the 
equation 


which  {pves 


»«««_(/-/,)  (/.-/«)_(/-/>  (/.-^ 
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781.  If,  in  the  preceding  cfuso,  4  is  equal  to  the  negative  of 
/,  it  will  ubo  be  equal  to  4?  that  i^, 

A=4=— /, 

and,  in  this  cue,  the  elUptio  integnib  dimppear  ftom  the  equation^ 
flo  that  they  beoome 

and  allhough  the  axia  is  coiisiantli/  appnxiching  the  upper  vrrllcal^  after 
fufssiitfi  (he  lower  limit,  it  iieirr  reaclus  the  ufper  Sm&i  and  if  it  h^pM 
td  the  upper  limit  it  never  recedes  from  it. 

782.  In  the  simplest  form  of  the  problem  of  the  ipimmg  of  the 
the  extremUif  of  lite  body  is  a  pm'id  m  the  aria  of  revolidioitf  w/iich 

it  redneted  io  nme,  viiknt  fndimt  in  a  ionsont  d  plane.  Lt  this  case, 
the  equation  (444»)  is  still  applicable  as  wdl  as  (446r),  provided 
that  the  momenta  cf  inertia  are  referred  to  the  eentre  of  gravity 
of  the  top,  and  that  /  dLiiotos  the  distance  firom  the  centre  of  graT« 
ity  to  the  point  in  the  horizontal  plane. 

The  equation  (438s)  give%  in  this  cas^  with  the  notation  of 
§772, 

(/•-.4»)/H-^(l+i«J?-J??)/''=iP(/»-^)a-4); 

and  if     is  eliminated  by  means  of  (44Sj), 

The  oomparison  of  this  equation  with  (446]»),  shows  that  the 
limits  of  motion  are  tibe  same  as  in  the  case  of  the  gyrasoope,  and 

57 
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umkr  the  conditiuii  of  the  equality  of  l■^  and  I,,  tlie  extremity  of 
tlie  axis  of  the  body  describes  a  hurizontiil  circle.  The  expressions 
of  the  time  and  of  the  anmuth  of  Ihe  eacu  are  not»  however,  capable 
of  expreeuon  by  means  of  elliptic  integrala^  except  in  special  caael^ 
of  which  that  of  1 781  is  one,  and  another  corresponds  to  the  case 
of 

783.  When  the  horizontal  plane,  to  which  the  extremity  of 
the  top  is  restricted,  is  not  smooth,  the  problem  is  usually  more 
complicated,  althoo^  when  tiie  fiiction  brings  the  lower  extremity 
to  the  case  of  rest,  it  reaanimes  the  form  of  the  gyroscope,  and  this 
is  the  modification  of  the  problem  which  has  been  investigated  by 
FoissoN.  Li  this  case  ike  ggroteopet  kmev«r,  tie  /rieUm  beeemea  an 
{itff'rrsfuiff  fi(t/itre  of  the  prohlmi,  mul  hfU  a  peculiar  efTicf  vjmi  the 
limits  (o  r'lii'h  tin'  uinliuit  sulijfiiiil.  Instead  of  the  equation  (  114.,), 
thi  otiiiii"!!  iih<nil  the  oris  of  the  hudjf  decreasci  uniform^,  which  \&  ex- 
pressed by  the  equation 

^\  =  n  —  n-it. 

The  arm  drm-ifted  aboid  the  virlicid  agU  it  <'l^o  described  m  tkk 
etue,  at  a  um/onufy  deereoMk^  rtde,  which  gives  instead  of  (445^), 

(''-<?)v'+(«-»'0'^4=«''(4-fiO. 

The  power  of  the  system  is  reduced  by  the  friction  about  the 
body-axu^  which  is  proportional  to  the  angle  and  by  the  friction 
about  the  vertical  taa.%  which  is  proportional  to  If,  then,  the 
mean  values  of  ftnd  I  for  a  small  interval  of  time  are  denoted  by 
i/'l,  and  |«,  the  equation  of  the  preservation  of  power  may  be  re- 
duced to 


Digiiizeu  by  Google 


—  451  — 

in  whidi 

2y   ^  =  ^jflV'  COS  I)  — 
The  oombimitioa  of  Um  equation  with  (40Ub)  gives 

t^i=i^ip-p,)  (/.+4+^/)_„^,^[4_4/4-(;;:/-i)/J. 

\i  is  obvious  from  this  criimtion,  that  if  the  frictaou  about  the 
body-axis  vanishes,  (ho  height,  to  which  the  gyroscope  ascends, 
diminishes  at  each  oscillation.  If,  however,  the  friction  about  tlic 
vertical  axis  is  destroyed,  the  height,  to  which  the  gyrosn  [h' 
ascends  at  each  oscillation,  increases  when  the  bodj'-axia  i»  directed 
upwards  in  its  menn  position ;  but  this  height  diminishes  when  it 
corresponds  to  a  position  in  which  the  centre  of  gravity  is  below 
the  fixed  extremity  of  the  axis.  In  all  intermediate  poMtions^  and 
when  both  the  frictions  remain^  the  tnereose  or  decrease  of  ascent 
depends  upon  the  pecuhar  relations  of  the  Viirions  constants. 

In  the  Hpinning  of  the  top,  the  rounded  point  rolls  upon  tlie 
Hupportiiig  plane,  which  itiduccs  ait  acceleration  aljout  the  vertical 
axis  which  is  the  reverse  of  liiction.  ami  this  is  the  principal  cause 
of  the  ready  rising  of  a  top  into  the  vertical  position  ol  apparent 
repose,  known  as  the  glcqnutf  of  tlie  top. 


THR  DKVfL  0!f  TWO  STICKS  AKD  TBS  CHILD'S  nOOP. 

784.  Contrasted  with  the  motion  of  the  gyroscope  is  that 
of  a  solid  of  revolution  of  which,  instead  of  a  fixed  point  of  the 
ausy  the  circumference  of  a  section  drawn  through  the  centre  of 
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gravity,  perpendicular  to  the  axis  is  restricted  to  move  upon  a 
point  A  convenient  type  of  tliis  class  ul'  luutiuu  may  be  iuuud 
in  the  fiimiliar  toy  called  ike  deoU  on  two  tUekt.  If  the  fUotion  u 
neglected  in  this  eaaei,  and  the  notation  adopted  firom  the  preoeding 
problem  of  the  gyroaoope^  the  rotation  about  the  body-aziB  Is  found 
to  be  constant,  and  the  equation  for  the  preaervattoo  of  aroa  about 
the  vertical  axia  ia^  by  a  alight  reduction, 

Y  tBM!?  I -\-n  cos  i  =  B, 

in  which  B  in  an  nrbitrary  cottBtant  The  principle  of  power  give% 
by  reduction,  the  ec^uation 

/airf  {  +  r*=  Jr+a  am  {, 

•  in  which  //  is  an  arlntrarv  ooiistunf,  and      is  a  constant  which 

depends  upon  the  I'orui  of  the  solid  and  the  radius  of  the  conlined 
drcumferenoe. 

78&  The  combmation  of  (452,)  and  (452^)  gives 

8in»  U'' =  (^+«  on  €)  an"  I  —  (-B  —  «  co«  S)*, 

from  whidi  It  la  obvious  tha1»  in  the  general  caa^  an  t  cannot 

vanish,  that  is,  <Ae  iotfy-axiB  eamut  ieeeme  vertieaL 

7S6.  When  B  vanishes,  and  JT  is  greater  than  a,  we  have 
the  ordinary  case  of  the  devil  on  two  sticks,  and,  in  this  case,  there 
are  three  real  vahios  of  sin  for  which  the  second  member  of 
(4-)2._,j)  vani.<li(.'.s.  Two  of  these  values  of  ^In  |  are  contained  be- 
twet'ii  positive  and  negative  unity,  and  oj>e  of  theiu  is  positive, 
while  the  oHier  is  negative ;  they  give  the  Urait  of  the  motion  of 
the  azii^  and  correspond  reqiectivdy  to  the  cases  in  whidi  the 
centre  of  gravity  is  below  or  above  the  pmnt  of  dispendon,  which 
latter  is  of  course  the  actual  case  of  .the  toy.  In  either  case,  the  tnd 
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«f  iht  im%H»w  (UnmSet  a  «urw  wilMsft  w  va&ar  m  form  ia  tht  fyii**  ^ 
mi  ike  tgiparad  mad  «f  rtiutim  abwi  ike  verHetd  «ua»  eritet  /rem  iki 
rtfiated  cJuinyc  in  the  diredion  of  rtAati'm  trhick  Oeoin  at  €aek  weeOtO/e 

rttum  of  the  lM(l//-axi)i  to  the  horizontal  poxilion. 

787.  When  B  vanishes^  and  U  is  greater  than  a,  but  aatis* 
iies  the  inequality, 

jr>  3  (*««)•—«», 

the  three  values  of  |dn  for  wlueh  the  second  member  of  (45^) 
vanishea^  are  all  contained  between  pontive  and  negative  unitjr. 
The  poritiye  value  is  the  upper  limit  of  the  inferior  position  of  the 
centre  of  grnvity,  as  in  the  preceding  case,  and  a-s  it  would  be  if 

the  inequality  of  this  section  were  not  mUisfied,  w)  lliat  botli  the 
negative  vahios  wore  to  become  imaginary  or  equal.  But  the  tsvo 
negiitive  values  arc  the  limits  of  motion,  when  ♦he  e<'ntre  oi"  grav- 
ity is  higher  than  the  j>oiut  of  su.speni«ion,  and  in  this  case  ilie  body' 
am  iaer&a  a  fWHW^  «Nrr^  and  eotUinue*  to  rotate  m  one  and  tie  torn 
dureeUon  aikvi  ike  mUeal  aint,  wUhovi  wer  keemm^  koriemtal,  foAwft 
j^ammott  uaaal^  aeean  in  He  devS  an  im  tHeh,  at  ike  h^/ammg  tf 
ike  game,  and  hefan  U  kaa  aftaiaed  a  t^ffteient^  rtpid  rUaUm  io  auam 
a  horizout'd  ]>osHioii. 

When  H  aattafies  the  equation 

J?'=3(*«a)<— 1^, 

the  two  negative  liniit.s  ol'  .«in  ^  are  e(|tial,  niul  correspond  to  a 
gyration  of  the  body-axis  about  the  vertical  axi.s  in  a  right  cone. 
The  motion  which  oorresponds  to  a  pontive  limit  of  sin  S  in  this 
case  can  be  expressed  by  means  of  eUiptic  integrals. 

788.  Whenever  H  satisfies  the  inequality 
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the  bwly-axis  may  hocome  horizontal  with  the  centr*'  of  gravity 
al>ove  the  point  of  .suspension,  and  in  this  po.Hitiun  its  gyration 
is  positive  or  negative  in  conformity  with  the  sign  of  B.  I4  more> 
over,  n  is  greater  than  the  vibration  of  the  body-axis  from  the 
horiaontal  position  extends  so  far  os  to  reveeae  the  direction  of  the 
gyration  about  the  vertical  axis;  but  if  11  is  leas  than  B^  the  direc- 
tion of  this  gyration  remains  unchanged. 
When  H  satisfies  the  inequality 

the  body-flxts  cannot  l)ccoine  horizontal  with  the  centre  of  gravity 
above  tlic  point  of  siu^peasion. 
780.  The  case  of 

B=.±^n, 

constitutes  an  exception  to  the  conclusion  of  §  "<S'»,  and  it  is 
obvious  that  iu  this  case  the  body-axis  may,  and  generally  will, 
become  vei'tical. 

71)0.  The  case  of  a  /wop  rolling  ujmii  a  huruuiUal  plaitc,  ia  in- 
cluded in  that  of  any  rolling  solid  of  revolution,  but  which  is  so 
formed  that  a  circumference  of  the  section  of  §  784  is  restricted  to 
roll  upon  a  horizontal  plane.  The  rolling  condition  is  geomet- 
rically satisfied  by  the  restriction  that  the  point  of  contact  with 
the  plane  is  stationary  during  the  instant  of  contact.  If  the  nota- 
tion  of  tlie  preceding  sections  is  retained,  ami  if  /  is  the  radius  of  tlie 
rollinj;  circninfcrcncc,  the  velocities  of  flie  centre  of  gravity  in  the 
directions  uf  the  body-axis  and  of  a  borizoutiU  perpendicular  to  the 
body-axis  are,  respectively', 

IV  and  ief„ 
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The  equation  of  the  power  of  the  syifteai  multiplied  by  2  J^",  and 
divided  hy  m  becomes,  then, 

i/ain»  {  + -4  r'+ 17+ a  MO  {  + «», 

in  vhidi 

n  is  the  initial  velocity  of  rotation  about  the  body  axis,  and  II  is 
arbitrary. 

The  applicataon  of  Laqkamoi^s  canonical  fonns  to  the  preceding 
exprewion  of  the  power  ipves  the  equations 

D,v._  —  0, 
D,  ( i;  '  siir  I  -\-  Bt\  cos  J)  =  0. 

and  by  integration  and  reduction 

».  =  «» 
V>'«n*|-|-i^ttcos(=  Of 

A      I  r*=  (i7+a  sin  I )  sin^  ?  —  ( B»  cos |)*;  . 

nnd  it  is  obviou.s  that  tliese  expressions  coincide  in  Ibnn  witli  these 
which  were  ohtaiiicd  ia  tlie  invcsfiiratioii  of  the  ikvll  on  firo  afirh, 
tM  Uud  ike  larium  in/trencifi  made  in  UkU  jirohlein  arc  ajjjtlicablc  to  Hie 
moium  ef  the  hoyt.  Hie  analysis  of  the  present  problem  ia  identical 
with  that  which  was  adopted  by  Ndlit. 

791.  When  the  hoop  ia  gyrating  with  its  plane  in  a  position 
which  is  nearly  horizontal,  the  cube  and  higher  powei-s  of  sin  %  may 
be  neglected,  in  which  cose  the  equation  (450^)  gives  the  integral 
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in  which  it  is  suiBcient  to  observe  thnt  |«  is  the  initial  value  of  ( 
and  b  ia  constant,  to.  that  the  hoop  eondanty  iemkf  iff  tit  inerHOf  io  ritt 
from  Ui»  jmsfium,  ukiekf  eombmid  wHk  the  ur^^ubr  aeUon  of  fridion,  ae> 
eonah  for  ihe  peatSar  form  of  ^fratiBn,  wAiinl  fhpunt^  aeco^m^ 
tkffaS  of  ihe  hoop. 


BOTABT  FROOXBSBIOir,  KUTATIO]!,  AMD  TABIATIOH. 

702.  The  positions  of  the  axis  of  rotution  and  of  maximum 
rototioiMwea  mttj  be  referred  to  a  fixed  axi^  and  the  change  of 
mdination  to  this  fixed  axis  may  be  cnUed  nutatkm,  while  the  gyra- 
tioo  about  it  is  called  progreukm;  and  the  diange  in  the  nui|;nttude 
of  the  rotation,  or  of  the  maximum  rotatioiHirea  may  be  called 
varklUon, 

703.  It  is  obviou.s  from  the  simple  principles  of  the  computa- 
tion of  roliuion-areiis,  tliat  im  nccM'lcrntive  force  which  tends  to  give 
a  rotutioii-urea  about  an  axis  pcrpLudicular  to  the  axis  of  maximum 
rotation-area,  does  not  cause  a  variation  of  tlie  rotation-area,  but 
only  a  motion  of  the  ass  so  as  to  rndine  it  in  tiie  direetioii  of  the 
accelerative  axis,  Eatee  ^  the  aeederative  ask  it  perpetuSenbr  to  tka 
fixed  etxu  at  well  at  U  the  am  of  mmmum  rotatmrorw,  pngretrion 
it  javdueed;  ^  U  it  in  ihe  conutton  plme  <f  ihe  fixed  am  and  am  of 
maidinvm  roludon-ana,  n-hHc  it  A  pt  rpi  ndiadar  to  the  loiter  axis,  nutaUon 
k  pro<h>ccit ;  if  it  ia  in  the  tUrediou  of  the  axit  of  mtmaatm  ntatim- 

■ 

weOf  vai'uilioH  in  prodiicid. 

The  three  directions  of  the  accclorative  axis,  which  correspond 
to  the  respective  production  of  progression,  nutation,  and  variation 
are  mutually  rectangular ;  so  that  it  is  eaqr  to  determine  the  rda^ 
tive  tendency  of  a  given  force  to  these  different  modes  of  action, 
llkis  neat  analysis  is  derived  from  PonaoT. 
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794.  If  the  accelerative  axis  is  constantly  perpendicular  to 
the  fixed  axis,  and  also  to  tlie  axis  of  maximum  rotation-area,  the 
motion  will  be  wholly  that  of  progression,  of  which  mode  of  actkm 
a  fixed  type  is  presented  in  the  precearion  of  the  equinoxes^  the 
diacnnon  of  which  problem  mvit  be  reseryed  for  the  Gbusiul 
MEniAMcs.  If  the  accolorative  axis  is  constantly  in  the  plnnc  of 
the  fixed  axis  and  of  the  axis  of  maximum  rotation-area,  while  it  is 
perpendicular  to  the  latter  axis,  tlu'  motion  is  exclusively  that  of 
nutation,  and  tliis  form  of  action  is  wull  exhil)itod  in  tlie  friction  at 
the  point  of  the  tup     it  ruli^  upon  the  hurixuntal  piano. 

KOLUHO  AMD  ILIDIMO  MOTIOir. 

795.  A  Bpeoiiil  example  of  the  case  of  rolling  moUom  baa 
been  eoaaidered  in  the  hoop^  and  tie  mode  if  aaai^ik  wik^  wm  ihere 
tuhp(ed  em  be  appSed  io  ike  ffenenU  mvett^ffatiatt  as  it  has  been  done 

by  NtTLTY.   Tliua,  let  the  axes  of  z,  j/,  z  have  the  same  directions 

■with  the  principal  axes  of  the  rolling  solid,  let  jr^,  >/^,  and  denote 
the  coordinates  of  the  centre  of  irravity  of  the  solid,  ami  .r..  >/.,  and 
z.  those  of  its  point  of  contact  with  the  sui  faoc  uiion  which  it  rolla 
The  condition  of  rolling  without  sliding  gives  the  equation 

with  the  similar  equations  fiir  the  other  axes.  The  expteanon  of 
the  power  is 

from  which  the  equations  of  nutation  can  be  readily  obtained  by 
Laoranoi^s  canonical  fbrmsi 

796.  If  the  solid  slides  upon  the  surface,  it  still  remains  in 

68 
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contact  witli  the  surface,  so  that  the  point  of  contact  does  not 
move  in  the  directaon  of  llie  normal  to  the  sur&ce.  If  the  direc- 
tion of  the  nonnal  is  draoted  by  Nt  W»  comStion  it  etjpreued  the 
egrnHim 

wliicli  is»  given  by  A.vi>ERSf)N.  T/iis  «  f/ic  ovih/  midition,  ie  wkkh  the 
fnoiion  is  sulijicl,  in  the  cnf<e  of  pcrfict  diiiing  iiw/ion. 

7U7.  IVAen  Ihe  siitliuff  w  accoinpanitd  tcilh  Jriiln'H,  the  friclion 
«U(jf  he  r^ardcd  as  a  force  propoHimtal  to  the  pressure  applied  at  the  peM 
^  iht  teSdt  miidk  it  m  etmtaet  w&h  the  surface,  m  a  JSreeUoH  opposite  ie 
that  cf  its  motion. 

Yfhea  the  velocity  of  vasure  is  destroyed  by  finc&»i»  the  motion 
ceases  to  be  diding  and  becomes  a  rolling  motion,  m  uMch  form  it 
continues  as  long  as  the  fwree  iif  fridim  exceeds  tie  aeeekrative  force  ui 
ihit  e&vdion  ef  fridim. 


CHAPTER  Xm. 

MOTION  OF  SYSTEMS. 

708.  Tlie  motion  of  every  system  is  necessarily  subject  to  the 
Law  of  Power,  expressed  in  §  58,  to  the  laiv  if  ihe  nutiion  of  the  centre 
of  gravity  of  §  452,  and  to  the  law  of  arem  of  §  753.  These  three 
principles  not  only  apply  to  ihe  whole  system,  but  to  each  porUon 
of  it  considered  as  a  system  in  itKlf. 

799.  The  various  forces  which  act  upon  a  aystem  are  often 
quite  different  in  the  magnitude  of  their  effects,  so  that  they  may 
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be  considered  IVoni  this  point  of  view  ns  different  orders  of  force. 
In  a  first  invostigiition,  all  but  the  forces  of  the  fir.st  order  may  he 
neglected ;  and  iu  8ub(je<|uent  upproxiuititiuns  the  forces  of  the 
inferior  ocdera  may  be  suoceasively  introduced,  aa  «Stturlitig  foree»^ 
and  tbeir  various  efiects  may  be  detomined  as  pertta^aUom  of  cor- 
responding ordera 

800.  The  separation  of  the  system  into  partial  systems  is 
closely  connected  with  this  subdivision  of  the  forcci*,  for  it  may 
easily  be  seen  that  the  forces,  which  are  of  chief  importance  in 
the  whole  system,  or  wnne  portion  of  it,  are  least  active  in  other 
portionB  of  this  system.  Whenever,  for  instance,  the  parts  of  any 
portion  are  so  isolated  from  the  rest  of  the  system,  tliat  their 
relative  changes  of  position  are  of  small  influence  out  of  the 
portion,  they  diould  be  treated  by  thenMetves  as  a  partial  system, 
and,  relatively  to  all  the  other  partt^  may  be  oonadered  as  con- 
densed upon  their  common  centre  of  gravity. 


LAOBAHOK'S  MKTHOD  of  FKBTinUATIOIIS. 

801.  Tile  method  of  piTturbatioiis  wliich  originaiLil  witli  L.\- 
OUANQK,  and  which  depend.?  upon  f/w  larutfion  of  nibitrary  coudanh^ 
deserves  the  first  consideration  from  its  surpassing  elegance ;  and 
it  is  the  natoral  btroductlon  to  the  other  modes  of  investigatioa 

Suppose,  then,  that  a  complete  system  of  integral  ei^ttations 
is  obtained,  when  all  the  forces  but  those  of  the  first  order  are 
n^lected,  and  let  one  of  these  equations  involving  a  single  axbi- 
tnuy  constant  be  denoted  by  (199,,).   Let  ' 

i2  denote  the  potential  of  the  forces  of  the  first  order,  and 
!P  that  of  the  forces  of  the  inferior  orders, 
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and  the  equations  ol  motion  (lOOj^)  uss^ume  the  Ibrius 

IS  tbe  cooBtaat  member  of  (199^)  ia  now  oaramed  to  vary,  its 
derivative  is 

D,  a,  =     {DJ,     !P)  =  J?*      {DJ,  DJ,)  Df^  ^ , 
for  by  (199.) 

The  condition  that  5P  does  not  involve  io  gives  algebraically, 
and  notation 

givc»  in  combination  with  (400^) 

in  wbieh  «  may  be  substituted  for  its  c(|u»l  /  in  the  second  member. 

802.  The  integrals  of  (460^^)  obtained  with  the  omianon  of 
the  forces  of  the  inferior  orders,  admit  of  arbitrary  variation  of  the 

arbitrary  constants,  so  that  if  8uch  variations  taken  with  reference 
to  arbitrary  elements  w  hich  may  be  denoted  by  »  and  ).,  the  cor- 
rc<«ponding  variations  of  (460a-i)  with  the  omisriou  of  the  terms  de> 
pendent  upon  !^  are 
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and  similar  equations  for  X  which  give 
mtihatif 

Cj''^  does  not  involve  the  time  explicitly. 

803.  If  »  is  the  element  cH  actual  variation  of  tlie  arbitraiy 
coDstanto  whra  the  inferior  forces  are  introduced,  which  element 
may  be  expressed  as  the  time  when  it  is  so  connected  witli  the  arbi- 
trary constants,  a.s  not  to  cause  ambiguity,  the  Tariations  of  the 
equations  (460||_t),  give 

80  that  Djf^  V  does  not  involve  the  time  explicitly.  When  x  and  X 
arc  changed  to  cr,  and  a^,  it  \s  siifliciont  to  retain  i  and  k  in  the 
notation  Ci%  so  ttiat  it  is  apparent  from  (IGlu)  that 

By  oliminulioii  from  (he  oiiuatioud  represented , in  the  preced- 
ing form,  the  value  of  D,  can  be  obtained  identical  with  that  of 
(46(^),  BO  that  it  is  evident  that  JSjp  does  not  contaua  the  time  ex- 
plicitly. It  is  also  apparent  that 

except  when 
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in  vbicfa  owe 

d04.  The  independenoe  of  i^^  of  the  time  in  an  expltdt  form, 
renders  it  poaaible  to  Ofnnpnfe  its  value  for  any  instant  and  the 
yalue  thus  obtained  is  nniyersally  trae.  Thus  in  tlie  especial  case 

in  which  the  arbitrary  constants  arc  the  initial  values  of  i}y  etc., 

the  values  of  i/^'^,  computed  lor  the  initial  instant^  are  eadly  Been 
to  vanish  when  the  /-  and  /  reler  to  diflcrent  points  of  tho  .sysfcm ; 
but  when  k  and  i  rellT  lo  tlie  »;„  and  of  the  same  poillt,  the  value 
of       w  poaitive  or  negative  unity,  .<u  that 

In  the  case  of  lectangnkur  coSrdinates  these  equations  become, 
for  either  axis, 

805.  The  especial  variation  of  the  constaut  II  may  be  de- 
rived from  the  equation  (171 7)  which  gives 

l),ii=:s^{i)^WD.ii)^i}^w, 

provided  that  is  intended  to  express  the  t  which  i.s  involved  in 
any  of  the  quantities  denoted  l»y  i].  This  development  of  the 
variation  of  the  arbitrary  coustants  is  token  firom  LikOttAJiQE. 

i.ai'I.ack's  mktuoo  of  perturbation. 

806.  Tlie  values  of  f»,  etc.,  can  be  aufaatituted  from  the 
first  integrals  directly  in  the  first  form  of  the  second  member  of 
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(460;),  and  the  integral  values  of  a<  which  are  then  obtained  dm 
be  introduced  into  (0»i],  etc,  as  a  second  approximation  to  their 
YBliie&  This  mode  of  asulym  is  especiaUy  meM  when  the  equa> 
tioits  of  the  fint  fimn  are  linear  with  reference  to  ij,  n,  and  their 

derivatives.  For  in  this  case  it  is  apparent  that  the  futictions  de> 
noted  by  /,  are  linear  with  reference  to  t},  ta,  which  may  be  demon- 
strated in  the  following  manner.  Let  »;,,  w,,  etc.,  be  special  values 
of  w,  of  which  there  imi<f  be  as  many  inili'in  iidi'iit  viiliu  s  a.s 
there  are  equations  expressed  by  (-iGlV^).  The  arbitrary  coostunts 
tti  may  then  be  such  that  the  complete  values  of  ij  and  w  are 

whence  the  values  of  a,  asMuue,  l»y  elimination,  the  linear  form  in 
reference  to  i},  (u,  etc.  The  values  of  are  then  functions 
of  if  and  do  not  involve  i},  w,  etc.  UD^  !P  represent  fbreee^  which 
are  also  Junctions  of  the  tim^  the  inte^als  of  (iCOj)  can  be  com- 
pletely obtnined.  By  the  substitntioD  of  these  values  of  thus 
obtained  in  the  expressions  of  ,  the  complete  values  of  fj  are  ob* 
tained,  which  often  admit  of  useful  modification,  and  the  success  of 
the  method  depends  upon  the  skill  with  which  thi^  modiiication  is 
eflected. 

807.  A  special  case  of  frequent  occurrence  in  the  problems 
of  celestial  mechsiiies  is  one  in  which 

The  value  of  the  integral  in  this  case  is,  for  a  first  approximation, 
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whence 

01  = — aa  rin  a  /     a  «i  cos  a/, 

Oj  =^ 7^  win  -\-^CMai=/i. 

The  values  of  the  oonstante  obtained  by  integration  of  (ifiOt-*)* 
are  increased  to 

and 

ao  fhat  the  complete  value  of «;  ia 

fl=aco&ai  +  ttiSmat—-^J^{D^  Vmiai)'\'^~^J^(J)^  W cos ai). 

808.  The  disturbed  motion  of  tlie  ordinary  projectile  ex- 
hibits an  eaajr  example  of  change  of  form.  In  this  case,  by  the 
introdnction  of  rectangular  coordinates  in  which  the  axia  of  z  ia 
horizontal,  and  that  of  jf  verticali  the  equations  are 

whence 

=    +  +/,'2>.y, 

y  =  -  i  y -J- a,  ^  +  «,  +  ^  / /?,  tf' -  ^  i?, 
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Hansen's  uhthod  of  rEBxroBATioNs. 


809.  If  V,  denotes  any  function  of  tlie  time  and  of  tbe  arbi- 
tnry  constants  in  the  undi.sturbed  orbit^  it?  value  in  the  di:jturbed 
orbit  nuftj  be  obtained,  from  the  integiation  of  the  equation 

by  the  siilistitution  of  t  for  t  after  the  integration  is  performed. 
In  the  pert'oniiiinoo  of  the  integration,  the  arbitrary  constants  are 
to  be  regarded  us  variable,  and  the  \  :ihie  of  V,  in  the  undisturbed 
orbit  ia  to  be  taken  for  the  initid  value  of  V^.  This  introduction 
of  X  far  %  wKii^Mm  the  finIL  principle  of  IhneafB  method  ef  pertuT' 

810l  The  appUcation  of  this  method  to  the  example  of  1 808^ 
givefl^  for  tiie  valnes  of  x  and  jf 

811.  In  the  example  of  §  SOT,  the  value  of  ij  given  by  this 
method  is 

f}=aoQea/'|-aifflna<  —  ^J^^ana{x — iPj, 

in  which  the  form  of  notation  is  slii;htlv  modified  «i  that  no  subse- 
quciit  clianire  of  r  to  /  i.s  nece-siry.  A  e;i>e,  which  often  oeciura  in 
connection  with  this  example,  is  worthy  of  notice ;  it  ia  when 

i>,iF=  A  cos  («<  +  «), 
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in  which  case  Uie  value  of  is 
In  the  special  oaae  of 


^haa  Talne  of  ij  beoomes 


812.  If  the  funct  ion  V  increases  with  ike  time  fiom  negative 
to  positive  infinity,  m>  that  for  all  values  of  t 


there  is  an  instant  which  may  be  denoted  by  s,  for  which  the  un- 
disturbed value  of  V  coincides  with  ita  disturbed  value  for  the  in- 
stant denoted  by  t.  The  comapondtng  value  of  is  a  function  of 
both  i  and  €,  vhidi  may  be  introduced  into  instead  of  but 
after  this  substitution  all  the  changes  in  the  value  of  V,  must  arise 
fi»m  those  of  g^,  so  that 


and  the  differential  equation  for  the  detennination  of  is 


In  the  intogrution  of  this  equalioii,  t  must  be  taken  08  the  initial 
value  o£gff  whence,  for  the  first  approximation, 


D,V>0, 


Z>,s,=  l. 
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Alter  the  iutcgratiou  is  performed,  the  value  of  s  is  derived  froiu 
that  of     by  changing  r  to  ^. 

81S.  The  disturbed  valae  of  any  oilier  function,  U  may  be 
partially  obtained  by  the  substitution  of  0  Ibr  (j  and,  anoe 

the  reridual  portion  is  obtained  from  the  equation 

A  tr^^  D,  Ur  —  A,  U,^l>,  »r, 

by  cIiaiiLniig  T  for  /  ftRor  the  iiif I'L'rat ion  is  porlni  nu  il,  and  cumplot- 
ing  the  iutegratiou,  t>o  tiiut  L\  may  be  the  value  of  l',^  wheu  t 
TaDidieai 

TUt  htroduetien  ef  tie  digtwM  tinUf  wHdk  it  denoted  z,  can* 
tHbdet  th  ueond  pruuipk  tf  Habob^b  melhod  tf  perhiriatioiu,  and 
upon  the  skilful  use  of  the  two  piinoipleB  thus  dereliqted,  coin- 
bined  with  an  appropriate  choice  of  coUrdinatei^  depends  the  bw> 
cess  of  this  liighly  ingenious  and  original  metliod. 

814.  It  is  obvious  that>  in  the  first  approximation, 

so  that  the  last  term  of  (-iCTu)  dis^ippears  for  this  approximation. 

815.  If  F  is  such  a  function  that  it  can  be  expressed  in  terms 
of  ii,  etc,  without  involving  b>,  etc.,  or  t,  it  follows  from  |801, 
that  the  second  member  of  (465,)  Taniahea^  when  r  is  changed  to 
i,  so  that  this  must  also  be  the  case  with  the  second  member  of  the 
equation  derived  from  (466^), 
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The  value  ot  the  tim.  member  of  this  equation  can  therefore  be 
obtained  hy  the  integration  of  the  equation 

(^^)  =  ^'  (  c^n?  ^' 

provided  tbat  fhe  integratiai  ia  oompleted  in  oonfi>imit7  vith  the 
pieirioiu  conclition. 

816.  If  one  of  the  arbitraiy  constants^  which  mij  be  denoted 
by  /3  is  m  involved  in  V  tbat 

in  which  K  ducis  nut  involve  the  time,  or  if  the  form  of  F  is^ 
the  eonesprading  tenn  of  the  eecond  nmnber  of  (468|)  ia 

The  corresponding  term  of  the  second  member  of  (4G7u),  if  U  has 
the  same  form  with  V — ^  in  (4G8m),  is 

817.  IT  one  of  the  arbitFary  constants^  which  may  be  de- 
noted by  y  is  so  involved  in  U  that  U  —  y  may  be  expressed  as  a 
function  of  V  without  explicitly  involving  /  or the  corresponding 
term  of  (467i])  is  reduced  to 

818.  The  fhrther  devdopment  of  the  mediodfl  of  pertnrbor 
tions  depends  upon  the  peculiarities  of  the  problem  to  which  they 
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are  applied.  But  the  example,  to  ■which  tliey  are  most  appropriate, 
ia  that  inm  vhkji  thej  hKr9  d«ived  th«ir  origin,  the  tnolkm  of 
the  bodieR  of  the  solar  system,  to  that  their  ampler  discuadoii  ia  re* 
Beryed  for  the  Celestial  Mechanica 


tKAU.  OBCn.LATION8. 

819.  When  the  motion  of  a  system  is  restricted  to  mnall 
oscillations  about  a  position  of  Ofiiiililiriiim,  the  quantities  etc., 
may  be  supposed  to  be  so  small  that  the  terms  of  T  and  Si,  which 
are  of  nuwe  than  two  dimeiuioas  in  reference  to  these  quantitiea 
and  their  deriTativea^  may  be  neglected. 

The  value  of  T  may,  then,  fay  (165|),  be  eqiressed  in  the  form 

in  which  the  quantities  denoted  by       are  constant 

If  (he  vahios  of  ij,  etc,  are  pupposed  to  vanish  for  the  position 
of  equihbriuiu,  the  derivative  of  Si  with  refiTcnri'  to  either  of 
these  variables  vauibUes  for  the  eame  potution,  so  that  Si  must  have 
the  form 

in  which  the  quantities,  denoted  by  S2'^\  arc  constant. 

The  etjuntions  of  motion,  derived  from  Li.VGiUNG£'8  cauoniual 
forms,  are,  therefore,  represented  by 

^*[(ri'i2^-J2J;i)i,,]  =  0, 
tint  ii^  Hqf  coH^Hvle  a  ^fitm  tf  Umot  d^ersN/Mrf  egwriSw*  with  eomkud 

820.  It  foUowB  fhnn  the  linear  forms 'of  these  equutioo%  that 


the  various  pystcnriH  of  vnlucs  by  which  they  arc  satisfuMl,  can  be 
combiucd  by  addition  iuto  a  new  .-i^stem.  Tliis  is  the  mathematical 
expresnon  of  the  important  phjidcat  law  of  the  poaaibility  of  the 
tuperposUim  if  maS  osaBaUom. 

821.  With  the  notation 

the  equation  (46^)  aanimes  the  form 

i..(dtiij,)  =  (». 

If,  then,  there  are  in  of  tlie  quantities  etc.,  if  — li^  i.s  one  of  the 
Talaes  of /?f  which  eatiafies  the  equation,  expreflsed  b  the  notation 
of  deierminantfl^ 

any  system  of  values  of  t^,  is  expressed  by  the  equation 

=  Bin 

in  which  ««  is  an  arbitrary  constant,  and  the  conatants  £t  have  a 

oomiuon  arbitrary  factor.  The  mutual  ratios  of  the  quantities  B. 
are  determined  from  the  equations  derived  from  (470,|,)  by  the 
substitution  of  — »'  for  Z?f,  and  £  £ot  ii.  Hence,  bjr  §S40,  £t  ia 
determiut^d  iu  the  form 

in  which     is  an  arbitrary  constant 

822.  By  the  combination  of  aU  the  values  of  n,  the  oomplete 
value  of  ij{  is 

ti,  =      l£M'  iH^mi  {nt  +  ; 

but  it  is  evident  that  only  those  values  of  «  shoold  be  retuned 
for  which  the  values      given  by  (470u)      real,  positive^  and 
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unequal.  For  all  <itlior  values  of  the  time  t  would  be  intro- 
duced iuto  the  value  of  t;,  in  Huch  a  way  Uiat  it  'vvould  indefi- 
nitely inereaaa  It  is  plain,  therefore,  that  tho  only  values  of  n, 
which  can  be  rettdned  in  (47QH)f  those  which  cocreapond  to 
elements  of  stabilily,  bo  that  if  the  elements  ij  am  selected  with 
a  due  to  the  conditionB  of  equilibrium,  thoee  which  corre- 

spond to  the  unstable  equilibrium  will  diaappeox  of  thenuelveB 
with  the  rejection  of  the  corresponding  values  of  n. 

When  the  pomfi'iii  of  efpfilihrixm  h  stable  vith  reference  to  all  of  iU 
elements,  all  the  m  valim  if  u"  ai  e  real,  positive,  and  uurt/im!. 

823.  The  forms  of  T  and  i2  of  §  8113,  lead,  by  inspection,  to 
the  equations 

and  the  equation  (4G9sa)  gives,  for  each  value  of 

if  «  written  as  an  accent  indicates  a  special  value  of  to  which  the 
functional  form,  is  appUcable.  If  $,  is  determined  by  the  notation 

and  if  tlic  equations,  represented  by  (469a)>  are  added  together 
after  being  multiplied  by  £l'\  the  sum  is 

1^  moreover,  denotes  the  value  of  T  when  iil  is  changed  to  £1"^ 
the  Talue  of      given  by  integration,  ia 

$.  =  2;8in(ii<-}-«,). 
the  elements  t  thus  obtained,  correspond  to  the  indep^ent  e1e> 
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mcnts  of  stability  which  ail'uct  the  position  of  equilibrium,  aud 
embody  {he  true  anaLyas  of  the  Taiions  fomui  of  OMllBlikui  of 
which  the  qwtem  is  siuceptible.  When  the  difierent  values  of  n 
have  a  eommon  divisor,  the  osdllation  is  evidently  periodia 

This  investigatioii  of  the  theory  of  small  osaQation  coincidec^ 
in  substance,  with  that  of  Laoranoe. 

824.  The  importance  and  variety  of  the  forms,  in  which 
oscillation  ntn!  v;!  ration  are  physically  exhibited,  give  peculiar 
interest  t<»  tlic  lULchatiical  discussion  of  tl^i^s  suliject.  But  the  mode 
oi  analyiiid  in  so  dependent  upon  the  form  of  the  phenomena,  that 
the  special  veseaidies  are  reserved  fi»r  the  ehapten  to  whkh  they 
are  appropriate. 


A  STSTSK  Movnto  V  A  SKMsnite  HBimni. 

825.  When  a  eyutem  muvcs  iu  a  resisting  medium,  the  law 
of  resistance  may  be  regarded  as  dependent  upon  the  velocity,  so 
as  to  be  the  same  fbr  all  the  bodies,  but  it  may  vary  by  a  constant 
ftetor  finnn  one  body  to  the  other.  If  this  constant  fiustor  fbr  the 

mas.s  t)i,  19  denoted  by     and  if     is  the  function  of  the  velocity 
the  resistance  to  the  mnss  m,  moving  with  the  velocity  v,  is  X",  V,. 
If,  tlietu  re(  tan<rnlar  courdiuates  are  adopted,  the  e(][uationa  of 
motion  aaaumc  the  form 

The  corresponding  form  of  the  equation  fbr  the  determination  of 
the  Jacobian  multiplier  ia^  by  |§  402  and  451, 

£>,  log  sfotfc  =     [&,  2,  D^^\ 
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Thb  cquatiun  becomes,  when  the  motion  is  uurehtricted  iu  bpace, 
D,  log  [/..  (2 1'  +  A,  V)] i 

wkeu  tlie  motion  is  in  a  plane, 

n.  log  vc(t  =  2:.  [k,     -i-  A,  I  .)J  ; 

when  the  motion  is  in  a  atnight  line^ 

826.  It  is  evident  from  the  linear  fbrm  of  theee  eqnationi^ 
that  the  mnUqtSer  em  ie  t^Httated  info  faeUH^  eaA  ef  uMeh  tkall  iade- 
j»enden/fy  correspond  to  a  krm  of  V,. 

827.  When  the  resistance  is  ooii8tant»  end  the  motion  in  a 

str:uL^1it  line;  or  when  the  resistance  is  inversely  proportional  to 
the  vflo<;ity,  and  fho  motion  in  a  plane  ;  or  when  the  n'sistniice 
ia  inversely  proportiunul  to  the  .-itjuare  of  the  velocity,  and  the 
motion  i»  unrestricted  in  space,  //«,*  multiplier  becomes  vrnf;/.  In 
either  cose  of  motion,  a  term  of  the  corresponding  fonn  nmy  be 
added  to  the  resistance  without  affecting  the  multiplier. 

82&  Wkm  Ikt  mitimue  m  proporiimU  to  the  vdadfyf  the  value  of 
the  multiplier  in  the  cose  of  unrestricted  motion  is 

in  the  case  of  motion  in  a  plane  it  is 

and  iu  the  UiU«c  of  the  straight  line  it  is 

60 
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All  these  results,  with  regard  to  tlie  multiplier,  are  derived 
from  Jacobl 

829.  Whm  ike  retkbmee  is  propwHmU  to  Ikt  tguare  if  Q»  9^aeS^f 
the  Tolue  of  the  multipliar  fiir  motion^  which  is  unrestricted  in 
spaoe^  is 

for  motion  in  a  plan^  it  is 

and  for  motion  in  a  strai^i  line,  it  is 

830.  The  sum  of  the  equations  {i72^),  muliipUed  by  m,  z'„  is 

When  I'i  ha»  the  ibrm 

the  integral  of  this  equation  is 

r— 12=-^-.  [X'.f«.  (*■.  +  «.  0]- 

831.  When  there  are  no  external  forces  acting  upon  the  ^ya- 
t<'iii.  the  mm  of  the  equations  (  472.,,)  for  each  axis  multiplied  by  m^, 
if  u;^  refers  tu  the  centre  of  gravity,  is 

2:,  m,I>ix,  — — J£^  (;«,    F<  ^j) . 

If  the  resistanoe  is  proportional  to  the  velocity,  the  integral  of  this 
equation  is 

St  m,  (D,x,"^A)  =  —  X,  {«, 
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m  which  A  is  au  arbitrary  constant  II  /.-,  lias  tUo  same  value  fur  all 
the  bodies  the  complete  integral  is 

in  which  B  is  an  arbitrary  constant 

832.  The  introduction  of  polar  coordinates,  and  the  subatittt* 
tion  of  ^IL''  for  the  product  of  the  area  described  by  m,  alioiil  the  axis 
of  s,  multiplied  by  the  maas  give  for  the  corre8|)Oudiug  ec^ua- 
iious  of  motion 

When  there  arc  no  external  lbrce%  the  sum  of  the^  ec£uatious  is 

When  tho  roi^istance  is  proportional  to  the  velocity,  the  integral  of 
this  equation  is 

in  whidi  Cum  arbitnuy  comtant,  which  vanidiefl  if  tiie  weii  van* 
icihes  with  the  time.  If  i||  has  the  nnne  value  for  aH  Hie  hodies 
the  next  int^pnl  is 

So  that  fhe  rolaUon-area  insiead  of  b&tig  proporiioiuU  to  Hie  tune  is  pro- 
portional to 

hxf  the  jmifkm  of  the  axis  of  viajiinntn  rotaf/oa-^irrn  ji  not  itff'ected 
Hits  uiu/onn  ittode  of  resiaiwice,  which  proposition  is  from  Jacobl 
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ram  conclcsion. 

833.  In  the  beginning,  the  creating  spirit  embodied,  in  the 

material  universe,  those  laws  niid  forms  of  motion,  which  were  best 
adajjted  to  the  instruction  and  development  of  the  created  intellects 
Tho  relations  of  (he  physical  world  to  man  ns  developed  in  space 
and  time,  aw  ordered  in  proximate  simplicity  and  remote  comphca- 
tion,  in  the  immediate  supply  of  bodily  wants  hy  the  mechanic  arta^ 
and  the  infinite  promise  of  ipiritual  eiyo^nment  by  the  eontempla* 
tion  and  study  of  nnlimited  change  and  variety  of  phenomena, 
are  admirably  adapted  to  stimuhite  and  encourage  the  aetion  and 
growth  of  the  mind.  True  philosophy  begins  with  the  actual,  but 
may  not  remain  thert-;  it  vields  sympathetieally  to  the  projectile 
force  of  nature,  and  earnest  I  y  fnrees  \u  path  into  the  poj<sihle,  and 
even  into  speculation.s  upon  the  impos-sildc.  lint  whenever  the 
initial  impetus  iti  exhausted,  the  philosopher  may  not  be  coutent 
to  remain  stationary,  or  merely  to  turn  upon  his  axis.  He,  then, 
descends  to  the  world  of  eensihle  phenomena  for  new  instrnctioii 
and  a  stronger  impube  Let  soch  be  our  method.  In  the  present 
■volume  the  attempt  has  been  made  to  concentrate  the  more  im- 
portant and  abtruxer  speculationH  of  analytic  mechanics  clothed  in 
the  most  recent  forms  of  analysis,  and  to  make  a  few  additions, 
which  may  not  be  rejected  as  imworthy  of  their  position.  IMuoh, 
undouhtodly,  remains  imperfect  and  untinished,  for  it  eaiinot  he 
otherwise  in  a  fscienee  which  is  susceptible  of  infinite  improve- 
ment; and  much  must  soon  become  antiquated  and  obsolete  as 
the  science  advances^  and  espectally  when  we  shall  have  received 
the  full  benefit  of  the  remarkable  machinery  of  HjoiiLiOM'a  Quaier^ 
fubav.  But  it  is  time  to  return  to  natursii  and  learn  firom  her  actual 
solutions  the  recondite  analyris  of  the  more  obscure  problems  of 


Digiiizeu  by  Google 


celosti.il  and  pliy^^ical  merhnnicf!.  In  thej<e  researclR's  there  is  one 
lesion,  which  cimnot  escape  the  profound  observer.  Every  portion 
of  die  material  univene  is  pervaded  by  the  same  Lure  of  mechanical 
action,  which  are  incorporated  into  the  very  constitution  of  Hie  hu- 
man mind.'  The  solntion  of  the  problem  of  this  universal  presence 
of  sudi  a  spiritual  element  is  obvious  and  neoesaary.  There  is  one 
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APPENDIX 


NOTE  A. 

ON   TIIC   FORCE   OF   MOVING  BODIES. 

It  is  rcmarkuVik',  that,  notwithstainliiiL'  tli(>  fniviiicinix  argu- 
ments of  Lkibmtz,  the  loire  of  moving  bodies  is  iil!iio.--l  universally 
introduced  into  syntems  of  ana^lic  mechanics  as  being  proportional  to 
the  Telocity,  instead  of  to  the  square  of  the  velocity.  Some  philos- 
opliers,  in  quite  an  unpliilt)s^)|)liic  spirit,  have  stigmatized  the  early 
cl!N  U-;si(iiis  of  this  subject  as  a  war  of  words,  as  if  the  eminctit 
geouK'ters  who  entered  into  it  could  have  been  so  defieient  in  tlieir 
powers  of  logie  and  analyris.  The  great  objection  to  the  projior- 
tionality  of  the  force  to  the  v  ity  is  derived  from  the  necessity 
which  it  involves  of  roganliii;.,^  lijn  e  in  one  direction  as  being  the 
negative  of  that  wliich  is  in  the  opposite  direction.  On  this  ac- 
oonnt,  when  a  body  or  system  rotates  without  any  motion  of  tramda* 
tion,  it.s  agcri-cg;ite  force  vanishes,  so  that  such  a  motion  would  seem 
capable  of  being  jjroilm  i  rl  without  any  oxpcnditure  of  force,  and 
this  statement  has  actually  been  made  in  some  works  upon  astrono- 
my. Leuinitz  proposed  as  test  propositions  the  transfer  of  motion 
from  body  to  hody  in  Tarions  fonns^  in  all  of  which  he  supposed  the 
whole  force  to  be  transferred  from  one  body  to  another  of  a  diP' 
ferent  wciLrlit  witliout  any  external  action.  lJut  it  is  evident  from 
the  law  of  preservation  of  momentum  that  such  a  tiansfer  is  im- 
possible, and,  therefore,  this  test  cannot  be  practically  applied. 
however,  in  the  case  of  the  impact  of  an  elastic  body  upon  « 
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heavier  one  at  rest,  the  striking  body  in  held  fast,  as  soon  as  it  comes 
to  instantaneotu  rest  by  the  transTer  of  all  its  motion  to  the  other 

body,  tlie  subsequMit  Mstion  of  tlie  cla.sticity  must  finnlly  cause  the 
body  which  is  struck  to  move  forwarrl  with  ii  velocity  iiiviTscly 
pro|)ortional  to  the  st^uare  root  of  its  mass.  The  external  etlbrt 
applied  to  the  system  in  this  case  to  hold  the  bo<ly  at  rest,  arises 
firom  the  force  with  which  the  elastio  spring  of  the  bodies  is  com- 
prcRscd,  and  is  therefore  an  evidence  of  such  a  compression,  and 
a  proof  that  there  ha.s  been  an  expenditure  of  fore*;  in  its  produc- 
tion, although  the  uiouu'ntuui  of  the  system  is  not  ciianged  until 
the  bu(l\  is  held.  If,  again,  a  spherical  ball  were  to  he  impelled  into 
Ik  <^lindrical  tube  of  the  same  diameter,  which  terminates  in  an- 
other cylinder  of  a  different  dianiL'tLT,  luit  which  containiiiL'  a  !ki11 
that  exactly  fits  ity  and  if  the  included  air  nctn  as  a  comprestied 
spring,  it  is  easy  to  imagine  such  a  mutual  proportion  of  the  parts 
and  weights  that  the  second  ball  dull  leave  the  cylinder  at  the 
very  instant  when  tlie  first  ball  arrives  at  a  state  of  rest,  and  when 
the  air  has  retunied  to  its  initial  density.  In  this  case  the  whole 
living  force  of  tiie  lirst  bull  passes  without  iucreo^^e  or  diminution 
into  the  second  ball,  and  the  momentum  is  not  presenred.  It  is 
triu  that  an  external  force  is  reqtiircd  to  keep  the  cylinders  in 
plact'.  luit  this  is  a  mere  pressnre,  which  is  no  more  entitled  to  bo 
regarded  as  an  active  force  than  in  the  centrifugul  force,  or  any  of 
the  modifying  forces  which  are  represented  analytically  by  e<iua- 
tions  of  condition.  Seeing^  then,  that  by  admitting  the  stiuare  of 
the  velocity  to  be  the  trnc  measure  of  tlic  force  of  a  movinu^  Iiody, 
the  li<'ti<)n  of  negative  lurce  is  wholly  avoided,  and  the  funda- 
mental principles  of  mechanical  problems  are  reduced  to  their 
utmost  nmplietty,  there  seems  to  be  sufficient  reason  to  reverse  the 
modem  decisions,  and  return  to  the  higher  philosophy  of  LEumL 
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NOTE  B. 

OH  tBB  moBT  or  onHooBAFnc  raojienoMi. 

For  the  convenience  of  students,  the  theory  of  orUu^pntphie 
projections  is  here  condensed  into  a  few  si!i;].h'  formulsB. 
The  projection  of  a  line  a  upon  auotlier  line  i  is 

If  many  snfloeamve  lines  lepresented  bj  are  so  united  that 
each  line  begins  where  the  previous  line  «Miecl»  and  if  the  liist  line 
terminates  where  the  first  began,  the  sum  of  the  projections  is 

If  there  are  four  of  these  lines,  and  if  the  three  fir^t  are  uiutually 
reotangnlar  and  parsllel  to  the  axes  oS  x,  y,  and  z,  this  equation 
beoomes 

^.  (ai.ooei) +fli  cosies:  0. 

But  it  is  evident  that  e^  is  the  projection  of  — upon  the  axis 
of  9f  nrhence 

«r=— «»cos«, 

and  if  the  subjacent  4  is  now  omitted  as  unnecessary,  this  equation 
gives 

oos5  =  ^.(coe;coB»), 
of  whioh  the  equation 

is  u  piirticular  case. 

Those  equations  may  be  applied  to  the  projections  of  plane 
areas,  if  each  area  is  represented  in  a  linear  form  by  the  length  of 
a  line  which  is  drawn  perpendicular  to  it 
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mo<iifyinj.',  124 

intern.')!,  niav  be  nv^lcftiHl  In  trans- 
lation and  rotation,    .       .      .  HI 
equal  and  |iarallel,  in  c<|uililjriuin,  ITi 
prini-iple  of  liring,       .       .       .  l  fiH 
of  jicrturbalion,       .       .       .  I.'i!) 
of  niovinj;  bo<lics,        .       .       .  47B 
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Funt'lional  dvtiimiinant,  ....  ik:i 
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Meillum,  n'sislinj;,  .... 

2111 

on  rolling;  motion. 

Ihi 

brachUtoi  hronr  in,      .       .  . 

a.'.o 

Nutation  of  rotation. 

4. It: 

Itolocbronc  in,  . 

■ir.i 

0. 

tai-liislolrop<!  in,       .       .  . 

ajiii 

:>> 

barvlruiK.'  in,       ...  . 

m 

OM.'illatiuns  aUmt  porjtion  of  onuilibriuni. 

.10 

laiiloliaryd  In,  . 

an 

of  a  IkxIv  on  a  fixed  lino, 

2ifi 

nvni  lironi-  in,       ...  . 

HI 

of  a  holy  on  a  uniformly  rotating 

K)  utai'liy<l  in  

218 

systeiii'  uniting  in,       .       .  . 

on  n  nXatinj;  l  in  iiinferenee. 

202 

Method  of  multipliers,  .... 

of  the  pendulum,  . 

2ili 

Hamilton's,  of  dyiiamio,  . 

Ui2 

of  a  heavy  Unly  on  a  rolattiig 

eir- 

L.14rK.i.N<iK°.'',  of  iMirlnrlutliiin,  . 

449 

cmnlereiK-e, 

LAFLAi't'n,  of  perturlialioiiH, 

462 

of  the  pendulum  when  the  re-d-t- 

HansKxV,  of  p*'rturl>atioii-. 

anee  is  pn>[iorlional  to  the  ve 

lo<s 

m 

ity  

Motiienl  of  fi)ree,  

of  the  iieiiduliiin  when  the  re 

•ist- 

n"<nll;inr,      .       .       .       .  . 

an -e  i>  pmpoi  tioiial  to  the  ixpian: 

of  inerli.'i,  ..... 

j.i:. 

of  the  veloi  ity,  . 

•iH,-. 

Motion  nei  i>?<irv  to  plienorneiia, 

L 

of  the  [K'udulnm  wilhilie  niiiliuiii, 

2H7 

2 

of  the  jieiiiluhiin  when  o]ifK>M  il  by 

)ii('ii!<nre  (if,  . 

2 

trillion,  .... 

■>ni) 

of  the    |H-ndiiluin  ob»erved 

by 

ei|llHtloli  ot.  •        .                 .  . 

Nl-WTON,  .... 

piT|^M'lti»l,  iniiHiHtihle  ill  nature. 

of  the    pendulum  oli*erve<l 

l.y 

tit  trjitital  ktiitn 

9i  1 

AAA, 

DriifAT,  .... 

21*5 

tti  n  1 M  ti  M  t 

■>|'> 

of  the    {K-ndiiluin  observed 

by 

of  rotuti'in,  .       .       .       .  . 

AM 

15li|l|iA  

•,'!n; 

of  ,T  synleiii,  .... 

■1 .  iH 

of  the    |ieiiduliiui  olworvcd 

l.y 

Multiple  UerivaiiveA  and  inti-graU,  . 

iim; 

MlssKI.,  .... 

221i 

Alnltlplier,  nietlenl  nf^  .... 

of  the    iK>nduluni  ol^wrved 

by 

liAll.KV,  .... 

an 

principle  of  List, 

small,  theory  of, 

4<,a 

for  er|iintion!<  of  motion, 

2aii 

for  nioliiin  of  a  point. 

2M 

P. 

for  mulion  in  a  re-'i-linp  iiioiliuin,  . 

472 

Paper  iiphere  vibrateii  by  Drni'AT,  . 

29.') 

N. 

Paralwla,  jialli  of  projei  tile,  . 

258 

desi-i-iU'd  while  rolatinf;. 

267 

Natiirp,  fliriT"  of,     ....  . 

a  taehytro|ie,  . 

8G8 

Nkwtos'i*  shell,  

Hi 

described  by  Law  of  graritAtion,  . 

379 

ALPHABETICAL  INDEX. 


495 


Parahrtla,  con<lilion  of  ilearriplion,       .  43t  I 

Pitml>uloiil,  lir.irliisloolironc  on,       .       .  330 

|>at(i  of  lipavj- Italy  on,     .       .  416 

ParnlK'l  anil  «N|ual  turiv^,        .       .       .  IS'i 

Parallolopipcd  of  translatiun,       .       •  11 

ot'rutatiun,   li. 

of  foR'o*   21i 

of  iriomeiits,   2ii 

of  rot.^tion-arp.i,       .       .       .  4:14 

P.iramottT  of  potential,    ....  '>i 

Perpetual  motion  iniji«s«il>lc  in  nature,  U 

Pendulum,  Mmple,   .....  'i'l'i 

in  a  n'sii-liii*;  mcilium,      .       .  ixi 
M-romls,  of  uneertain  length,  . 

sjtherical,  .....  41H 

splitrical,  related  to  the  gyroscope,  44i) 
PerturlKilioti",  nii-lho<l«  of,  .  . 

Planetan.-  pertiirliatiims.  <  .%>e  of,  .      463,  4ti.'j 

I'l.itinum  spliere  vilirated  by  lioiinA,      .  iOii 

PuiXsoT,  analysis  of  rotation,     .       .  12 
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motion  of, ...... 

POIASOX,  niixlifu  atian  of  LAI■].A^K'^i  en|UA- 

tion,  .       .  ■     .       .       .       .  ih. 

tbeori'mon  LuaKNtiRK.'*  functions,  100 
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medium,     .....  'IM 
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of  firavitation   4j 
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Pressure  u|Min  the  braehistochrone,  .       .  .12!l 
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of  lea.st  aetiun,      ....  HI  7 

of  la>t  multiplier,     .       .       .  228 

P^a);Te4^ion,  rotary,   4.'i6 
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Projectile,  path  of,       ...       .  410 

disturbed  4tU 

Projections,  theory  of  ortlio;ira])liic,  .  i&l 
PflsiKt'X  on  the  tautochnine, .       .       .  326 

Q. 

Qualcrnionn  of  Hamilton"  promLie  a  new 

progres«  to  analytic  nieehanies,    .  4  76 

n. 

Reference,  notation  of  in  thi«  ImxiIc,  .  .  i. 
Kesiduals  to  express  inle<;ral  of  central 

fon-e  

Resi*tin";  ntedium.    See  Mf  jium. 

Itesullanc  defined  3£ 

vanishes  in  eijuilibrium  of  transla- 
tion 1^ 

lte<ultant-monient,  .       .       .       .  .22 
in  rflatinn  to  rotation,      .       .  UU 
of  gravity  for  l  entre  of  gravitj',    .  122. 
RiccATi  on  l  enlral  lon  e,    .  .  SIH 

Rolling  of  wliil,  .....  4.'i7 
Rotation,  analy.-is  01",    .       .       .  . 

combine<l  with  transl.ition,  .  .  Ifi 
instantaneous  axis  of,       .       .  12 

tendem  y  to  ifl. 

I  of  e\|mn^i<>n,    ....  L211 

e^piilibrium  of,     ....  1  '2a 

1  of  line  upon  which  a  Ixuly  niovo 

about  a  vertical  axis, .       .       .  '2«'>1 
motion  ot".  .       .       .       .       .  4.1.1 

of  a  solid  iKxIy,    ....  434 

Rotation-area  4  .is 

in  a  resisting  OK'ilium,  .      .       .  4  7.'> 

.S. 

Screw  motion  includes  that  of  all  solidi,  12 

Seconds  pendulum,  of  uncertain  length,  .  3 1  :l 
.Sei'lions,  conic.    See  Conic  Sections. 

.">liell,  attr.iction  of  >plierici>l,   .       .  .  Sfi. 
attraction  of  (.'11  vsi.KsiAV,      .  Hi 

CiiA-LKsi A.\  ellijwjidal,      .  .  7ft 

NKWrii.MAN  2fl 
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Sliding  nnXioii,     .....  4.''>7 

Solid  niotiiin  analyzeil,  .  IK 
rr>tation  of,       ....  4. Hi 
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Snlution  of  a  partial  cliflcrrntial  cfjuatirm.  lOn  ' 
of  continiiilv  in  Uw  of  ri'si^taix  o.  ili 
.SpliLTu,  attrariiiiK  of,       .  .       .  ii 

liaviiif;  i-ati!nary  u|Min  its  surface,  1.')" 
vil>nil<-il  «-•<  a  iM'iululiini,  .  .  3!H 
n 'vrirlirniK',  ....  iLl 
rondition  of  ilewription,  .  .  AXl 
Spheroid,  piiti-iitiiil  of,  .  ...  'XL 
wliit'l)  in  ninuwt  nn  ellijKKiit], .  .  Hil 
alni<>«t  a  r^pluTr,  .  .  .  1 1 1 
Spiral  logiiritluiiii'  path  on  a  rrttaliii;:  line,  '2'> i 
lojrarilhiiiii'  ilcM-rilii'il  ;tj;.iiu»(  frio 

tioii,  ill 

loi;aril1ii>iir  a  tnutnrhrone,      .     .t-  "! 
a  lir.w  liistic.  lironi",        .       .       .  XiX.  [ 
lii^'aritlimic  a  tjulivtrope,  .       .  865 
lii^'.-jritliinir  (li'sf  rilK'd  when  oen- 
Iral  lon  e  [s  inviTM-ly  proiKjrtiuii- 
al  to  the  Lube  of  JijtaiH  u  .       .  !'<7'.> 
path  of  the  axi^  of  a  mjIiiI,  . 
Stability  of  the  fnnii'iilar, .       .       .       -  l-l.') 
Si.\i)Ki<,  jiMM  ial         ofiiMitnii  fono,.  31:1 
i-iMitral  I'oi-co  iiiM  TM-lv  pro|>ortiou- 

al  to  the  cuIh?  of  tlie  distance,    .  Ma 
centr.il  ti>nv  iiiver>4.d_v  pi-oportion- 
al  to  the  fuurth  |x>wer  uf  the  di«- 

tame  IM 

central  force  inversely  proportion- 
al to  ihc  fu^enth  jiowir  of  the 

distanee  A\i<\ 

Straight  line,  altrai  lion  of  infiTiiti',       .  ii 
nilaling  utiiforiiily ,  with  IhhIv  mov- 
ing tl[Nlll  it,        ...        .  2.111 
di'M'rilx-il  In  hcivy  IjikIv,.       .  2»£j 
rotating  uniforndy  alxiut  vertieal 
axi*,  and  di^  rilM-d  by  heavy 

Uxly  2112 

rotating:  nnilomily  alj"iit  nn  in- 
eliind  nxi-".  iiiid  ilostribiMl  by 

heavj  body  264 

a  tai'hxli'ope,      ....  iSlL 
Su|H-rpmilion  of  .suiall  ov  illation .      '  "o 
SurGd'e-  of  llie  s<'i  ond  ili  gn'C  boiuofwal,  Ut 
orthogiinal,   .  ,       .  .111 

of  distorteil  expjin>ii>n.  .  .  112 
of  ruvulutiuD  coutaiiiiug  eateuary,  14.1 


Siirfaeeii  <if 'ri'\olution  cnnlaining  lanto- 

<  hrone,  222 

of  revolution  eontaining  br;nhi.*- 
loelirone  334 

with  ]ioint  moving  uj>on  it,       .  3'ii 

.Syni'hnine,   

.Synt.vliyd  ili 

Si,  stems  of  intograU,       ....  'ioH 

motiou.s  ot'.       ....  jLlU 

motion!!  in  re^i'ting  medlnm. .      .  ALi 

T. 

Taehiiitolrope,  3i>9 

Till  liyir<)|H'.  am 

Tautob.tryd  ^lil 

Tautiu'hrone,  ..... 

eonifionnd,    .....  .'150 

in  LaohanoeV  form,      ,       .  'A!>9 
n'.-trieted  by  KdnTAINK,      .        .  ."tfii 
Tensiim  of  the  eatenary,       .       .        .  IIU 
Time  ili«lnrbeil  in  IIavskn's  mclhrjil,      .  4'i."i 
l  op,  opiiining  of,  .....  HiL 

TranJation,  «nal\.-i*  of,   .       .       .  .7 

eonibini'd  with  rotation,   .       .  Iii 
tenili'm  y  to,         .       .       .       .  AI 

c<|uilibrium  ot',  ....  121 

motion  of,     .....  211 

in  A  resisting  medinm,      .       .  4T4 

Trifolia  of  SrAi.m  iI2 

Trajectory  of  level  surl'aces, .       .       .  i2. 

V. 

Variation  of  the  <  haraeleri«tie  fnnetion,  .  Ulij 
of     fiiMi  ti<m  of  the  element.-  of  a 

determinant.  .       .       .       .  IHo 

rotari .  ......  4''*> 

of  arbitrary  conMant!*,       .       .  1-'>'J 

Velocity.   3 

VlEtl.Lk  oil  the  motion  of  a  Iwnly  along  a 

rol.iting  !.traighl  line,     .        .  2<>2 

Virtual  ^elmilio,  |)rinciple  ot"  ...  J 

W. 

Weights  French,  .i.lopted,  .  .  .  222. 
Wijoden  s]jherii  vibrated  by  Nkwto.s,  21ia 
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